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Generative modeling
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2. Borovec et al., IEEE Transactions on Medical Imaging 2020




What is Generative Modeling?

Given a dataset, e.g., images of bedrooms (LSUN dataset), create more data

Assume an unknown data distribution

pdata(x) — JZ'()C)

Goal: Find 6 € 6 such that p,(x) ~ p,,..(X) = 7(x)

(Generative

Generative modeling
D = {x19x2 °°°°° xn} _> p@*(x) ~ 71'()6) —> 5 = {)7:1,)2'2 ..... X'n}

fami
use

0 eEM

Model family

because Fampling from p,(x) produces new unseen images

Generative model distribution

> Pg(x) = Pp(X)

Parametrized
y of distributions;

Deep Learning/

neural networks

Po(X)



Generative modeling approaches

Main Goal: Given data X; ~ 7,1 = 1,---, N from an (unknown) target
distribution 7, reproduce new samples from 7

* Pick a source distribution p, easy to simulate (e.g. Gaussian).
» Generative map (one-shot): Learn a transport map @ such that:
O.p~r~nx (e.g. GANs, distillation methods)
Or

» Generative flow: Learn a transport flow via a vector field v(x, t) such that

dx(t) = v(x(?),t)dt + cdW(t) s.t. x(0) ~p x(T) ~x

Normalizing flows (6 = () learn an ODE
Diffusion models (o > 0) learn a SDE




Flow-based generative modeling

» Given dataset {X.} ~ & data distribution viewed as particles

* Flow-based gepierative modeling: based on ODE or SDE for
transport of probability measures

Data Forward SDE Prior Reverse SDE Data

/ ~— \/ \\ 7(0) dz = f(z,t)dt + g(t)dw (D) — dz = [f(z,1) - () V. logn(@)] dt + g(t)dw —>(0))

p(z(ty1))

Score-based

generative models-
Song et al. ‘20

Ho et al. ‘20

p(z(to))

/ \ Wasserstein
Gradient flows - |

JKO ‘98
Santambrogio ‘15

Continuous normalizing flows

Grathwohl et al. ‘18

Hyemin Gu et al. ‘23



Continuous-time normalizing flows
Target: 7(x) Reference: p, (x) = 4(0,1)

dx
Find velocity field: v = v, o - D)

X(0) ~ 7(x), X(T) ~ p,y(x)

—
A

=
N
Q

min D KL(?Z' | Ifeﬂ po) The ‘usual’ divergence
0
\ : s
\\ / j < min 4 -k, ll()g Prer(X(0)) + J V - vg(x(s), §) ds] : x(s) = x+ J ve(x(s), s)ds',x ~ &
0 . .

Grathwohl et al. ‘18



Highlights In this talk

1. Mean-field games as a mathematical framework for generative flows:

* optimal control of particle dynamics + cost functions/distances to target

A~

See the posters by Hyemin Gu and Ben Zhang

* backward Hamilton-Jacobi + forward Transport PDE

2. Model-form UQ + PDE regularity theory for generative flows:
* Score-based, diffusion generative models are robust

3. Structure-informed learning:

* Equivariance provably enhances generative algorithms

See poster by Ziyu Chen
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A Mean-field games laboratory
for generative modeling:

Neural ODE flows & diffusion-based
generative algorithms as MFG




Mean-field games
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Hamilton-Jacobi-Bellman

Optimal control

http://www.science4all.org/article/mean-field-games/

I, the mass,
move accordingly
to what fishes do.

Fokker-Planck-Kolmogorov

Transport
PDE



Motivation

Mean-field games as a unifying mathematical framework

 Explaining — Understanding generative models in relation to each other

 Enhancing — MFGs inform exploitable mathematical structure

* Inventing — A laboratory for experimenting with new models

- Normalizing flows as solutions of MFGs

- Score-based generative models as solutions of MFGs



x(0) = x,

Mean-field games

dx(1) = v(x(t), 1) ds + o(x(1), 1) dW(r) ~ Agent dynamics 0p+V - () =—Ap

P(x,0) = po(x)

Agent cost function

minJ, (v, p) = min
vp V,p

I, the mass,
move accordingly
- to what fishes do. |

> >y
"
T




Potential Mean-field games and optimality
:
int
V,p

2

O
S.t. ﬁtp -+ V - (Vp) — TAP, P(X,O) — Po(x) [Lasry & Lions '07]




