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How do you turn a blob of material into 
something that’s the shape of a fish?

Karlstrom et al, Development (1996)

zfin.org
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blob

development

fish



Smithsonian Magazine
coursehorse.com

glass blob
complex, stable, reproducible 

morphology

How do you turn a blob of material into 
something that’s the shape of a fish?

glass blower



Smithsonian Magazine

How do you turn a blob of material into 
something that’s the shape of a fish?

mandrel rod

applies localized forces:
pressures

shear stresses

heat
alters the local material properties:

elastic modulus
fluidity/viscosity

goes through a “glass transition”
solid →	fluid → solid



Research in my lab: 

• predict the emergent mechanical behavior of 
disordered glassy/jammed materials or groups of 
cells (material properties and forces)

• predict how these mechanical properties help 
govern functional behaviors in biological tissues: 
morphogenesis, collective cell migration, tissue 
homeostasis

• design new types of adaptive materials based on 
these bioinspired principles



(a)
(b) Fluid-like tissue

(c) Sold-like tissue

𝒔𝒊 = 𝒔𝟎 𝒔𝒇 ≠ 𝒔𝟎

𝒔𝒊 𝒔𝒇
Geometric 

Incompatibility
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Small Fluctuations Large Fluctuations

Increasing
Density
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(c)

Low Density High Density

There are multiple physical mechanisms that can drive 
rigidity/fluidity in tissues (and mechanical networks):

Lawson-Keister++, Current Opinions in Cell Biology (2021)
adapted from Kim++ Nature Physics (2021) and Bi++ PRX 2016



Example: zero-temp granular materials
Intuition: Materials solidify as the packing fraction/number 
density increases (c.f. Eric Corwin’s talk yesterday)
Why?  In the simple model of frictionless disordered spheres at 
zero temperature (i.e. particulate jamming)

• there are Npd = N degrees of freedom and Npz/2= M 
constraints, z is the number of contacts per particle.

• In mean field, expect rigidity to occur when when these 
two quantities are equal: z=2d.

• at low densities, z < 2d and system is underconstrained.
• at high densities z > 2d and system is overconstrained. 

c.f. Gortler talk yesterday, for z > 2d generally there is no (1,1) flex



(a)
(b) Fluid-like tissue

(c) Sold-like tissue

𝒔𝒊 = 𝒔𝟎 𝒔𝒇 ≠ 𝒔𝟎
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There are multiple physical mechanisms that drive 
fluidity in mechanical networks:

Lawson-Keister++, Current Opinions in Cell Biology (2021)
adapted from Kim++ Nature Physics (2021) and Bi++ PRX 2016



Let’s revisit rigidity and Maxwell’s 
constraint counting

J. C. Maxwell

8 degrees of freedom
-4 constraints

-3 rigid body motions
= 1 (nontrivial) floppy mode

8 degrees of freedom
-5 constraints

-3 rigid body motions
= 0 (nontrivial) floppy modes

under-constrained

Maxwell, Phil. Mag. Series (1864).
Calladine, Int. J. Solids Struct. (1978).

Lubensky et al., Rep. Prog. Phys. (2015).

c.f. Gortler talk yesterday, there is 
no (1,1) flex



More linear theory: states of self-stress are 
generated by redundant constraints.

J. C. Maxwell

Calladine, Int. J. Solids Struct. (1978).
Lubensky et al., Rep. Prog. Phys. (2015).

Rigid:
Floppy although same 
number of constraints:

à because of state of self-stress s

Number of zero 
modes

Number of states 
of self stress

Jamming happens when Ndof ~ M



But, there is a whole class of 
materials that rigidify even though 

they are underconstrained.



