
critical gauges for 
random tilings

Richard Kenyon (Yale)
<latexit sha1_base64="Ovih89FbpHEvdF6W++g9u9ki9H0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuilpFR8bKbgR3FSxD2lDmUxv26GTSZiZCCEU/BU3LhRx63e4829M0iBqPXDhcM693HuP43OmtGV9Grm5+YXFpfxyYWV1bX3D3NxqKi+QFBrU455sO0QBZwIammkObV8CcR0OLWd8kfite5CKeeJWhz7YLhkKNmCU6FjqmTs3jI6I7OMrEKEncOmOcDjomUWrbKXAs6SSkSLKUO+ZH92+RwMXhKacKNWpWL62IyI1oxwmhW6gwCd0TIbQiakgLig7Ss+f4P1Y6eOBJ+MSGqfqz4mIuEqFrhN3ukSP1F8vEf/zOoEenNoRE36gQdDpokHAsfZwkgXuMwlU8zAmhEoW34qTMAjVcWKFNISzBMffL8+SZrVcOSwfXVeLtfMsjjzaRXuohCroBNXQJaqjBqIoQo/oGb0YD8aT8Wq8TVtzRjazjX7BeP8CAQSU/A==</latexit>

Catherine Wolfram (MIT)

<latexit sha1_base64="HUvR3rUOkfjStpMz98ghGGWf6WM=">AAACHnicbVDLSgNBEJz1bXxFPXjwMhgEvYRdEdSb6EUPgoIxQjaE3kmvDs5jmZlVwrL/InjV3/AmXvUv/AQnMQdfBQNFVRfdU0kmuHVh+B6MjI6NT0xOTVdmZufmF6qLSxdW54Zhg2mhzWUCFgVX2HDcCbzMDIJMBDaTm8O+37xFY7lW566XYVvCleIpZ+C81KmuHIK7RuPTtKlFakDSjZPj881OtRbWwwHoXxINSY0McdqpfsRdzXKJyjEB1raiMHPtAozjTGBZiXOLGbAbuMKWpwok2nYx+EBJ173Spak2/ilHB+r3RAHS2p5M/KT099rfXl/8z2vlLt1tF1xluUPFvhaluaBO034btMsNMid6ngAz3N9K2TUYYM53VokV3jEtJahuEWNmyyK+BeMJF1qVvqLodyF/ycVWPdqu751t1fYPhmVNkVWyRjZIRHbIPjkip6RBGCnJA3kkT8F98By8BK9foyPBMLNMfiB4+wThiKLt</latexit>

Cosmin Pohoata (Emory)

<latexit sha1_base64="zV4Jqko6V0qGizJlw7b+awcA7eE=">AAACHXicbZDLSgMxFIYzXmu9VQU3boJF0E2ZKYK6EaEILitYFTqlnElPbTCXIckoZeyzCG71NdyJW/EtfATT2oW3HwIf/38OOfxJKrh1YfgeTExOTc/MFuaK8wuLS8ulldVzqzPDsMG00OYyAYuCK2w47gRepgZBJgIvkuvaML+4QWO5Vmeun2JLwpXiXc7AeatdWq9pK7midd3T4IBuH0tt+jvtUjmshCPRvxCNoUzGqrdLH3FHs0yickyAtc0oTF0rB+M4EzgoxpnFFNg1XGHTowKJtpWP7h/QLe90aFcb/5SjI/f7Rg7S2r5M/KQE17O/s6H5X9bMXHe/lXOVZg4V+/qomwnqNB2WQTvcIHOi7wGY4f5WynpggDlfWTFWeMu0lKA6eYypHeTxDRgPXGg18BVFvwv5C+fVSrRbOTitlo8Ox2UVyAbZJNskInvkiJyQOmkQRu7IA3kkT8F98By8BK9foxPBeGeN/FDw9gmQwaLL</latexit>

based on earlier work with

<latexit sha1_base64="z/Qfc9peS7nHfUgNPSHttK3ITY8=">AAACLHicbVC7SgNBFJ31bXxFLW0Gg2AVdkVQGxFsLBWMCtkQ7s7emCHzWGZmE8KSL/BfBFv9DRsRW2s/wdmYwteBgcM993HmJJng1oXhSzA1PTM7N7+wWFlaXlldq65vXFmdG4YNpoU2NwlYFFxhw3En8CYzCDIReJ30Tkv9uo/Gcq0u3TDDloRbxTucgfOldnWnEivNVYrK0XJPSrWiCEZwNHSgTY8OuOu2q7WwHo5B/5JoQm pkgvN29SNONculX8sEWNuMwsy1CjCOM4GjSpxbzID14BabniqQaFvF+DsjupOXPjra+OdtjavfJwqQ1g5l4jsluK79rZXF/7Rm7jqHrYKrLHeo2NehTi6o07TMhqbcIHNi6Akww71XyrpggDmfoA8KB0xLCSotYszsqIj7YDzhQquRjyj6HchfcrVXj/brRxd7tZPjSVgLZItsk10SkQNyQs7IOWkQRu7IA3kkT8F98By8Bm9frVPBZGaT/EDw/gneIakz</latexit>



Colin-de-Verdière, Brägger, Springborn (...)

<latexit sha1_base64="osnh6ltCQpG/hLWovGZttM7XFQk="></latexit>

f is determined as the critical point of a convex functional F (r1, . . . , rV ).

<latexit sha1_base64="OjbUf3aYpTzziPhkCKK/igb26v4="></latexit>

<latexit sha1_base64="YqopSP6UgZlthxY1WzoDAp7MZMs="></latexit>

Circle packing: given a planar triangulation, find a function f : V ! R+

<latexit sha1_base64="/8zur8GvIds2s3UlpcSZ1fXSzUQ=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAYTiVXYDaIWCgEbywjmAcmSzM7OJkNmH8zMCmFJ46/YWChi62fY+TdOki008cCFwzn3wT1uzJlUlvVt5FZW19Y38puFre2d3T1z/6Apo0QQ2iARj0TbxZJyFtKGYorTdiwoDlxOW+7oduq3HqmQLAof1DimToAHIfMZwUpLPfOo5Jdu+n0imNIaL5eRwB5LZM8sWhVrBrRM7IwUIUO9Z351vYgkAQ0V4VjKjm3Fykmx0Hs5nRS6iaQxJiM8oB1NQxxQ6aSzByboVCse8iOhK1Ropv6eSHEg5ThwdWeA1VAuelPxP6+TKP/KSVkYJ4qGZH7ITzhSEZqmgTwmKFF8rAmeZ4DIEAtMlM6soEOwF19eJs1qxb6onN9Xi7XrLI48HMMJnIENl1CDO6hDAwhM4Ble4c14Ml6Md+Nj3pozsplD+APj8wcr9pV+</latexit>

f=“critical” radius



Riemann mapping via convergent circle packings

<latexit sha1_base64="Ia0Fh3WL5+/P3swiKM6desaUxCI="></latexit>

<latexit sha1_base64="V1QgokT8s5w3aUPoMpgR+YGWyuw=">AAACAXicbVC7SgNBFJ2NrxhfURvBZjAIFhp2g6iFRcDGMmpekCxhdnaSDJmdWeYRCEts/BUbC0Vs/Qs7/8ZJsoUmHrhwOOde7r0niBlV2nW/nczS8srqWnY9t7G5tb2T392rK2EkJjUsmJDNACnCKCc1TTUjzVgSFAWMNILBzcRvDIlUVPCqHsXEj1CP0y7FSFupkz+o9o1UWvBTeC9Cys8eDGN0iKxVcIvuFHCReCkpgBSVTv6rHQpsIsI1ZkiplufG2k+Q1BQzMs61jSIxwgPUIy1LOYqI8pPpB2N4bJUQdoW0xTWcqr8nEhQpNYoC2xkh3Vfz3kT8z2sZ3b3yE8pjownHs0Vdw6AWcBIHDKkkWLORJQhLam+FuI8kwtqGlrMhePMvL5J6qehdFM/vSoXydRpHFhyCI3ACPHAJyuAWVEANYPAInsEreHOenBfn3fmYtWacdGYf/IHz+QNJc5bG</latexit>

Thurston, Rodin-Sullivan



To do this find a “Coulomb gauge”:

<latexit sha1_base64="vCVW5pKfUb7Ps3C2EoOMM0Lyv7Y="></latexit>

P
b KwbF (b) = 0

<latexit sha1_base64="HErSa59gxcHYao4Jp2o3KCz9VmI="></latexit>

P
w F (w)Kwb = 0

<latexit sha1_base64="WwihNOnLoeobheFlm1mYfl9kB+8="></latexit>

w1

w2

w3

w4

b1

b2

b3

b4
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[KLRR ’22]

<latexit sha1_base64="mXQDIcaAiw1CjLoPBNKYTM2m+X8=">AAACG3icbVDJSgNBFOxxN25xuXlpDKKnMBMEFTwIXgQ9qJgFMkPo6XlJGnsZunuUOORTBK/6G97Eqwf/wk+wsxzcChqKqvdeFxWnnBnr+x/exOTU9Mzs3HxhYXFpeaW4ulYzKtMUqlRxpRsxMcCZhKpllkMj1UBEzKEe35wM/PotaMOUvLa9FCJBOpK1GSXWSa3iRigVkwlIi5tn51dXeKdSiVrFkl/2h8B/STAmJTTGRav4GS aKZsKdoZwY0wz81EY50ZZRDv1CmBlICb0hHWg6KokAE+XD9H287ZQEt5V2z8UYqt83ciKM6YnYTQpiu+a3NxD/85qZbR9EOZNpZkHS0UftjGOr8KAKnDAN1PKeI4Rq5rJi2iWaUOsKK4QS7qgSgsgkDyE1/Ty8JdoRxpXsu4qC34X8JbVKOdgrH15WSsdH47Lm0CbaQrsoQPvoGJ2iC1RFFN2jR/SEnr0H78V79d5GoxPeeGcd/YD3/gUDmaFc</latexit>

1

<latexit sha1_base64="O3gxcMkhqfmrm/OVz4UdQ8q8/2A=">AAACEHicbVDLSsNAFJ3UV62vqks3wSK4kJIUQd0V3LisYB+QlDKZ3LRD5xFmJpUS+hOCW/0Nd+LWP/Av/ASnj4W2Hhg4nHMP986JUka18bwvp7C2vrG5Vdwu7ezu7R+UD49aWmaKQJNIJlUnwhoYFdA01DDopAowjxi0o+Ht1G+PQGkqxYMZp9DluC9oQgk2VgpCIamIQRjX75UrXtWbwV0l/oJU0AKNXvk7jCXJuE0ThrUOfC813RwrQwmDSSnMNKSYDHEfAksF5qC7+ezkiXtmldhNpLLPbp+pvxM55lqPeWQnOTYDvexNxf+8IDPJdTenIs0MCDJflGTMNdKd/t+NqQJi2NgSTBS1t7pkgBUmxrZUCgU8Esk5FnEeQqoneTjCyhLKpJjYivzlQlZJq1b1L6s397VK/WJRVhGdoFN0jnx0heroDjVQExEk0TN6Qa/Ok/PmvDsf89GCs8gcoz9wPn8ADxKeVA==</latexit>

1

<latexit sha1_base64="O3gxcMkhqfmrm/OVz4UdQ8q8/2A=">AAACEHicbVDLSsNAFJ3UV62vqks3wSK4kJIUQd0V3LisYB+QlDKZ3LRD5xFmJpUS+hOCW/0Nd+LWP/Av/ASnj4W2Hhg4nHMP986JUka18bwvp7C2vrG5Vdwu7ezu7R+UD49aWmaKQJNIJlUnwhoYFdA01DDopAowjxi0o+Ht1G+PQGkqxYMZp9DluC9oQgk2VgpCIamIQRjX75UrXtWbwV0l/oJU0AKNXvk7jCXJuE0ThrUOfC813RwrQwmDSSnMNKSYDHEfAksF5qC7+ezkiXtmldhNpLLPbp+pvxM55lqPeWQnOTYDvexNxf+8IDPJdTenIs0MCDJflGTMNdKd/t+NqQJi2NgSTBS1t7pkgBUmxrZUCgU8Esk5FnEeQqoneTjCyhLKpJjYivzlQlZJq1b1L6s397VK/WJRVhGdoFN0jnx0heroDjVQExEk0TN6Qa/Ok/PmvDsf89GCs8gcoz9wPn8ADxKeVA==</latexit>

1

<latexit sha1_base64="O3gxcMkhqfmrm/OVz4UdQ8q8/2A=">AAACEHicbVDLSsNAFJ3UV62vqks3wSK4kJIUQd0V3LisYB+QlDKZ3LRD5xFmJpUS+hOCW/0Nd+LWP/Av/ASnj4W2Hhg4nHMP986JUka18bwvp7C2vrG5Vdwu7ezu7R+UD49aWmaKQJNIJlUnwhoYFdA01DDopAowjxi0o+Ht1G+PQGkqxYMZp9DluC9oQgk2VgpCIamIQRjX75UrXtWbwV0l/oJU0AKNXvk7jCXJuE0ThrUOfC813RwrQwmDSSnMNKSYDHEfAksF5qC7+ezkiXtmldhNpLLPbp+pvxM55lqPeWQnOTYDvexNxf+8IDPJdTenIs0MCDJflGTMNdKd/t+NqQJi2NgSTBS1t7pkgBUmxrZUCgU8Esk5FnEeQqoneTjCyhLKpJjYivzlQlZJq1b1L6s397VK/WJRVhGdoFN0jnx0heroDjVQExEk0TN6Qa/Ok/PmvDsf89GCs8gcoz9wPn8ADxKeVA==</latexit>

1

<latexit sha1_base64="O3gxcMkhqfmrm/OVz4UdQ8q8/2A=">AAACEHicbVDLSsNAFJ3UV62vqks3wSK4kJIUQd0V3LisYB+QlDKZ3LRD5xFmJpUS+hOCW/0Nd+LWP/Av/ASnj4W2Hhg4nHMP986JUka18bwvp7C2vrG5Vdwu7ezu7R+UD49aWmaKQJNIJlUnwhoYFdA01DDopAowjxi0o+Ht1G+PQGkqxYMZp9DluC9oQgk2VgpCIamIQRjX75UrXtWbwV0l/oJU0AKNXvk7jCXJuE0ThrUOfC813RwrQwmDSSnMNKSYDHEfAksF5qC7+ezkiXtmldhNpLLPbp+pvxM55lqPeWQnOTYDvexNxf+8IDPJdTenIs0MCDJflGTMNdKd/t+NqQJi2NgSTBS1t7pkgBUmxrZUCgU8Esk5FnEeQqoneTjCyhLKpJjYivzlQlZJq1b1L6s397VK/WJRVhGdoFN0jnx0heroDjVQExEk0TN6Qa/Ok/PmvDsf89GCs8gcoz9wPn8ADxKeVA==</latexit>

<latexit sha1_base64="J4+o3yHif/wNb9E6UwboHo4z7yE="></latexit>

Circle pattern: Given a bipartite quadrangulation with positive face weights,
embed it so that faces are cyclic and circle center distances have given biratios.