Why mean-field games for generative modeling?
Training flow-based models looks like solving MFGs

r‘ T
min D(rz,p,(-,T)) + [ J L(x,v)dt

Y 0

Examples: KL Divergence, Cross-entropy, Example: Optimal transport cost

f-divergences, Jensen-Shannon See [Onken et al. *21]
OrL=0
Generative model S.t. dx(t) = v(x(?), t) dt + o dW(1)
Reference distribution X(O) ~ :0()

Target distribution /A



Generative models as solutions to MFGs

Generative modeling

Generative model
dx(t) = v*(x(1),t) dt + o dW(1)

T
min D(zw,p,(-,T)) + E J L(x,v) dt | =— x(0) ~ /(0,1
v 0

Optimization problem

x(T)~nr
dx(t) = v(x(¢),t)dt + o dW(1)

x(0) ~ pg




Generative models as solutions to MFGs

( Mean-field game Generative modeling
T T
inf < M(p(-, T —I—/ Z(p(-,t dt—l—/ / L(x,v)p(x,t)dx dt L Senerativelnades
e ( ( )) 0 ( ( )) ; o ( ) ( ) Optimization pro_bIeTm ) dx(f) = v:(x(0), ) dt + o AW(E)
0]
0,p+V - (vp) = 7Ap p(x,0) = py(x) min D(z, p,(-,T)) + E J L(x, v) dt |—— x(0) ~ #(0,])
v 0

- - x(T)~nx

dx(t) = v(x(t), 1) dt + o dW(1) Generative model structure

v¥(x,t) = arg sup [—vT VU — L(x, v)]

x(0) ~ pg

Common backward-forward structure =—V,H(x,VU)

 Backward eq. determines optimal velocity field
Forward eq. determines generation

* Applies to all flow and diffusion-based models

Optimality conditions &

well-posedness Forward in time: Fokker—PIangk Coupled

0]
6tp—V-(VpH(x,VU)p)=7Ap -« TDEs

Backward in time: Hamilton-Jacobi-Bellman
~0,U + H(z,VU) — 5 AU = %
Uz, T) = 24 (p(-, T))

Identifies velocity field

Hamiltonian

H(x,p) = sup — p'v—L(x,v) p(x,0) = py(x)

) Generator Optimal velocity field

Vv¥(x, 1) = arg sup [—vT VU — L(x, v)]

v

= - V,H(x,VU)



Exhibit A: Continuous normalizing flows
Target: 7(x) Reference: p, (x) = 4(0,1)

dx
— = vyx(0)

Find velocity field: v = v, dt
x(0) ~ 7(x), X(T) ~ p(x)

VRN

S / . \ CNFs trained with KL divergence are ill-posed: discretization-dependent
Sensitive to parametrization!

mln D KL(ﬂ' | Ifeﬂ po) The ‘usual’ divergence
0

0 )
<= min {— = llog Prer(X(0)) + J V - vy(x(s), 5) dS] : x(s) = x + J Vy(x(s"), s) ds’, x ~ JZ'}
T T

Grathwohl et al. ‘18



Continuous normalizing flows are ill-posed
Well-noted that CNFs are ill-posed. Study CNFs as MFG

1nf M(p(-,T)) +[ J(p( - t))dt+J J L(x, v)p(x 1) dx dt
O2 0 JR4
St odp+ V()= TAP’ p(x,0) = m(x)
Hamiltonian is
Reference distribution degenerate!
o, =sup—p'v—
int { D (p( -, T)Hpref)} H(x,p) = Sljp p'v—Lx,v)
o =sup—p'v
St.op+V-(vwy) =0, p(x,0) = m(x) — oif p %0

Hx,p)=01fp=0



Continuous normalizing flow as an MFG

Additional constraints yield well-posedness & math structure!

Option 1: Bound the set of feasible velocities

inf { D, (o Tlo) < IV < c }

V,p
St.odp+V-(vyp)=0, p(x,0) = n(x)

VU _
atp _ V. (P HV UH ) _ Fokker-Planck
_atU 4 CHV U” — () HJB: A level set equation!
px, T)

Ux,T)=1+log

pref(x) | p(x,()) - ﬂ(X)

Hamiltonian

H(x,p) = sup —p'v

v

|<c

= c||pl|
Optimal velocity field
VU(x, 1)
Vv¥(x, 1) = —c
VU, D



Continuous normalizing flow as an MFG
Additional regularizations yield well-posedness and structure
Option 2: Optimal transport cost [Onken et al. ’21]

o1
Inf {@KL(p( S D pyer) +J [ —|lv(x, D||*p(x, 1) dxdt}

VP 0 Jra 2
St.op+V-(vyp)=0, p(x,0) = n(x)