Fiber networks in biology are often under-constrained

Sharma et al. Nature Phys. 2016.

i

jlij

Sharma et al., Nature Physics (2016).
Jansen et al., Biophysical Journal (2018).

can be approximated as a network of springs
.

rest length
actual
length

in biological tissues networks like collagen are almost 
always under-constrained:

network coordination 
z < zc = 2dzk=3



Fiber networks can rigidify via changing box size or spring rest length

i

jlij

Sharma et al., Nature Physics (2016).
Jansen et al., Biophysical Journal (2018).applied deformation to box
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How to model confluent tissues 
composed of complicated cells?

Honda++ J. Theo. Bio. 2004reduction of cell area and increase in its height, the latter
deformation providing a ‘‘visualization’’ of the corresponding
uniaxial stress. The simulation will determine these stresses and
deformations and implement cell growth in accordance with Eq.
1. The mechanical equilibrium corresponds to minimizing the
total energy:

E!ri, !"" # !
"
"$" % a!V" & V0"

2

% b !
'#(!""

!!" & !'"2 % c!!" & 1"2#, [2]

where $", V", and !" denote the perimeter, volume, and the
height of cell ", respectively. Cell volume is V" # A"!", where A"

is the cell area, which like the perimeter of a cell, is determined
by the position, ri, of its vertices. This mechanical energy is
minimized when the actual volume of each cell is close to its
intrinsic volume$ V0, while minimizing cell perimeter and the
height differences between neighboring cells. The surface
tension-like perimeter term represents the cytoskeletal tension
(39, 40). (Because only the relative size of different contributions
matter, we have set the prefactor of the perimeter term to one.)
Parameter a controls deviations of cell volume from V0, while b
imposes a penalty on the variation of cell height !" between
adjacent cells [labeled by v(")]. Parameter c controls deviations
of cell height from its unstressed value, which without loss of
generality can be set to one. Minimization of E with respect to
ri and !" determines cell positions and deformations and corre-
sponding local stresses. In particular, the uniaxial compression of
the cell, p", which by our assumption affects cell proliferation, is
proportional to !" $ 1 and is therefore directly obtained from the
minimization of E. Tissue growth is implemented by dividing
cells chosen at random with probability proportional to )"

defined by Eq. 1. Because deformation !" $ 1 and stress p" are
proportional to each other, we replace p" in the parameterization
of ) by !" (see Methods), which simplifies the computation and
the visualization of the results. Each cell division is followed by
minimizing E, so that daughter cells approach the fixed ‘‘adult’’
cell volume in a single relaxation step after division. The
implementation of cell growth and division dynamics is de-
scribed in detail in SI Text.

In Fig. 4 A–I we present simulated disk growth driven by a
static axial morphogen gradient of the form M(r) # me$r/*, so
chosen for the sake of simplicity. Generalization to a more
realistic dual morphogen gradient with two orthogonal axes is
straightforward (and could be used to account for the shape of
the disk). Fig. 4 A–C shows how compression builds up in the
center of the disk as growth progresses and tension builds up at
the periphery. Fig. 4 D–F shows that despite the nonuniform
distribution of morphogen cell division events are distributed
approximately uniformly throughout the disk. Fig. 4 G–I gives
the distribution of ‘‘operating points’’ (M", !") for individual cells
at different times during the simulation and show that they
cluster along the constant growth lines in the (M, !) plane as
expected on the basis of the feedback argument. As the disk
grows, its rate of growth slows down (compare Fig. 4 G and H)
until in Fig. 4I we see that distribution has shifted essentially to
the zero growth region corresponding to the arrest of growth
throughout the disk. Fig. 4J shows time courses of disk growth
from several simulations. Because cell division is stochastic, each
realization produces a different time course. Interestingly, the
coefficient of variation (Fig. 4J Inset) for the final size is much

smaller than fluctuations at any fixed time during growth. Fig. 4K
presents the average rate of cell division as a function of distance
from the center and proves that proliferation is indeed uniform
throughout the disk. Fig. 4L explores how the final size of the
disk depends on the morphogen scale and other relevant pa-
rameters such as morphogen level m and the strength of me-