<latexit sha1_base64="o6btSKNzRwYNomFgm6kHZ66jgjk=">AAACE3icbVDLSgMxFM3UV62vqks3wVYQF2WmiIoLKRSKywr2AZ1SMmnahmaSIbkjlKH/4MZfceNCEbdu3Pk3po+Ftl4IOZx7b3LOCSLBDbjut5NaWV1b30hvZra2d3b3svsHdaNiTVmNKqF0MyCGCS5ZDTgI1ow0I2EgWCMYlif9xgPThit5D6OItUPSl7zHKQFLdbJnvlRcdpkEXLE3zleu6z6oxA8JDIIAl8d5bBSGAYFONucW3GnhZeDNQQ7Nq9rJfvldRePQPk4FMabluRG0E6KBU8HGGT82LCJ0SPqsZaEkITPtZOppjE8s08U9pe2x4qbs742EhMaMwsBOTqSaxd6E/K/XiqF31U64jGJgks4+6sUCg3VpA8JdrhkFMbKAUM2tVkwHRBMKNsaMDcFbtLwM6sWCd1E4vyvmSjfzONLoCB2jU+ShS1RCt6iKaoiiR/SMXtGb8+S8OO/Ox2w05cx3DtGfcj5/AEYunSM=</latexit>

Find F : V ! C so that

<latexit sha1_base64="sf5FJl+D3bKUYiOnaW7Q+niYi98=">AAACEXicbVDLSgMxFM3UV62vqks3wSLUTZkpoq6k4MZlBfuAdiiZzJ02NJOMSUYopb/gxl9x40IRt+7c+Tem7Sy09UDgcO65N/eeIOFMG9f9dnIrq2vrG/nNwtb2zu5ecf+gqWWqKDSo5FK1A6KBMwENwwyHdqKAxAGHVjC8ntZbD6A0k+LOjBLwY9IXLGKUGCv1iuWukEyEIAwuExFiLWPAgUxFSNQIw3068+nTSq9YcivuDHiZeBkpoQz1XvGrG0qaxnY05UTrjucmxh8TZRjlMCl0Uw0JoUPSh46lgsSg/fHsogk+sUqII6nss6vN1N8dYxJrPYoD64yJGejF2lT8r9ZJTXTpj5lIUgOCzj+KUo6NxNN4cMgUUMNHlhCqmN0V0wFRhBobYsGG4C2evEya1Yp3Xjm7rZZqV1kceXSEjlEZeegC1dANqqMGougRPaNX9OY8OS/Ou/Mxt+acrOcQ/YHz+QP+pZ0c</latexit>

(and some boundary equations).



<latexit sha1_base64="GvqJUzydbhfBa/wia8SeKp47u1I="></latexit>

Zn⇥n =

2

4
nY

j=1

nY

k=1

✓
2 cos

⇡j

n+ 1
+ 2i cos

⇡k

n+ 1

◆3

5
1/2

<latexit sha1_base64="rOWTikMg60+BvGfUpoO9Q8l+JGs=">AAAB/3icbVC7SgNBFJ2NrxhfUcHGZjAIVmE3iFpYBGwsI5gHJEuYndxNhsxjmZkVQkzhr9hYKGLrb9j5N06SLTTxwMDhnHOZe0+UcGas7397uZXVtfWN/GZha3tnd6+4f9AwKtUU6lRxpVsRMcCZhLpllkMr0UBExKEZDW+mfvMBtGFK3ttRAqEgfcliRol1Urd4JFMRgcYqxj0mHKFqGu8WS37ZnwEvkyAjJZSh1i1+dXqKpgKkpZwY0w78xIZjoi2jHCaFTmogIXRI+tB2VBIBJhzP9p/gU6f0cKy0e9Limfp7YkyEMSMRuaQgdmAWvan4n9dObXwVjplMUguSzj+KU46twtMy3MkaqOUjRwjVzO2K6YBoQq3roOBKCBZPXiaNSjm4KJ/fVUrV66yOPDpGJ+gMBegSVdEtqqE6ougRPaNX9OY9eS/eu/cxj+a8bOYQ/YH3+QO815Xp</latexit>

number of dimer covers
<latexit sha1_base64="1oUfG2ST9fb3DeNdtOR8xmz8i9Y=">AAACC3icbVDLSgMxFM34rPU16tJNaCu4KjNF1JUU3LisYB/QDiWT3mlDM8mYZIRSunfjr7hxoYhbf8Cdf2PazkJbDwQO59ybe+8JE8608bxvZ2V1bX1jM7eV397Z3dt3Dw4bWqaKQp1KLlUrJBo4E1A3zHBoJQpIHHJohsPrqd98AKWZFHdmlEAQk75gEaPEWKnrFjpCMtEDYbCMMBG4JDqGxaCxKGF9nxIFXbfolb0Z8DLxM1JEGWpd96vTkzSN7aeUE63bvpeYYEyUYZTDJN9JNSSEDkkf2pYKYscF49ktE3xilR6OpLLPLjVTf3eMSaz1KA5tZUzMQC96U/E/r52a6DIYM5GkBgSdD4pSjo3E02Bwjymgho8sIVQxuyumA6IINTa+vA3BXzx5mTQqZf+8fHZbKVavsjhy6BgV0Cny0QWqohtUQ3VE0SN6Rq/ozXlyXpx352NeuuJkPUfoD5zPH7mUmjQ=</latexit>

of an n⇥ n square [Kasteleyn, Temperley/Fisher 1961]

<latexit sha1_base64="g+HTHv0h1oRDIiQ0x625GEkMh4Q=">AAACC3icbZDLSgMxFIYzXmu9jbp0E1oEF1JniqgFFwVBBDcVeoPpUDLpaRuayQxJRhhK9258FTcuFHHrC7jzbUwvC239IfDxn3M4OX8Qc6a043xbS8srq2vrmY3s5tb2zq69t19XUSIp1GjEI9kMiALOBNQ00xyasQQSBhwaweB6XG88gFQsElWdxuCHpCdYl1GijdW2c94dURo4pOIEVyGMQRo+vWGqDxK7pXPXb9t5p+BMhBfBnUEezVRp21+tTkSTEISmnCjluU6s/SGRmlEOo2wrURATOiA98AwKEoLyh5NbRvjIOB3cjaR5QuOJ+3tiSEKl0jAwnSHRfTVfG5v/1bxEdy/9IRNxokHQ6aJuwrGO8DgY3GESqOapAUIlM3/FtE8kodrElzUhuPMnL0K9WHDPCqX7Yr58NYsjgw5RDh0jF12gMrpFFVRDFD2iZ/SK3qwn68V6tz6mrUvWbOYA/ZH1+QNUsZnv</latexit>

<latexit sha1_base64="Fz0pcbnNNxZ00pM63Vlu9hyRqCA=">AAACC3icbVDLSgMxFM3UV62vqks3oUWoIGWmiLqSgi5cVrAPaIeSSe+0oZlkSDJCGbp346+4caGIW3/AnX9j+lho64HA4Zx7yT0niDnTxnW/nczK6tr6RnYzt7W9s7uX3z9oaJkoCnUquVStgGjgTEDdMMOhFSsgUcChGQyvJ37zAZRmUtybUQx+RPqChYwSY6VuvnDDIlCYSjuES1Kd4hhUCNTgiBg6YKJ/0s0X3bI7BV4m3pwU0Ry1bv6r05M0iUAYyonWbc+NjZ8SZRjlMM51Eg0xoUPSh7algkSg/XSaZYyPrdLDoVT2CYOn6u+NlERaj6LATtoLB3rRm4j/ee3EhJd+ykScGBB09lGYcGwknhSDe0zZ2HxkCaGK2VsxHRBFqLH15WwJ3mLkZdKolL3z8tldpVi9mteRRUeogErIQxeoim5RDdURRY/oGb2iN+fJeXHenY/ZaMaZ7xyiP3A+fwCcY5ok</latexit>

Dimer cover (or, perfect matching)



nY

i,j,k=1

i+ j + k � 1

i+ j + k � 2

<latexit sha1_base64="b1tjVMgczRPaFENwk2apavvYnVI="></latexit>

Number of “boxed plane partitions” =

<latexit sha1_base64="KfmG4nVxtbQtZc94JNlZntzZhlU="></latexit>

Number of dimer covers of the “Aztec diamond” = 2(
n
2).

