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Overview

ROAY: ’ff,;; 1) Motivation, Applications:

t7E-  Why compute the hole-structure
of a (crystalline) material?
BA 2) Step 1: How to compute 0-dim
A holes = connected components

3) Step 2: Hot to extend to higher
W dim holes
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Motivation, Applications



Materials Science

Example applications that show that:

Physical / chemical properties of
materials are often determined by their

holes and connected components.




Application: More efficient batteries
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https://docs.google.com/file/d/1dRORrG2jxE4FMjoxOkeJd5uARL-eiyxF/preview
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Application: Photonic crystals

| Collaboration with
| Engineering Prof

| Rose Cersonsky

UW-Madison

f Tunnels!
Frmellae Connectedness!

Figure from: Butt, Haider & Yetisen, Ali & Mistry, Denika & Khan, Safyan & Hassan, Umair & Yun, Seok. (2016). Morpho Butterflies: Morpho
Butterfly-Inspired Nanostructures (Advanced Optical Materials 4/2016). Advanced Optical Materials. 4. 489-489. 10.1002/adom.201670018.



Application: Methane Adsorption
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Merge Tree for Periodic Data

[1] Herbert Edelsbrunner and Teresa Heiss. Merge trees of periodic
filtrations. ArXiv preprint arXiv:2408.16575, 2024



Periodic Data

Game Snake with
periodic boundary Periodic Tiling

conditions Or Pac-Man




Periodic Data
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Periodic Data in Applications

. Atoms of a crystalline material
’ ¥ ) '

[/ eee

;_ N
. Remove boundary effects

e.g. molecular dynamic
simulations of
non-periodic material,
cosmology data
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TDA for Periodic Data: Problem

BlemplitadRersintsniditenotogy ) ferigh Batieadughuefely

> y : 1 component with 1 hole
A - 2 — - - and its copies in
: 2 space directions
> ’ 2 . .
1 component, 1 hole : O(R") copies in Br(0)
~ ¢ | 1 component with 0 holes
? AT — L and its copies in
R 1 space direction
1 component, 1 hole L O(R") copies in Br(0)




Frequency

How many components in the covering space map to 7
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Periodic Merge Tree

Plan: Track components on torus, assign each a frequency

7% | input
-

2




Periodic Merge Tree

Plan: Track components on torus, assign each a frequency

' | I input



Periodic Merge Tree

Plan: Track components on torus, assign each a frequency
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Periodic Merge Tree

Plan: Track components on torus, assign each a frequency

44—
uotient graph

: input
50 ) Q

@

— 1 000
output

1.0 3.0 5.0 7.0 9.0




Periodic Merge Tree

Plan: Track components on torus, assign each a frequency
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Periodic Merge Tree

Plan: Track components on torus, assign each a frequency
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Periodic Merge Tree

Plan: Track components on torus, assign each a frequency

Quotlent graph
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Periodic Merge Trege




Periodic Merge Tree

Plan: Track components on torus, assign each a frequency
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Computation: Periodic Merge Tree

No need to copy tile multiple times!

Answer: V2R




Computation: Periodic Merge Tree

No need to copy tile multiple times!
Implemented by Chiara Martyka and Jiagi Zheng
Loglinear running time!

Based on Kruskal's min spanning tree algorithm:
Process edges greedily in order of filtration value,
for every edge FIND components of both vertices,
if not same: take UNION and add edge to tree.



Difference to Kruskal's algorithm
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Properties: Periodic Merge Tree

1) Stability |3
d( PMT(

N
A
pertui‘bed by €

Y

Important for applications in
Crystal Structure Prediction!



Properties: Periodic Merge Tree

1) Stability
d( PMT(

N4

2) Stability extreme perturbed by ¢

(important for applications in
Crystal Structure Prediction)

3) No unwanted boundary-effects

4) Efficient algorithm: loglinear complexity
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CATATAS

Extension to Holes



Extension to Holes

Pair of pants Periodic pants = flute
@ Pants on floor
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No canonical cycle basis



Periodic Merge Tree of Complement
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Application: Photonic crystals
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Figure from: Butt, etisen, Ali & Mistry, Denika & Khan, Safyan & Hassan, Umair & Yun, Seok. (2016). Morpho Butterflies: Morpho

Butterfly-Inspired Nanostructures (Advanced Optical Materials 4/2016). Advanced Optical Materials. 4. 489-489. 10.1002/adom.201670018.



Application: Methane Adsorption

Topological Descriptors Help Predict Guest Adsorption in Nanoporous Materials
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Summary: TDA for Periodic Data

Periodic Merge Tree: Track components on torus, assign each a frequency

Take-away messages: _
1 component with 1 hole

and its copies in
2 space directions
7 ©(R?) copies in Br(0)

Rigorously measures what
one wants to measure, and
fulfills properties one wants

When used on .

complement, gives some "~ |1 component with 0 holes
1- and all 2-homology. = and its copies in

. \s 1 space direction
Efficient to compute ' O(R?) copies in Bg(0)
(log-linear) C