$The model can be readily generalized to include a realistic time dependence of the intrinsic
volume corresponding to the gradual growth of cell mass.
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Fig. 4. Numerical simulation of the mechanical feedback model of disk size
determination. (A–C) Snapshots of the simulated growth at different times with
A corresponding to the start of the simulation, B the intermediate time, and C
close to cessation of growth. Color code indicates layer deformation with red
corresponding to lateral compression (! $ 1 % 0) and blue corresponding to
tension (! $ 1 % 0). (D–F) Shown (green) is the level of morphogen M(r) peaked
at its source cell. Cells that are about to divide are marked red (this is intended to
emulate BrdU staining of mitotic cells). Note that cell proliferation is approxi-
mately uniform throughout the disk as is the case for in vivo observations (61, 62).
This uniformization of growth is a result of the mechanical feedback mediated by
the build-up of compression (as seen in A–C), which compensates for the excess
of morphogen in the central region. Shortly after the disk expands beyond the
range where morphogen is above threshold, the build-up of stress arrests growth
throughout the disk (F). (G–I) Shown is the distribution of cells in the (M, !)
parameter plane at three different times corresponding to A–C). Also shown
(white) are the lines of constant rate of growth. Note that cells cluster along the
lines of constant growth rate, which decreases with time and is close to zero in I,
whichcorresponds togrowtharrest. (J) Totalnumberofcellsasa functionof time
for 20 different runs of simulated disk growth (as shown in A–C). Note that rms
fluctuations are significant early during growth but are reduced by the time of
growth arrest as shown in G Inset. (K) Probability of cell division at distance r from
the morphogen source. Linear dependence on r corresponds to uniform growth.
Different traces correspond to different times with blue just before growth
arrest. The uniformity of growth is a consequence of the mechanical feedback
used in the simulation. (L) Disk size as a function of growth parameters. Average
final diameter of the disk versus *, the characteristic length scale of morphogen,
for different values of the morphogen level, m, and the strength of mechanical
feedback, q. Blue corresponds to the (m, q) values (see Methods) used in the
simulation in A–F); black corresponds to ‘‘overexpressed’’ morphogen (2m, q),
which leads to larger discs; red corresponds to increased feedback (m, 2q), which
decreases disk size. Note that disk size scales with the morphogen length scale *.

3838 % www.pnas.org&cgi&doi&10.1073&pnas.0607134104 Hufnagel et al.
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epithelial cells, we develop a 2D network model that
describes forces that act to displace vertices. Cell
packings correspond to stable and stationary network
configurations obtained by minimization of a potential
function. We use this approach to study the role of cell
mechanics and cell division in determining network
packing geometry. We compare our results to the prolif-
erating larval wing epithelium of Drosophila and esti-
mate the parameters characterizing the effects of con-
tractility and adhesion in this tissue. We independently
estimate parameter values by analyzing movements of
the junctional network after laser ablation of individual
cell boundaries and comparing them to the correspond-
ing behaviors in our model.

Results

Physical Description of Cell Packing: A Vertex Model
Apical junctions can be considered as a 2D network that
defines the cell packing geometry. By using a vertex
model, we describe the packing geometry of the junc-
tional network (Box 1). Cells are represented as
polygons with cell edges defined as straight lines

connecting vertices—a good approximation for the
wing disc epithelium. Junctional-network configurations
that are stable on timescales shorter than those of cell
division correspond to those network configurations in
our model for which the packing geometry is stable and
stationary. These configurations obey a force balance,
which implies that the net force Fi (Box 1) acting on
each vertex vanishes for all vertices. In general, forces
acting on the junctional network need not be forces de-
rived from an energy. However, the forces we consider
here can in our simple description be represented by
the energy function E(Ri) presented in Box 1. Any stable
and stationary configuration of the network then corre-
sponds to a local minimum of the energy function. This
provides a framework for calculating stable cellular pack-
ing geometries. Similar energy functions have been used
in previous works [14–16]. Our vertex model is different in
that we represent only the network of apical junctions,
and we introduce a quadratic perimeter energy.