<latexit sha1_base64="IyrRqXpyAQ9brFMcCTPwr7a3pe8="></latexit>

<latexit sha1_base64="npGI4hLgTBE5TdUUFqzJoRR2yMY=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhXsJukBgvEvDiRYhgHpAsYXYymwyZxzIzK8QlX+LFgyJe/RRv/o2TZA+aWNBQVHXT3RXGjGrjed/O2vrG5tZ2bie/u7d/UHAPj1paJgqTJpZMqk6INGFUkKahhpFOrAjiISPtcHwz89uPRGkqxYOZxCTgaChoRDEyVuq7hTuEORpJAUt+7ap63neLXtmbA64SPyNFkKHRd796A4kTToTBDGnd9b3YBClShmJGpvleokmM8BgNSddSgTjRQTo/fArPrDKAkVS2hIFz9fdEirjWEx7aTo7MSC97M/E/r5uYqBakVMSJIQIvFkUJg0bCWQpwQBXBhk0sQVhReyvEI6QQNjarvA3BX355lbQqZb9avrivFOvXWRw5cAJOQQn44BLUwS1ogCbAIAHP4BW8OU/Oi/PufCxa15xs5hj8gfP5A4gPkbE=</latexit>

Macmahon (1896)

<latexit sha1_base64="teth0rBbeiX5yuhgKz103VSynpc=">AAACDXicbVDLSgNBEJz1GeNr1aOXwSjES9gNouYiAREEPUQwD0iWMDvpJENmZ4eZWSGE/IAXf8WLB0W8evfm3zh5HDSxoKGo6qa7K5ScaeN5387C4tLyympqLb2+sbm17e7sVnScKAplGvNY1UKigTMBZcMMh5pUQKKQQzXsXY786gMozWJxb/oSgoh0BGszSoyVmu7hFe8x0PgmkaBCUB18S5QGgUsqlhJn/UIhf9x0M17OGwPPE39KMmiKUtP9arRimkQgDOVE67rvSRMMiDKMchimG4kGSWiPdKBuqSAR6GAw/maIj6zSwu1Y2RIGj9XfEwMSad2PQtsZEdPVs95I/M+rJ6Z9HgyYkIkBQSeL2gnHJsajaHCLKaCG9y0hVDF7K6Zdogg1NsC0DcGffXmeVPI5/zR3cpfPFC+mcaTQPjpAWeSjM1RE16iEyoiiR/SMXtGb8+S8OO/Ox6R1wZnO7KE/cD5/AAN1mjY=</latexit>

Elkies Kuperberg Larsen Propp (1992)



<latexit sha1_base64="ocBT9iWrka5iB8o0CTe2ydkvGjs=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlhEV2WmSNWNFIrgsoJ9QDuUTJppQzNJSDJCGQr+ihsXirj1O9z5N6btLLT1wIXDOfdy7z2hZFQbz/t2ciura+sb+c3C1vbO7p67f9DUIlGYNLBgQrVDpAmjnDQMNYy0pSIoDhlphaPa1G89EqWp4A9mLEkQowGnEcXIWKnnHtXEkMNbNqJEw7oSUsKz60rPLXolbwa4TPyMFEGGes/96vYFTmLCDWZI647vSROkSBmKGZkUuokmEuERGpCOpRzFRAfp7PwJPLVKH0ZC2eIGztTfEymKtR7Hoe2MkRnqRW8q/ud1EhNdBSnlMjGE4/miKGHQCDjNAvapItiwsSUIK2pvhXiIFMLGJlawIfiLLy+TZrnkV0oX9+Vi9SaLIw+OwQk4Bz64BFVwB+qgATBIwTN4BW/Ok/PivDsf89ack80cgj9wPn8AVRmUbA==</latexit>

Cohn Elkies Propp ’96
<latexit sha1_base64="/ta97iSoNsX3cX0ZIZWTax1ZtZ0=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlhEV2WmiNaNFLpx4aKCfUA7lEyaaUMzSUgyQhkK/oobF4q49Tvc+Tem7Sy09cCFwzn3cu89oWRUG8/7dnIrq2vrG/nNwtb2zu6eu3/Q1CJRmDSwYEK1Q6QJo5w0DDWMtKUiKA4ZaYWj2tRvPRKlqeAPZixJEKMBpxHFyFip5x7VxJDDO6Q04bCuhJTw7LrSc4teyZsBLhM/I0WQod5zv7p9gZOYcIMZ0rrje9IEKVKGYkYmhW6iiUR4hAakYylHMdFBOjt/Ak+t0oeRULa4gTP190SKYq3HcWg7Y2SGetGbiv95ncRElSClXCaGcDxfFCUMGgGnWcA+VQQbNrYEYUXtrRAPkULY2MQKNgR/8eVl0iyX/MvSxX25WL3J4siDY3ACzoEPrkAV3II6aAAMUvAMXsGb8+S8OO/Ox7w152Qzh+APnM8fZLGUdg==</latexit>

Cohn Larsen Propp ’98

<latexit sha1_base64="//H65wh+Qh7hhH/crMK4r8T8c7s=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExRUmFgAkVWBiLRB9SGlWO47RWHTuyHaSo6szCr7AwgBArX8DG3+C2GaDlSJaOzrn3+t4Tpowq7brfVmlpeWV1rbxe2djc2t6xd/daSmQSkyYWTMhOiBRhlJOmppqRTioJSkJG2uHwZuK3H4hUVPB7nackSFCf05hipI3Usw+7XFAeEa6hn1KsM0lgmMMrB14LKSLKg55ddR13CrhIvIJUQYFGz/7qRgJniZmJGVLK99xUByMkNcWMjCvdTJEU4SHqE99QjhKigtH0lDE8NkoEYyHNMztN1d8dI5QolSehqUyQHqh5byL+5/mZji+CEeVppgnHs4/ijEEt4CQXGFFJsGa5IQhLanaFeIAkwtqkVzEhePMnL5JWzfHOnNO7WrV+WcRRBgfgCJwAD5yDOrgFDdAEGDyCZ/AK3qwn68V6tz5mpSWr6NkHf2B9/gBMgpn+</latexit>

[picture by A. Borodin]

<latexit sha1_base64="0QNVq2YC7mY94/D/bL4oiyZIiaQ=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzJTRF1JwY0LFxXsA9qhZDJ32tAkMyQZodQu/BU3LhRx62+4829M21lo64HA4Zx7k5MTppxp43nfztLyyuraemGjuLm1vbPr7u03dJIpCnWa8ES1QqKBMwl1wwyHVqqAiJBDMxxcT/zmAyjNEnlvhikEgvQkixklxkpd97AjEyYjkAbfMsEM1n2Sgu66Ja/sTYEXiZ+TEspR67pfnSihmbAXUU60bvteaoIRUYZRDuNiJ9OQEjogPWhbKokAHYym+cf4xCoRjhNljw0yVX9vjIjQeihCOymI6et5byL+57UzE18GIybTzICks4fijGOT4EkZOGIKqOFDSwhVzGbFtE8UocZWVrQl+PNfXiSNStk/L5/dVUrVq7yOAjpCx+gU+egCVdENqqE6ougRPaNX9OY8OS/Ou/MxG11y8p0D9AfO5w/rk5YI</latexit>

Limit shapes
<latexit sha1_base64="VzAPLI2aNoJGfJhbGZJ1485yEsI=">AAACD3icbVDLSgMxFM3UV62vqks3waLUhWWmiLqSghuXFewD2qFk0jttaJIZkowwlv6BG3/FjQtF3Lp159+YPhbaeiBwOOfem3tPEHOmjet+O5ml5ZXVtex6bmNza3snv7tX11GiKNRoxCPVDIgGziTUDDMcmrECIgIOjWBwPfYb96A0i+SdSWPwBelJFjJKjJU6+eO2jJjsgjS4CBJULz0VTDLBHpjsYZ2okFDQJ518wS25E+BF4s1IAc1Q7eS/2t2IJsIOppxo3fLc2PhDogyjHEa5dqIhJnRAetCyVBIB2h9O7hnhI6t0cRgp++xiE/V3x5AIrVMR2EpBTF/Pe2PxP6+VmPDSHzIZJwYknX4UJhybCI/DwV2mgBqeWkKoYnZXTPtEEWpshDkbgjd/8iKpl0veeenstlyoXM3iyKIDdIiKyEMXqIJuUBXVEEWP6Bm9ojfnyXlx3p2PaWnGmfXsoz9wPn8AOJacxA==</latexit>

(energy-minimizing surfaces)



<latexit sha1_base64="jgNWVqPKgkpF+ARHCLpaOLsVLTY=">AAACP3icbVA9bxNBEN0LARLzZaCkGcVCCo11FyFAFCgSTcogYTuSbVlze3P2Knu7p925IMvKP6PhL6RLS5MChGjpGDsu8jXSSk9vZt6+eXltTeQ0PU827m3ef/Bwa7v16PGTp8/az1/0o2+Cpp721oejHCNZ46jHhi0d1YGwyi0N8uPPy/7ghEI03n3leU3jCqfOlEYjCzVp90fOG1eQYxgQFFSKDiCcYDAonC+BZwRsRH8Kdf CiW8E3wzMgjIYC7GKcVzV7NvpNS/vGsUx+nLQ7aTddFdwG2Rp01LoOJ+2zUeF1U4kRbTHGYZbWPF5gEF1Lp61RE6lGfYxTGgp0WFEcL1b3n8JrYQoofZAnplfs1Y0FVlFc5jJZIc/izd6SvKs3bLj8MF4YVzdMTl9+VDYW2MMyTChMIM12LgB1MOIV9AwDapbIWxJCdvPk26C/183edd9+2evsf1rHsaVeqR21qzL1Xu2rA3Woekqr7+qn+qV+Jz+Si+RP8vdydCNZ77xU1yr59x9APK+u</latexit>