_ : _ Fokker-Planck Hamiltonian
0p =V - (pVU) =0 Heup) = sup=p v =~
1 , N
—atU+5|WUH =0 HJB =5HpH2
p(x, T) Optimal velocity field

Ux,T) =1+ log

,  px,0) = m(x) vE(x,t) = — VU(x, t)
pref(x)



Mathematical structure of CNFs

* Mean-field games provide well- Optimal transport regularization
posedness and structure to

normalizing flows
 Well-posedness of NF training tied to
well-posedness of Hamilton-Jacobi
 Empirically observed and explained
via an Optimal Transport argument,
Finlay et al, 2021:

target target

See talk by L. Rey-Bellet,
poster by Hyemin Gu
on a complete analysis &
experiments using
Wasserstein Proximals and MFG

p(z(x,T))

/1 T~

: /\X/\/\ /\X/\/\

source source

(a) Optimal transport map (b) generic flow



Data Forward SDE

min Crq,(6) = min
0 0

min Cq;,(6) = min
0 0

x(0) dz = f(x,t)dt + g(t)dw )@7 dx

Score-based generative modeling with SDEs

Prior Reverse SDE Data TWO SDES
g )V logpu(a)] dt + g(t)do Noising process

I
.
B

::

dY(s) = — f(Y(s), T — s)ds + o(T — s)dW(s)
YO)~ 7
Y(S) 1 }7( "5

Score-matching

e

¢
-
(&

[ ¥

Rd

R4 2

Denoising process
Song et al. 20 dX(1) = |f(X(1), ) + o(1)7VIog n(x, 1)| dr + o(1)dW(r)
X(0) ~n(-,T)

Forward SDE (data — noise)

0 dx = f(x,t)d dw
o(T — 5)° , x(0) (%, t)dt + g(t)
1sy(y, s) — Vlogn(y, $)||“n(y, s) dy ds

1
G(T_ S)2 Ellsﬁ(ya S)”2 + V ) 59()’, S) ”(ya S) dde

score function

& log p: ( ]] dt + g(t)dw

Reverse SDE (noise — data)
Song et al. ‘20




Exhibit B: SGM as an MFG

{z —_—— L —

1\/I,lpf Mp(-,T)) + sz (p(-,1))dt + [O [Rd L(x,v)p(x,1t)dx a’t}
st dp+ V- (vp) = %Ap, p(5,0) = po(x) CE(x, p) = — E[log 7]
= —[E [logp] + E, |log fl
. 1 = Entropy + KL Di;/ergpence
inf + [ [ (—nvu2 —V -f) o(x, 1) dxdt}

2

S.1. atp + V- ((f+ GV),D) — %Ap, p(x,O) — 77()6, T) Cross Entropy when =0

Wasserstein Proximal of




SGM as an MFG: optimality conditions

N

See also optimal control perspective [Berner et al. 2022]



SGM as an MFG: Noising SDE is a HJB

Data Forward SDE Reverse SDE Data

2(0) ‘ dz = f(z,t)dt + g(t)dw |||I de = [f(z,t) — ¢*(t)V. logpy(2)] dt + g(t)dw

HJB equation

Fokker-Planck

hiding In
plain sight




Continuous normalizing flows vs score-based generative models
Less than meets the eye

{,—1 —_—— L —

M(p(-,T))+ { J(p(-,1)dt + [ [ L(x,v)p(x,t)dx dt}
0 JRd

Inf

V,p 0

2
O
st.op+V-(vp)=—Ap, px,0)=pyx)

2
M (ﬂ ) S (P ) L(X, V) Dynamics
OT-Flow (Al 1
foror:,vuﬁat:f,::;ate D (7|[p) 0 EHVH2 dx = vdt
1
SGM via SDEs — _,0 []Qg 71-] 0 5“‘,”2_ V- f |dx=(f+ov)di+ocdW




SGM vs. Normalizing Flows: an optimality conditions comparison

Score-based Generative Model OT Normalizing flow (alternate form)

R — - ——

T . T 1
inf { —Jp(x, T)log z(x)dx + <1||v||2 ~-V -f) p(x, 1) dxdt} inf {@KL(HHP( -, 1)) + J EHV(x, DlI°p(x, 1) dx dt}
Rd R4