We consider three contributions to the potential en-
ergy E(Ri) of a particular configuration of the epithelial
junctional network given in Box 1: area elasticity, line
tension along apical junctions, and contractility.

Box 1. Physical Description of Cell Packing in Epithelia

Epithelia are composed of a sheet of cells of similar
height that are connected via cell-cell adhesion. The
adhesion molecule Cadherin and components of
the actin cytoskeleton are enriched apicolaterally
(Figure Aa). Cell packing geometry can be defined
by the network of adherens junctions (Figure Ab).
This network is described by a vertex model with
NC polygonal cells numbered by a = 1 . NC and NV

vertices, numbered i = 1 . NV at which cell edges
meet. Stationary and stable network configurations
satisfy a mechanical force balance; this implies that
at each vertex, the total force Fi vanishes. We de-
scribe these force balances as local minima of an
energy function

EðRiÞ=
X

a

Ka

2

!
Aa 2 Að0Þa

"2

+
X

<i; j>

Lij[ij +
X

a

Ga

2
L2

a

for which Fi = 2
vE

vRi
.

The energy function describes forces due to
cell elasticity, actin-myosin bundles, and adhesion
molecules. The first term describes an area elasticity
with elastic coefficients Ka, for which Aa is the area of
cell a and Að0Þa is the preferred area, which is deter-
mined by cell height and cell volume. The second
term describes line tensions Lij at junctions between
individual cells. Here, [ij denotes the length of the
junction linking vertices i and j and the sum over <ij>
is over all bonds. Line tensions can be reduced
by increasing cell-cell adhesion or reducing actin-
myosin contractility. The third term describes the
contractility of the cell perimeter La by a coefficient
Ga, which could reflect, for example, the mechanics
and contractility of the actin-myosin ring (Figure Aa).

Figure A. Adhesion and Contractility at Apical Junctions

Current Biology Vol 17 No 24
2096

Vertex 
models



2D vertex models transition from fluid to 
solid as a function of cell shape

A = area,  P = perimeter

p0=3.72

T. Nagai, H. Honda, Philos. Mag. B 81, 699 (2001)
Hufnagel et al, PNAS vol. 104 (10) pp. 3835 (2007)
Farhadifar et al, Current Biology (2007)
Jülicher et al Phys. Rep. (2007)
Hilgenfeldt et al, PNAS 105  3  907–911 (2008)
Staple et al EPJE 33 (2) 117 (2010)

increasing shape parameter

Target shape factor = p0 = P0/
√

A0

Sh
ea

r m
od

ul
us

Solid Fluid
p0p∗0

Bi ++., Nat. Phys. (2015)

Ei = ka,i(ai − a0,i)
2 + kp,i(pi − p0,i)

2

Can think of targ
et cell shapes as “

adaptive degrees of 

freedom” that ca
n be program

med
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Wang++ PNAS (2020)

Target cell shape

Bi++(2016)

Model for confluent tissue

Body axis elongation in fruit flyexperiments: confluent tissues 
rigidify by tuning cell shape

solid

fluid

shape index:   perimeter / √area

p0=3.72 increasing shape parameter

Dr. Kim (Syracuse University, Schwarz group) is an expert, is here!



How are these materials becoming 
rigid?



• BUT this isn’t the only way to become rigid 
• Underconstrained systems generally don’t have any SSS: 

but in special singular configurations they can appear

Becomes rigid when L14 = L12 + L23 + L34
4

32

1

Lubensky et al., Rep. Prog. Phys. (2015).

Number of zero 
modes

Number of states 
of self stress

Linear theory:

c.f. Gorter talk yesterday, there is a (1,1) flex
Connelly Advances in Mathematics (1980)



Revisit this example:
8 degrees of freedom (Ndof)
4 constraints (M)
1 state of self stress (N0)
3 rigid body motions

2 non-trivial LZM’s

δ

L 

L’ 

Only changes constraints at 2nd order!