We define a variant of the tiling problem with easier (asymptotic) counting:

<latexit sha1_base64="dQrRsi8a140vsQORX4xIPgv5rlA=">AAACI3icbVC7SgNBFJ31GeNr1dJmMAg2ht0gKhYSsBFsIuQFyRLuTibJkHksM7NCCPkXG3/FxkIJNhb+i5NHoYkXLhzOfZ4TJ5wZGwRf3srq2vrGZmYru72zu7fvHxxWjUo1oRWiuNL1GAzlTNKKZZbTeqIpiJjTWty/m9RrT1QbpmTZDhIaCehK1mEErKNa/k1TKibbVFpc7lEsUm6ZVIIBx5a5pV2caOWWCdx4OC+pngILuBAUwijf8nNBPpgGXgbhHOTQPEotf9xsK5IKd4xwMKYRBomNhqAtI5yOss3U0ARIH7q04aAEQU00nGoc4VPHtHFHaZfu2Sn7e2IIwpiBiF2nANszi7UJ+V+tkdrOdTRkMkktlWR2qJM6+QpPDMNtpimxfOAAEM3cr5j0QAOxztasMyFclLwMqoV8eJm/eCzkirdzOzLoGJ2gMxSiK1RE96iEKoigZ/SK3tGH9+K9eWPvc9a64s1njtCf8L5/AL3Fo6A=</latexit>

The multinomial tiling problem [K-Pohoata 2021].

<latexit sha1_base64="tdr6g9Ta3OpN1cUZwdV7+NI+iJ0="></latexit>

Counting tilings of regions with fixed tile shapes is NP-hard.



Gn has vertices V ⇥ {1, 2, . . . , n}

<latexit sha1_base64="qBewlemtAVscXwU6zwCokud/ZCc="></latexit>

G = (V,E) is a finite graph

<latexit sha1_base64="rJs1uD3JG2mrsiypzMjJ5AoLUXU="></latexit>

Gn has edges (u, i) ⇠ (v, j) whenever u ⇠ v.

<latexit sha1_base64="Eva37mpqP310lBZ3m3VBvDGqMEw="></latexit>

G

<latexit sha1_base64="mj5CIXUPaaAqhKGOlg6V00eqq6g=">AAACBnicbZC7SgNBFIZn4y3GW9TSZjEIVmFXBbXRgIWWCZgLZEOYnZwkQ+ayzMxGwpJesNXXsBNbwafwLXwEJ5sUmvjDwMd/zuGc+cOIUW0878vJLC2vrK5l13Mbm1vbO/ndvZqWsSJQJZJJ1QixBkYFVA01DBqRAsxDBvVwcDOp14egNJXi3owiaHHcE7RLCTbWqty28wWv6KVyF8GfQeH68zRVuZ3/DjqSxByEIQxr3fS9yLQSrAwlDMa5INYQYTLAPWhaFJiDbiXpoWP3yDodtyuVfcK4qft7IsFc6xEPbSfHpq/naxPzv1ozNt2LVkJFFBsQZLqoGzPXSHfya7dDFRDDRhYwUdTe6pI+VpgYm00uEPBAJOdYdJIAIj1OgiFWFiiTYmwj8ucDWYTaSdE/K15WvELpCk2VRQfoEB0jH52jErpDZVRFBAF6Qs/oxXl0Xp03533amnFmM/voj5yPH53inG8=</latexit>

G4

<latexit sha1_base64="WZSEei8k/j+HbXUY6lmZK8vEYg4=">AAACCHicbZDJSgNBEIZ7XGPcYjx6GYxCTmFGAupFAh70GNEskAmhp1NJmvQydPdEwhAfQPSq+BbexKtv4Vv4CHaWgxp/aPj4q4qq/sOIUW0879NZWFxaXllNraXXNza3tjM72aqWsSJQIZJJVQ+xBkYFVAw1DOqRAsxDBrWwfz6u1wagNJXixgwjaHLcFbRDCTbWur5oFVuZnFfwJnLnwZ9BrpR9ebjLH6yXW5mvoC1JzEEYwrDWDd+LTDPBylDCYJQOYg0RJn3chYZFgTnoZjI5deQeWqftdqSyTxh34v6cSDDXeshD28mx6em/tbH5X60Rm85JM6Eiig0IMl3UiZlrpDv+t9umCohhQwuYKGpvdUkPK0yMTScdCLglknMs2kkAkR4lwQArC5RJMbIR+X8DmYfqUcEvFk6vbFZnaKoU2kP7KI98dIxK6BKVUQUR1EWP6Ak9O/fOq/PmvE9bF5zZzC76JefjG/uxnS4=</latexit>

<latexit sha1_base64="E8BEdGTmHf/ZnKeB2XqNyRDEWAw="></latexit>

Let Gn be the n-fold blow-up graph of G:

<latexit sha1_base64="nxgr0b7AMbxAZR89qtf029ZbQI0="></latexit>

. Let T = {t1, . . . , tk} be the tiles; ti ⇢ V .



We can also let n vary from vertex to vertex: n = (n1, . . . , nV ).

<latexit sha1_base64="ZMX061D3w1WZpEBxxh3Kka7kK10="></latexit>

<latexit sha1_base64="ANgsCfTwVecuvpKRto9UaVfFV84=">AAAB/HicbVC7TsMwFHXKq7Q8QjuyWBSkTlWCEDChSgwwFok+pCaKHMdprTpOZDtIUdR+AT/AxMIAQqx8CBt/g/sYoOVIlo7Oudc+Pn7CqFSW9W0U1tY3NreK26Xyzu7evnlQ6cg4FZi0ccxi0fORJIxy0lZUMdJLBEGRz0jXH11P/e4DEZLG/F5lCXEjNOA0pBgpLXlm1eEx5QHhCt54ueOHkI89s2Y1rBngKrEXpNasPD1O6sfllmd+OUGM00jfghmSsm9biXJzJBTFjIxLTipJgvAIDUhfU44iIt18Fn4MT7QSwDAW+ugUM/X3Ro4iKbPI15MRUkO57E3F/7x+qsJLN6c8SRXheP5QmDKoYjhtAgZUEKxYpgnCguqsEA+RQFjpvkq6BHv5y6ukc9qwzxtnd7qNKzBHERyCI1AHNrgATXALWqANMMjAM3gFb8bEeDHejY/5aMFY7FTBHxifP3rmluE=</latexit>

Gn

<latexit sha1_base64="iBgYeHPpMOT3GReASE8XG/fXa90=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqCstuNBlBfuA6VAymUwbmkmGJCOUoZ/hxoUibv0L/8Cdf2P6WGjrgQuHc+7hPsKUM21c99spLC2vrK4V10sbm1vbO+XdvaaWmSK0QSSXqh1iTTkTtGGY4bSdKoqTkNNWOLgZ+61HqjST4sEMUxokuCdYzAg2VvI7QjIRUWHQbbdccavuBGiReDNSuf48naDeLX91IkmyxKYJx1r7npuaIMfKMMLpqNTJNE0xGeAe9S0VOKE6yCcrj9CRVSIUS2XLTp+ovxM5TrQeJqHtTLDp63lvLP7n+ZmJL4OciTQzVJDpoDjjyEg0vh9FTFFi+NASTBSzuyLSxwoTY79Usk/w5k9eJM2TqndePbt3K7UrmKIIB3AIx+DBBdTgDurQAAISnuAFXh3jPDtvzvu0teDMMvvwB87HD/T6kz8=</latexit>

G



Let xv a variable for each vertex v of G.

<latexit sha1_base64="SHf0QQwooQ7MX0ijWIwvnxbp4jw="></latexit>

Thm [K’-Pohoata 2021]:

Z :=
X

n�0

Z(n)
xn

n!
= eP .