Vap N O J 2 V’p N O

> | _ _
stop+ V- (f+ovp) =ZAp.  p(u0) = T) SL.op+V-(p)=0.  p(x0) = pyx)

2
o Fokker-Planck/ _v. _

0p+V - (f=a*VU)p) = 2-Ap bR op =V (pVU) =0
|

1 o’ Hamilton-Jacobi- —0,U+—||V UH2 =0
~0U~fTVU+=oVUI*+V - f =AU Belmar - 2

o . 7(x)
5 initial/terminal Ux,T) = : (x,0) = py(x)
Ulx,T) = —logz(x), px,0)=ce Va0 conditions px, T) ’ Fo

i
|
i \\ -

| In SGM: HJB decouples from FP due to terminal condition
| and can be solved first, to provide the optimal velocity
field for the FP (see reverse SDE)

e — ——— —




MFG-informed generative models

Space of Data-informed Models

MFG formulation describes
math structure
We learn In a restricted, more
relevant space

/

Mqth and data informed




A modular mean-field games laboratory

Mean-field game (11)

Model M(p) Z(p) L(z,v) Dynamics H(z,p) Optimal v*
Continuous - T
normalizing flow Dx (7| p) 0 0 dzr =wvdt SUp,cx —P v | —VpH(z,VU)
Score-based |v]2 dz = (f + ov)dt —fp+ % |p|2
generative modeling —E, [log ] U > — V- / +o dW; 4V - f oV lognr—t
Score-based 1 |0V log p|? v|2 _ Vv.f _ —f-p+ §|P|2 o
probability flow 2 Eor [log 7] B [ 8 2 2 az =i ev)ds +V - f 2 V lognr—s
Wasserstein gradient _T/e ot/ e—t/e ) 12 - 1 ot/ €| |2 _SF
flow (WGF) (e — 0) Flp)e -7 (p) 7 [l dz = vdt P T
OT-Flow Drr(m|p) 0 Lv|? dz =wvdt Lp|? —-VU
Boltzmann generator n (1)‘?;{)%(2%2””) 0 0 dx = vdt SUpP,ex —p'v —V,H(z,VU)
Schrodinger bridge p=T 0 2 |v|? dx = ovdt + o dW; =|p|? —oVU
Generalized - 1,12 . 10,2 .
Schridinger bridge p=rm Z(z,p) 5|Vl dz = ovdt + o dW; 5|l oVU
HJB-regularized 3 ]2 de = (f +ov)dt —f-p+ 2 |p|2
SOM E,[log 7] 0 > — V- f to dW, Ly f oV log nr—i
Stochastic OT 10,2 B 1002
normalizing flow Dir(m||p) 0 5|V dx = ovdt + o dW; 5P| —oVU
OT-Boltzmann ADk (7| p) 1,12 B 102
D— +(1 — A)Dxcr (o||7) ! 2] LA 2P i
Generalized OT-Flow _T/e o—t/e e—t/e | 19 - 1 t/e[ .2 _
(Relaxed WGF € > 0) Flp)e =7 (p) 7 [V dz = wvdi 2¢" [P vu
Build your own Choose own functions dynamics 0 0
generative model your cost and here ' '

See full chart:
arXiv: 2304 1353!

Experiment with your
own algorithm here...




Successful generative flows & diffusions are mean-field games
Generative modeling benefits from PDE analysis

Common backward-forward mathematical structure
Backward equation determines optimal velocity field Forward equation determines generation

Applies to all flow and diffusion-based models

Other related topics & recent extensions

e Score probability flow as an MFG —
Fisher information as interaction

 [Learn robustly distributions on manifolds
via MFG & Wasserstein proximals, see
poster by Hyemin Gu

« SGM MFG approximates Wasserstein
proximal operator, poster by Ben Zhang




Score-based generative models are
provably robust:

Mimikos-Stamotopoulos,
N., Zhang, B. J., &

Katsoulakis, M. A. (2024).
arXiv preprint
arXiv:2405.15754




Score-based generative modeling with SDEs

Data Forward SDE Prior Reverse SDE Data Two S D ES
@ de = f(x,t)dt + g(t)dw )@7 dx G (t)V, logp, (z )] dt + g(t)dw NOiSing process
— dY(s) = — f(Y(s), T — s)ds + o(T — s)dW(s)
YO)~ 7
Y(s) ~n(- s