Lubensky et al., Rep. Prog. Phys. (2015).Merkel et al PNAS 2019

c.f. Gorter talk yesterday, there is no (1,2) flex
Connelly Advances in Mathematics (1980)



How do these more 
complicated 2D/3D disordered 

systems become rigid? 3

A system is . . . when . . .
Energetically rigid any nontrivial global motion increases the energy
Structurally rigid no nontrivial global motion preserves the constraints f↵
First-order rigid no nontrivial global motion preserves the constraints f↵ to first order
Second-order rigid no nontrivial global motion preserves the constraints f↵ to second order

TABLE I. Di↵erent definitions of rigidity.

where V is the volume of the system while �l and u
(l)
n

are respectively the eigenvalues and eigenvectors of the
Hessian matrix, Hnm = @

2
E/@xn@xm, and the sum ex-

cludes eigenmodes with �l = 0. When G 6= 0, the system
is certainly energetically rigid. Note that this is closely
allied with the mathematical notion of prestress stabil-
ity [4] (see Appendix A). On the other hand, if Hnm

has global, nontrivial zero eigenmodes (or more precisely,
zero eigenmodes that overlap with the shear degree of
freedom), G = 0 [43].

Importantly, defining rigidity based on G is not equiv-
alent to energetic rigidity. Specifically, G 6= 0 implies the
system is energetically rigid, but G = 0 does not imply
floppiness. As highlighted in Appendix A there may be
quartic corrections in �xn that increase the energy even
with vanishing shear modulus. Moreover, in many cases
of interest these quartic corrections are expected to dom-
inate precisely at the onset of rigidity.

A definition of rigidity based on G is equivalent to
examining the Hessian matrix H directly: if H is positive
definite on the global, non-trivial deformations, then the
system is also energetically rigid. Writing out the Hessian
matrix in terms of the constraints, we find

Hnm =
@
2
E

@xn@xm
=
X

↵


@f↵

@xn

@f↵

@xm
+ f↵

@
2
f↵

@xn@xm

�

= (RT
R)nm + Pnm, (3)

where

R↵n =
@f↵

@xn
(4)

is known as the rigidity matrix. We call (RT
R)nm the

Gram term (as it is the Gramian of rigidity matrix), and
Pnm the prestress matrix because it is only nonzero if
f↵ 6= 0 (Gram term and prestress matrix are sometimes
called sti↵ness matrix and geometric sti↵ness matrix re-
spectively in structural engineering [4, 53]). If the Hes-
sian has at least one global nontrivial zero direction, we
obtain the necessary (but not su�cient) condition for
floppiness,

X

nm

Pnm�xn�xm = �

X

nm

(RT
R)nm�xn�xm

= �

X

↵

 
X

n

@f↵

@xn
�xn

!2

, (5)

where the sum over ↵ is over all constraints and, again,
trivial Euclidean modes have been excluded. Analogous

to our discussion of G above, a definition of rigidity based
on H is also not equivalent to energetic rigidity, due to
the importance of quartic terms in cases of interest (in-
cluding at the transition point).

B. First- and second-order rigidity tests

The existence of any global, non-trivial, and continu-
ous motion of the system xn(t) that preserves the con-
straints f↵({xn(t)}) implies the system is floppy. A sys-
tem is structurally rigid when no such motions exist, a
definition highlighted in Table I. Energetic rigidity is not
necessarily equivalent to structural rigidity when the sys-
tem is prestressed (E > 0), though the two are the same
when E = 0, as discussed in more detail later.

Though determining whether a system is structurally
rigid is NP-hard [1], there are several simpler conditions
that, if they hold true, imply that a system is structurally
rigid [2–5]. These tests (and more) are reviewed in more
detail in Appendix A and summarized in Table I. In this
section, we turn to the question: under what conditions
do these structural rigidity tests, valid at first and second
order in the vertex displacements, also imply energetic
rigidity? We will conclude with classification of systems
into those for which structural rigidity at first or second
order is su�cient to imply energetic rigidity and those
for which the question is still not easily determinable.