<latexit sha1_base64="P4bmFtg/J7vqSUNnOXysjHkoP2o="></latexit>

xn

n!
:=

Y

v

xnv
v

nv!

<latexit sha1_base64="gVbuMCCrOBrryiaJpJY+pNtcMaA="></latexit>

<latexit sha1_base64="fIBxZBZ12VyVVbRqdlqxRrPME1o="></latexit>

Let Z(n) be the number of tilings of Gn by lifts of {t1, . . . , tk}.

<latexit sha1_base64="rsfaSMvlKVQvr3+bwyg4iMkTIcg="></latexit>

Let P (x) =
P

t

Q
v2t xv be the “tiling polynomial”.

<latexit sha1_base64="tXFBdNWEYSIniQqSLTy3fcD3EDs="></latexit>

Note: if use K tiles: Pk

K! .

<latexit sha1_base64="EMA4FqudU+CQbekwgdpJTpOyXFk="></latexit>

We’ll now assume that T = {edges of G} (i.e. the dimer model).



Probabilistic interpretation

<latexit sha1_base64="GeUk8ZuzA6ldSTbAc2lcGe7IWH0=">AAACI3icbVC7SgNBFJ2Nr/iOWmqxGASrsBsEtZGAjWUEkwjJIncnNzo4j2VmNhKWNP6LYKu/YSc2Fv6Dn+BssoWvAwOHc+49lzlxwpmxQfDulWZm5+YXyotLyyura+uVjc22Uamm2KKKK30Zg0HOJLYssxwvE40gYo6d+PY09ztD1IYpeWFHCUYCriUbMArWSVeVnaZWMcQsP8Woz6RF7QJsYVeDWjCB/5eEBamSAs2rymevr2gqUFrKwZhuGCQ2ykC7bI7jpV5qMAF6C9fYdVSCQBNlk1+M/T2n9P2B0u5J60/U7xsZCGNGInaTAuyN+e3l4n9eN7WDoyhjMkktSjo9NEi5b5WfV+L3mUZq+cgRoJrlPdAb0EBdFy5J4h1VQoDsZz1MzDjrDUE7wriSY1dR+LuQv6Rdr4UHtePzerVxUpRVJttkl+yTkBySBjkjTdIilNyTR/JEnr0H78V79d6moyWv2NkiP+B9fAF/06aU</latexit>

Think of P as a (scaled) probability generating function.

<latexit sha1_base64="JvTBTyXZSflM2woXDiZN3WCG3VY="></latexit>

<latexit sha1_base64="e7LAg+Ew9/cVYCoiFkTYBZrQpsQ="></latexit>

P = x1x2 + x1x4 + x2x3 + x2x5 + x3x6 + x4x5 + x5x6

<latexit sha1_base64="EPkgktsr8+n9GoDTkFXgkTZEB/E=">AAAB9HicbVDLSgMxFL1TX7X1UevSzWAVuiozIupKCm5cVrAPaIeSyWTa0EwyJpliGeoXuBfBhSJu/Rh3/o3pY6GtBwKHc+7h3hw/ZlRpx/m2Miura+sb2c1cfmt7Z7ewV2wokUhM6lgwIVs+UoRRTuqaakZasSQo8hlp+oOrid8cEqmo4Ld6FBMvQj1OQ4qRNpLX4YLygHBt33fdbqHkVJwp7GXizkmpWnx+fCgf5WvdwlcnEDiJTB4zpFTbdWLtpUhqihkZ5zqJIjHCA9QjbUM5iojy0unRY/vYKIEdCmme2T9VfydSFCk1inwzGSHdV4veRPzPayc6vPBSyuNEE45ni8KE2VrYkwbsgEqCNRsZgrCk5lYb95FEWJuecqYEd/HLy6RxUnHPKqc3po1LmCELB3AIZXDhHKpwDTWoA4Y7eIJXeLOG1ov1bn3MRjPWPLMPf2B9/gCMipQs</latexit>x1
<latexit sha1_base64="tI/j9NfHrE6/iL5RJxeD9sPyl8I=">AAAB9HicbVDLSgMxFL3js7Y+al26CVahqzJTRF1JwY3LCvYB7VAymUwbmsmMSaZYhvoF7kVwoYhbP8adf2P6WGjrgcDhnHu4N8eLOVPatr+tldW19Y3NzFY2t72zu5ffLzRUlEhC6yTikWx5WFHOBK1rpjltxZLi0OO06Q2uJn5zSKVikbjVo5i6Ie4JFjCCtZHcjoiY8KnQ6L5b6eaLdtmeAi0TZ06K1cLz40PpOFfr5r86fkSS0OQJx0q1HTvWboqlZoTTcbaTKBpjMsA92jZU4JAqN50ePUYnRvFREEnzzP6p+juR4lCpUeiZyRDrvlr0JuJ/XjvRwYWbMhEnmgoyWxQkHOkITRpAPpOUaD4yBBPJzK2I9LHERJuesqYEZ/HLy6RRKTtn5dMb08YlzJCBQziCEjhwDlW4hhrUgcAdPMErvFlD68V6tz5moyvWPHMAf2B9/gCODpQt</latexit>x2

<latexit sha1_base64="aKRf+vEhNqfxJywHp2Z2nL54+8I=">AAAB9HicbVDLSgMxFL3js7Y+al26CVahqzKjoq6k4MZlBfuAdiiZTKYNzWTGJFMsQ/0C9yK4UMStH+POvzF9LLT1QOBwzj3cm+PFnClt29/W0vLK6tp6ZiOb29za3snvFuoqSiShNRLxSDY9rChngtY005w2Y0lx6HHa8PpXY78xoFKxSNzqYUzdEHcFCxjB2khuW0RM+FRodN856eSLdtmeAC0SZ0aKlcLz40PpMFft5L/afkSS0OQJx0q1HDvWboqlZoTTUbadKBpj0sdd2jJU4JAqN50cPUJHRvFREEnzzP6J+juR4lCpYeiZyRDrnpr3xuJ/XivRwYWbMhEnmgoyXRQkHOkIjRtAPpOUaD40BBPJzK2I9LDERJuesqYEZ/7Li6R+XHbOyqc3po1LmCID+3AAJXDgHCpwDVWoAYE7eIJXeLMG1ov1bn1MR5esWWYP/sD6/AGPkpQu</latexit>x3

<latexit sha1_base64="zi8fDQPAFSh6REk2KhLK5b88FZE=">AAAB9HicbVDLSgMxFL3js7Y+al26CVahqzIjRV1JwY3LCvYB7VAymUwbmsmMSaZYhvoF7kVwoYhbP8adf2P6WGjrgcDhnHu4N8eLOVPatr+tldW19Y3NzFY2t72zu5ffLzRUlEhC6yTikWx5WFHOBK1rpjltxZLi0OO06Q2uJn5zSKVikbjVo5i6Ie4JFjCCtZHcjoiY8KnQ6L5b6eaLdtmeAi0TZ06K1cLz40PpOFfr5r86fkSS0OQJx0q1HTvWboqlZoTTcbaTKBpjMsA92jZU4JAqN50ePUYnRvFREEnzzP6p+juR4lCpUeiZyRDrvlr0JuJ/XjvRwYWbMhEnmgoyWxQkHOkITRpAPpOUaD4yBBPJzK2I9LHERJuesqYEZ/HLy6RxWnbOypUb08YlzJCBQziCEjhwDlW4hhrUgcAdPMErvFlD68V6tz5moyvWPHMAf2B9/gCRFpQv</latexit>x4
<latexit sha1_base64="kHsGPDuXWhiRfELdb/N3MjSvBYA=">AAAB9HicbVDLSgMxFL3js7Y+al26CVahqzIjvlZScOOygn1AO5RMJtOGZjJjkimWoX6BexFcKOLWj3Hn35g+Ftp6IHA45x7uzfFizpS27W9raXlldW09s5HNbW5t7+R3C3UVJZLQGol4JJseVpQzQWuaaU6bsaQ49DhteP2rsd8YUKlYJG71MKZuiLuCBYxgbSS3LSImfCo0uu+cdvJFu2xPgBaJMyPFSuH58aF0mKt28l9tPyJJaPKEY6Vajh1rN8VSM8LpKNtOFI0x6eMubRkqcEiVm06OHqEjo/goiKR5Zv9E/Z1IcajUMPTMZIh1T817Y/E/r5Xo4MJNmYgTTQWZLgoSjnSExg0gn0lKNB8agolk5lZEelhiok1PWVOCM//lRVI/Ljtn5ZMb08YlTJGBfTiAEjhwDhW4hirUgMAdPMErvFkD68V6tz6mo0vWLLMHf2B9/gCSmpQw</latexit>x5