I
=
“&3

::

po(z) pe(z) » pr(z)

‘ Denoising process
Song et al. 20 dX(1) = |[f(X(1), 1) + o(t)TVIeg nx. 1) dr + o(t)dW(r)

X(0) ~n(-,T)

Different score-matching objectives

Forward SDE (data — noise)
T 2 _
, , o(T — s) x(0) dx = f(x,t)dt + g(t)dw )@
min CESM(H) — man J ”Se(y, S) o Vlog ;/](ya S)”Z;,,(y, S) dde
0 0 pd 2 R — -
scefe function

0
& log p: (x)|| dt + g(t)dw @

T
Reverse SDE (noise — data
ong eg al. ‘20 )

min C;q,,(6) = min [
0 0

_1 i,
[ O-(T_ S)2 _”S(Q(ya S)”2 + V ) S@(ya S) 77(379 S) dde
0 JR4 -2 .

T

—

min Cpq,(0) = minJ
0 0

[ J o(T — 5)|s4(y, ) — Vlogn(y, s | Y)I*n(y, s |y)w(y)dy dy’ ds
0 JRIJIRA



K. Chowdhary and P. Dupuis, Distinguishing and

integrating aleatoric and epistemic variation in
uncertainty quantification, ESAIM: MA2NA (2013)

Errors of SGM

« Finite sample error e  Reference measure €4
» Choice of score-matching objective e, » Early stopping és
» Score function approximation e; » Discretization error ¢

Research question:

How well does generative distribution m, (7)) approximate data distribution z?

"d(mg(T)a ﬂ) S g(ela 629 639 649 65)"

Integral probability metric (IPM): d(v;,v,) = sup JW(X) dv; — 1v,)
wed

E.g., Wasserstein-1, &' ={y: Q - R,||Vy]|, L 1}



Model form uncertainty quantification for SGMs

Wasserstein Uncertainty Propagation (WUP) theorem (partial)

Two SDEs with drifts ! and b? on domain Q = RT¢
om' —V - (m'bl) = Am!, m'(0) = m, om* —V - (m*b?) = Am?*, m*(0) = m,

If L.>(m?) error is bounded

162 = b I, = |
0

1b%(x, 1) — b(x, O)||> m?(t,x) dx dt < €

T Model form error
[ Q

Then the Wasserstein distance between distributions m'(7) and m?*(T) is bounded

d,(m*(T),m'(T) < CR*" (1 +4/ \\Vbluoo)ml(ml,mz) +6)



Robustness under explicit score matching
Application of WUP to SGM with explicit score matching

Data distribution 7 € 2(Q) on domain Q = RT¢
Two SDEs: True drift Vlog»”™ and approximate drift: b, = s,(T — ¢, x)
dm, — V - (mby) = Am,,m,(0) =

Denoising process
vol(RT4Y) 9P

T Model form error

It ESM erroris e, J I Isg(s, y) — Viogn(y. )|I°n(y, s)dyds < e,,, then
Rd

0

d,(z, m(T)) < CR3/2(1+\/HVSQH ) Re~%a, (7. — + /e
’ ® Vol(RT4) n

Choice of reference measure  ESM error

Direct bound for Wasserstein-1 without appealing to KL divergence!



Robustness under denoising score matching

Main result
Assume score S, learned via DSM with early stopping, which provides density lower bound

€ AN, e
, A
Cha(0) = J J [ o(T — 5)lIsy(y, s) — Vlog n(y, sy I*n(y, s |y)&"(y)dy dy' ds < e,
e JRIJIRA

. Choice of reference measure
Early stopping
Theﬂ 3/2 _ ol 1
’ d(z,m,(T)) S €+ R"“(1 +4/||VSsyll,)| Re #2d, | =, e, |,
(2, m(T)) S 3/€ + RY(1+4/TTVs,ll,) 1o

where loa(8),
, 198 . DSM to ESM
Direct bound for IPMs ERVGIRRY. s \(1 | F Tllsollg ) d,(z", 7). bridge

\/E C2([0,T]x€)
DSM error Finite sample error

without appealing to
KL divergence!




Regularity theory of HJB PDEs enables UQ in SGMs

Main ideas of Wasserstein Uncertainty Propagation proof

Step 1: Kolmogorov backward equation determines suitable test functions

Step 2: Integral probability metrics bounds depend on gradient estimates

Step 3: Bernstein estimates from HJB equations provide gradient estimates

* Regularizing test functions allows us to bound stronger TV norm with a
weaker Wasserstein-1 norm.