We first consider a first-order perturbation to the con-
straints, �f↵ =

P
n @f↵/@xn�xn. We define a linear

(first-order) zero mode (LZM) �x(0)
n as one that preserves

f↵ to linear order,

X

n

@f↵

@xn
�x

(0)
n =

X

n

R↵n�x
(0)
n = 0. (6)

We can see that LZMs are in the right nullspace of
the rigidity matrix. Excluding Euclidean motions, a
nontrivial LZM is often called floppy mode (FM) in
physics [11]. The Maxwell-Calladine index theorem (also
known as the rigidity rank-nullity theorem) states that
Ndof �M = N0 �Ns, where N0 is the number of LZMs
and Ns is the number of states of self stress [2]. A state
of self stress is a vector �↵ in the left nullspace of the
rigidity matrix:

X

↵

�↵R↵n = 0. (7)

For a system to be prestressed, it must have a state of self
stress. In fact, if we write the Euler-Lagrange equations

1st Order 
Rigid 

Structurally
Rigid

2nd Order 
Rigid Energetically 

RigidG > 0

Damavandi Hagh Santangelo

Maxwell-
Calladine 
constraint 
counting

Damavandi et al PRE (2022)



Via second-order rigidity.

1st order rigidity
(constraint counting)

energetic rigidity

# floppy modes = 0 # floppy modes > 0

2nd order rigidity

energetic rigidity

𝓟 ≥ 0 𝓟 has negative eigenvalues

System dependent

Vertex model for 𝑃! < 𝑃!∗

Numerically:
2nd order rigidity à 
energetic rigidity

Spring network for 𝐿! ≤ 𝐿!∗
Vertex model at 𝑃! = 𝑃!∗

#

Damavandi et al, PRE (2022)



Goal: design materials that can be tuned to 
cross a rigidity transition via small changes 

to internal parameters



should we try do this via first-
order or second-order rigidity?

First-order rigidity: 
e.g. jamming transition

controlled by topology of contacts

• near the transition there are a very large 
number of “kissing contacts” or small gaps

• difficult to determine which ones become 
real contacts

• difficult to program
• Gardner transition physics

Second-order rigidity:
e.g. underconstrained spring networks
controlled by geometry of contacts

• network connectivity is fixed
• there are “adaptive degrees of freedom” 

(here the spring rest lengths) that are easy to 
program

• Can we enumerate all possible critically rigid 
configurations?

• Need to consider “floppy” vs. ”fluid”



focus on spring networks first.

Tyler HainChris 
Santangelo

Hain, Santangelo, Manning, PRE 2025

Idea: Use second order rigidity to design 
mechanical metamaterials that can be tuned 

to cross a rigidity transition via small 
changes to internal parameters 



Description of a general spring network: 
mapping from vertex positions to bonds

Encodes boundary conditions: which 
edges don’t go to zero when all 

vertices are collapsed?

Periodic Boundary

Fixed Boundary

vertex positions

bonds/springs

incidence matrix



We need to figure out 
when a given 

configuration is precisely 
at the rigidity transition.

Our results (spoiler alert!): 
• There is a manifold of critically rigid states in the space of 

vertex configurations.
• This manifold is codimension one, which means you are 

very likely to “run into it”
• There is a set of natural coordinates that parameterize 

this manifold, so you can easily search on it.

Rigid

Floppy

Internal degrees 
of freedom



to gain intuition,
let’s revisit this example (again):

Lubensky et al., Rep. Prog. Phys. (2015).