<latexit sha1_base64="o5ofrnVHlC630ejPwHiNfMpXFFY=">AAAB9HicbVDLSgMxFL3js7Y+al26CVahqzIjUl1JwY3LCvYB7VAymUwbmsmMSaZYhvoF7kVwoYhbP8adf2P6WGjrgcDhnHu4N8eLOVPatr+tldW19Y3NzFY2t72zu5ffLzRUlEhC6yTikWx5WFHOBK1rpjltxZLi0OO06Q2uJn5zSKVikbjVo5i6Ie4JFjCCtZHcjoiY8KnQ6L5b6eaLdtmeAi0TZ06K1cLz40PpOFfr5r86fkSS0OQJx0q1HTvWboqlZoTTcbaTKBpjMsA92jZU4JAqN50ePUYnRvFREEnzzP6p+juR4lCpUeiZyRDrvlr0JuJ/XjvRwYWbMhEnmgoyWxQkHOkITRpAPpOUaD4yBBPJzK2I9LHERJuesqYEZ/HLy6RxWnYq5bMb08YlzJCBQziCEjhwDlW4hhrUgcAdPMErvFlD68V6tz5moyvWPHMAf2B9/gCUHpQx</latexit>x6



Probabilistic interpretation

<latexit sha1_base64="GeUk8ZuzA6ldSTbAc2lcGe7IWH0=">AAACI3icbVC7SgNBFJ2Nr/iOWmqxGASrsBsEtZGAjWUEkwjJIncnNzo4j2VmNhKWNP6LYKu/YSc2Fv6Dn+BssoWvAwOHc+49lzlxwpmxQfDulWZm5+YXyotLyyura+uVjc22Uamm2KKKK30Zg0HOJLYssxwvE40gYo6d+PY09ztD1IYpeWFHCUYCriUbMArWSVeVnaZWMcQsP8Woz6RF7QJsYVeDWjCB/5eEBamSAs2rymevr2gqUFrKwZhuGCQ2ykC7bI7jpV5qMAF6C9fYdVSCQBNlk1+M/T2n9P2B0u5J60/U7xsZCGNGInaTAuyN+e3l4n9eN7WDoyhjMkktSjo9NEi5b5WfV+L3mUZq+cgRoJrlPdAb0EBdFy5J4h1VQoDsZz1MzDjrDUE7wriSY1dR+LuQv6Rdr4UHtePzerVxUpRVJttkl+yTkBySBjkjTdIilNyTR/JEnr0H78V79d6moyWv2NkiP+B9fAF/06aU</latexit>

Select an edge at random; drop a ball into its two buckets. Repeat K times.

<latexit sha1_base64="PB9NLJKd7WDeN/0pL78vXyUXjjE=">AAACVHicbZDPahRBEMZ7J0bjqnHVo5fCjeBpmAkBEwQJeBFEiH82CewsS01P7abZ/jN01yQswz5V3iWQq76AD+DB3s0eNPGDho+vqqjqX1lrFTjLrjvJxr3N+w+2HnYfPX6y/bT37PlxcI2XNJBOO39aYiCtLA1YsabT2hOaUtNJOfuwrJ+ckw/K2e88r2lkcGrVREnkGI17n7+RJsmAFqiaEiCDR1s58w4q72pAKFFrUJYdKA 7AFw7KRs6IQwpfqaY4sPNpB1gZCum418/SbCW4a/K16Yu1jsa9X0XlZGPIstQYwjDPah616FlJTYtu0QSqUc5wSsNoLcYto3b17QW8jkkFE+fjswyr9O+JFk0Ic1PGToN8Fm7XluH/asOGJ/ujVtm6YbLyZtGk0RAZLBlCpXxkpufRoPQq3gryDD1KjqS7haUL6YyJGNuC6rBoi3P00Sjt7CIiym8DuWuOd9N8Lz34sts/fL+GtSVeilfijcjFW3EoPoojMRBSXIpr8UP87Fx1ficbyeZNa9JZz7wQ/yjZ/gOdHbSv</latexit>

Condition on the event that all buckets filled after K = 3n steps.

<latexit sha1_base64="pP/54Ej3pzPkI9iP/nktqmtxUY4=">AAACSXicbZBLS1tBFMfnRttq+jC1y24GY6GrcK8tWBcVqRuhGwvGCEkI58491wyZx2Xm3Ei45Pv4XYRu234LuyuuOnksNHqYgR//85r5p4WSnuL4T1RbW3/2/MXGZv3lq9dvthpvt8+9LZ3AtrDKuosUPCppsE2SFF4UDkGnCjvp6HiW74zReWnNGU0K7Gu4NDKXAihIg8a3Y2syOWMeDg2R4xgNBQLioBRPSzFC8jyXSmHGIS d0fPf7109ml3vCwrcGjWbciufBH0OyhCZbxumgcdvLrCh12CMUeN9N4oL6FTiSQuG03is9FiBGcIndgAY0+n41/+uUfwhKxnPrwg3vnKv3OyrQ3k90Gio10NCv5mbiU7luSfmXfiVNURIasViUl4qT5TPjeCYdClKTACBcsExwMQQHIhgSJhm8ElZrMFnVC65Mq94YXACprJkGi5JVQx7D+V4r+dw6+LHXPDpcmrXB3rMd9pElbJ8dsRN2ytpMsGv2k/1iv6Ob6G/0L7pblNaiZc879iBqa/8BCrezBA==</latexit>

Problem: central buckets fill up faster...

<latexit sha1_base64="Qjc4C0OdK3NtU/k7E5ZBAB8oydU="></latexit>

Think of P as a (scaled) probability generating function.

<latexit sha1_base64="JvTBTyXZSflM2woXDiZN3WCG3VY="></latexit>

<latexit sha1_base64="e7LAg+Ew9/cVYCoiFkTYBZrQpsQ="></latexit>

P = x1x2 + x1x4 + x2x3 + x2x5 + x3x6 + x4x5 + x5x6



 

(2n, n)

<latexit sha1_base64="qj0F+ubG3NaX6/HctvHsG/6KQtk=">AAACC3icbZDJSgNBEIZ7XGPcoh4FGQxCBAkzQVAvEvDiMYJZIBNCT6eStOll6O6JhCGPIHhNXsObePUhfAsfwc5y0MQfGj7+qqKq/zBiVBvP+3JWVtfWNzZTW+ntnd29/czBYUXLWBEoE8mkqoVYA6MCyoYaBrVIAeYhg2rYu5vUq31QmkrxaAYRNDjuCNqmBBtrVXIFcSHOm5msl/emcpfBn0O2eDKaaFxqZr6DliQxB2EIw1rXfS8yjQQrQwmDYTqINUSY9HAH6hYF5qAbyfTaoXtmnZbblso+Ydyp+3siwVzrAQ9tJ8emqxdrE/O/Wj027etGQkUUGxBktqgdM9dId/J1t0UVEMMGFjBR1N7qki5WmBgbUDoQ8Ewk51i0kgAiPUyCPlYWKJNiaCPyFwNZhkoh71/mbx5sVrdophQ6Rqcoh3x0hYroHpVQGRH0hF7RCI2dF+fNeXc+Zq0rznzmCP2R8/kD+Mmfpg==</latexit>

.