Regularity theory of HIJB PDEs enables UQ in SGMs

Main ideas of Wasserstein Uncertainty Propagation proof

Step 1: Kolmogorov backward equation (KBE) determines suitable test functions
om! —V - (m'bh) = Am',m'(0) = m, om* —V - (m*b?) = Am?*, m*(0) = m,

1

) =m! — m? satisfies

Difference of measures evolution
04— AA—=V -(Ab + m*(b! = b?))=0in (0,T) X Q, A0)=m, —m, in Q.

Integrate against a test function ¢ (7, x) that satisfies KBE with terminal condition y € X

-0 —Ap+b'-Vp=0in[0,T)xQ, ¢(T,x)=w(x)in Q



Regularity theory of HJB PDEs enables UQ in SGMs

Main ideas of Wasserstein Uncertainty Propagation proof

Step 2: Integral probability metrics bounds depend on gradient estimates

04— AAL—=V -(Ab + m*(b! = b*))=0in (0,T7) X Q, A0)=m, —m, in Q.
_0t¢ — A¢ + bl ‘ ng =0 IN [O,T) X Q, ¢(T, X) — l//()C) In & Backward-forward

structure once
again!

Integrate first equation against the second, then integrate by parts. Then,

T
d(m'(T),m*(T)) < sup J 2(0,%)p(0,x)dx | + sup J J m*Ve¢ - (b* — bdxdt| .
wed Q wel 0 JQ

Bounds needs gradient estimates! For Wasserstein-1, sup J AM0x0)p(0,x)dx| < dy(my, my)||V@(0.x)|[
wed Q




Regularity theory of HJB PDEs enables UQ in SGMs

Main ideas of Wasserstein Uncertainty Propagation proof

Step 3: Bernstein estimates from HJB theory provide gradient estimates

T
d(m'(T),m*(T)) < sup J 2(0,%)p(0,x)dx | + sup J J m*Ve¢ - (b° — bdxdt| .
we Q wel 0JQ

-0 —Ap+b'-Vp=0in[0,T)xQ, ¢(T,x)=w(x)inQ

1
. Derive a PDE for 7 = EHVIOgﬁbHZ

» Apply the maximum principle to obtain a bound on z(z, x) < C|| logy/|| ., + c||V1ogy/|| .,

» Derive a bound for V ¢@(¢, x), bound the IPM.



Conclusion and ongoing work

UQ and PDE regularity theory contributes to analysis,
robustness of generative Al algorithms

 Making the bounds explicitly computable: provide a posteriori estimates on
the quality of a generative model

 Most useful for guarantees in likelihood-free inference settings & use IPM:

_n'h — _mg(T)h S d(mg(T), 7[) S 3‘7(61, 62, 63, 64, 65) .

» Extensions to other generative flows with similar UQ issues (learning a drift)
e.g., normalizing flows



Structure-informed generative
modeling




Structured-informed learning: target data & distribution

n = , o , | * How to build embedded
eq uivariance :eq Ul pFO b ab| e structure into generative

models for data-efficient
distribution learning?

 Can we use structure/
physics to learn faster?

.m.i
’

;

* Quantify the gains in
performance

Space of Data-informed Models

-
~
-~
o~
s
“a
~
~

ath + Structure +Data

informed

>

Structure + Data informed

Learning from data, math- & physics-informed structures
We learn in (an even more) restricted & relevant space



Sample Complexity of Probability Divergences under Symmetry:
Quantify the gains in data needed for the same performance
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Wasserstein gradient flows

Gradient flows on the space of probability distributions

___Describes a path on the space
of probability distributions

F(p) = D (pllm) =

F(p) =D (pllr) =




Wasserstein gradient flows as solutions to MFGs

e — ()

Relaxation
limit enforces
a “local
equilibrium” :




MFGs reveal an interpolation between Wasserstein gradient flows & normalizing flows

T —
e t/e

T e—t/e
9<p<-,r>>dz+J J II2pCe, ) dx d
Rd

inf < F(p(-,T))+ j
0 2

V,p 0 €

St.op+V-(vp)=0, P(x,0) = po(x)

e -0 0<e< o € =7 OO
OF T

U = inf 9(p(-,T))+J J leHzp(x,t)dxdt
5p V,p 0 Rdz

— V. (pV U) — () St.op+ V- (vwp)=0, p(x,0) = py(x)