“3-Bar Linkage”



Critical Manifold of the 3-Bar Linkage

Rigid Rigid

Non-Rigid (Branch Point)



The critical manifold forms the boundary between regions with 
compatible/incompatible geometry

Compatible 
Edge Lengths 

Incompatible 
Edge Lengths 

In
cr

ea
sin

g 
St

ra
in Floppy

Critical

Rigid

Dilatational strain: e.g. changing distance 
between the pivot points



Each state on the 
critical manifold 

corresponds to a 
generalized state of 

self stress 𝜎 

Key idea: the critical manifold contains all configurations 
that satisfy force balance while having internal stresses 
(in the limit that the overall magnitude of the internal 

stresses approach zero):

We’d like to show that something similar happens for 
complex, large, disordered networks.

Coordinates of verticesGeneralized self 
stresses

Net forces on 
vertices



For a given 𝜎 can we 
find a corresponding 

set of vertex 
configurations?

Can we make a new set of degrees of freedom 
that parameterizes the critical manifold?

Coordinates of verticesGeneralized self 
stresses

Net forces on 
vertices

Rigid

Floppy

Internal degrees 
of freedom



Describe internal stresses by coarse-graining the lowest 
level degrees of freedom (node coordinates) into 

higher geometric quantities (lengths, areas, etc)

Generalized stress associated with 

Geometric 
relationship 



Prestress Matrix Quantifies boundary conditions

Tension on edge 

Length of edge 

Schek, Comput. 
Methods Appl. 
Mech. Eng. (1974)

Generalized stress is 
a force density

If we  choose                                       
the force balance equation is linear and 
therefore uniquely solvable!



If you give me your favorite
• Network structure:

• Boundary conditions:

• Geometric stress:

Yes, we can 
parameterize the 
critical manifold!

we can give you the coordinates of the 
corresponding critical configuration:



An h set that gives us a 
complete and linear mapping 

from vertex model coordinates 
to generalized self stress:

Tyler HainKelly Aspinwall

Vertex model Energy Functional:

                                                   Perimeter Term            Area Term



Critical Manifold of the 3-Bar Linkage

Space of Self-Stresses



For disordered central force 
networks, we can use this 

parameterization 

to demonstrate:

• the critical manifold is codimension one in the space of 
vertices

• the generalized self-stress vector is normal to the 
critical manifold

• therefore it is easy to move around on the critical 
manifold by looking at how geometric stresses change

Rigid

Floppy

Internal degrees 
of freedom

Hain, Santangelo, Manning, PRE 2025



With this self-stress parameterization, we can rationally 
search the critical manifold for special configurations

Use gradient descent to traverse 
the space of self-stresses to 

optimize any objective function

Self-stress parameterization 
lets us take a total derivative!



Randomly generated configurations

Randomly assign rest lengths, 
strain to the critical manifold

Randomly assign self-stresses, use 
parameterization to get configuration



Structure-Based Objective 
Functions:

Say we want to find rigid networks with 
regular structure: e.g. all edges have equal 

lengths or equal tensions

We can minimize the fluctuations of 
these quantities

With this self-stress parameterization, we can rationally 
search the critical manifold for special configurations



Structural Objective Functions

Minimized length fluctuations Minimized tension fluctuations

For the graphs we studied, we could ALWAYS find a network where all the edges were of equal length! 
Such networks can be self assembled!

We are currently trying to build them with DNA origami  in collaboration with Ben Rodgers (Brandeis)



Maximize bulk modulus at the transition



Random SamplesResponse Objective FunctionsStructural Objective Functions
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Preliminary: 
Examples of 

small designed 
networks
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3D printed hydrogel



Summary:

• Disordered mechanical networks (jammed packings, fiber networks, 
cells) can use multiple pathways to regulate rigidity/fluidity:
• first order rigidity (changing packing/density)
• second order rigidity (confluent tissues and ECM networks + mechanical 

metamaterials)
• also fluctuations/temperature (didn’t emphasize today)

• We have developed a method to design disordered mechanical 
metamaterials poised at a second-order rigidity transition
• by demonstrating that there is a manifold of states at the critical point, 

which we can parameterize
• we can search this manifold to find configurations that optimize an 

additional objective function.
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