<latexit sha1_base64="VQsmrKTslrF3mKw7IotZ/M/uHHA=">AAACBnicbZDJSgNBEIZ7XGPcoh69DAbBU5hRQb1owIvHBMwCmRB6OjVJk16G7p5IGOYueNXX8CZeBZ/Ct/AR7CwHTfyh4eOvKqr6D2NGtfG8L2dpeWV1bT23kd/c2t7ZLezt17VMFIEakUyqZog1MCqgZqhh0IwVYB4yaISD23G9MQSlqRT3ZhRDm+OeoBEl2FirWuoUil7Jm8hdBH8GxZvPs4kqncJ30JUk4SAMYVjrlu/Fpp1iZShhkOWDREOMyQD3oGVRYA66nU4Ozdxj63TdSCr7hHEn7u+JFHOtRzy0nRybvp6vjc3/aq3ERJftlIo4MSDIdFGUMNdId/xrt0sVEMNGFjBR1N7qkj5WmBibTT4Q8EAk51h00wBinaXBECsLlEmR2Yj8+UAWoX5a8s9LV1WvWL5GU+XQITpCJ8hHF6iM7lAF1RBBgJ7QM3pxHp1X5815n7YuObOZA/RHzscPdRCcVg==</latexit>

Analogous problem: find coe�cient of x2nyn in (x+ y)3n.

<latexit sha1_base64="TSscdnSyRrSUJTCF7oE6IJWIa+Q="></latexit>

Bias by changing x to 2
3x and y to 1

3y.

<latexit sha1_base64="Y3fZAANwJxJ8WxDIufwmGTBf8MY="></latexit>

ty
pi
ca
l s
lo
pe
1

<latexit sha1_base64="XAnJIMcx/UgmUE4mFnr+rBZRZFc=">AAACInicbVDLSgMxFM3Ud31VXboJVsFVmSkFdSe4cVnB2kJnKJnMHQ3mMSSZShm68F8Et/ob7sSV4Ef4CaaPhbYeCBzOuffm3hNnnBnr+59eaWFxaXllda28vrG5tV3Z2b0xKtcUWlRxpTsxMcCZhJZllkMn00BEzKEd31+M/HYftGFKXttBBpEgt5KljBLrpF5lP5SKyQSkxc52MseGqwzwYXDYq1T9mj8GnifBlFTRFM1e5TtMFM2Fm0Y5MaYb+JmNCqItoxyG5TA3kBF6T26h66gkAkxUjI8Y4iOnJDhV2j23zVj93VEQYcxAxK5SEHtnZr2R+J/XzW16GhVMZrkFSScfpTnHVo1OBpwwDdTygSOEauZ2xfSOaEKty60cSnigSggikyKEzAyLsE+0I4wrOXQRBbOBzJObei1o1M6u6tXzxjSsVbSPDtAxCtAJOkeXqIlaiKJH9Ixe0Kv35L15797HpLTkTXv20B94Xz+FkaTO</latexit>

 

(2n, n)

<latexit sha1_base64="qj0F+ubG3NaX6/HctvHsG/6KQtk=">AAACC3icbZDJSgNBEIZ7XGPcoh4FGQxCBAkzQVAvEvDiMYJZIBNCT6eStOll6O6JhCGPIHhNXsObePUhfAsfwc5y0MQfGj7+qqKq/zBiVBvP+3JWVtfWNzZTW+ntnd29/czBYUXLWBEoE8mkqoVYA6MCyoYaBrVIAeYhg2rYu5vUq31QmkrxaAYRNDjuCNqmBBtrVXIFcSHOm5msl/emcpfBn0O2eDKaaFxqZr6DliQxB2EIw1rXfS8yjQQrQwmDYTqINUSY9HAH6hYF5qAbyfTaoXtmnZbblso+Ydyp+3siwVzrAQ9tJ8emqxdrE/O/Wj027etGQkUUGxBktqgdM9dId/J1t0UVEMMGFjBR1N7qki5WmBgbUDoQ8Ewk51i0kgAiPUyCPlYWKJNiaCPyFwNZhkoh71/mbx5sVrdophQ6Rqcoh3x0hYroHpVQGRH0hF7RCI2dF+fNeXc+Zq0rznzmCP2R8/kD+Mmfpg==</latexit>

.

<latexit sha1_base64="VQsmrKTslrF3mKw7IotZ/M/uHHA=">AAACBnicbZDJSgNBEIZ7XGPcoh69DAbBU5hRQb1owIvHBMwCmRB6OjVJk16G7p5IGOYueNXX8CZeBZ/Ct/AR7CwHTfyh4eOvKqr6D2NGtfG8L2dpeWV1bT23kd/c2t7ZLezt17VMFIEakUyqZog1MCqgZqhh0IwVYB4yaISD23G9MQSlqRT3ZhRDm+OeoBEl2FirWuoUil7Jm8hdBH8GxZvPs4kqncJ30JUk4SAMYVjrlu/Fpp1iZShhkOWDREOMyQD3oGVRYA66nU4Ozdxj63TdSCr7hHEn7u+JFHOtRzy0nRybvp6vjc3/aq3ERJftlIo4MSDIdFGUMNdId/xrt0sVEMNGFjBR1N7qkj5WmBibTT4Q8EAk51h00wBinaXBECsLlEmR2Yj8+UAWoX5a8s9LV1WvWL5GU+XQITpCJ8hHF6iM7lAF1RBBgJ7QM3pxHp1X5815n7YuObOZA/RHzscPdRCcVg==</latexit>

typi
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2

<latexit sha1_base64="RUHLrtSk9D8t0jcSWleb4Czh2qw="></latexit>



Gauge change: change edge probabilities to pr(uv) = f(u)f(v), so that all
buckets fill at the same rate, but the conditional distribution is unchanged.

<latexit sha1_base64="aFB2k8wanotQaaci48n1N4j9QPc=">AAACs3icbVHbihNBEO0Zb2u8xfXRl8KskMASkkVxFYVVH/RxBbO7kAmhpqcm06QvQ18iYcgf+UP+hZ9gT5IH3bWgu0+fU0VXn8prKZwfjX4l6a3bd+7eO7jfefDw0eMn3aeHF84Ey2nCjTT2KkdHUmiaeOElXdWWUOWSLvPl51a/XJF1wujvfl3TTOFCi1Jw9JGad39m2ghdkPbwBcOCgFeoF/RufwIVcautyTEXUnhBDryBzl Ft+2E1gA9Q9sOg7K8GR8fgDPgKPaCUkAe+JO+gFPGSkaqrJiq+InCoCCx62hzHrB3HjS5E2xBKKOKnrYhKvIJwEPSulWII825vNBxtA26C8R702D7O593fWWF4UPF7XKJz0/Go9rMGrRdc0qaTBUc18iUuaBqhjq25WbN1dQMvI1NAaWxc0Z4t+3dFg8q5tcpjpkJfuetaS/5PmwZfns4aoevgSfPdQ2WQrbHtiKIDlriX6wiQ2+gLb6dhkfs4yE6m6Qc3SqEumoxqt2myFdoIhDR6Ey0aXzfkJrg4GY5fDd9+O+mdvd+bdcCesxesz8bsDTtjX9k5mzCeHCanycfkU/o6naZ5WuxS02Rf84z9E6n6A8E81KY=</latexit>

�

<latexit sha1_base64="UFWGdwMdM3MGz/RLMJHN7AE04N8=">AAACCXicbZDJSgNBEIZ74hbjkqgHD14Gg+ApzIiggkjAi8cIZoFMCD2dStKkl6G7JxKGPIHgVV9DvIhXn8IH8Bp8BDvLQRN/aPj4q4qq/sOIUW0879NJLS2vrK6l1zMbm1vb2dzObkXLWBEoE8mkqoVYA6MCyoYaBrVIAeYhg2rYux7Xq31QmkpxZwYRNDjuCNqmBJuxFURd2szlvYI3kbsI/gzyxf3RKHv5+lVq5r6DliQxB2EIw1rXfS8yjQQrQwmDYSaINUSY9HAH6hYF5qAbyeTWoXtknZbblso+YdyJ+3siwVzrAQ9tJ8emq+drY/O/Wj027fNGQkUUGxBkuqgdM9dId/xxt0UVEMMGFjBR1N7qki5WmBgbTyYQcE8k51i0kgAiPUyCPlYWKJNiaCPy5wNZhMpJwT8tXNzarK7QVGl0gA7RMfLRGSqiG1RCZURQFz2iJ/TsPDgvzpvzPm1NObOZPfRHzscP+z+fxQ==</latexit>

�

<latexit sha1_base64="UFWGdwMdM3MGz/RLMJHN7AE04N8=">AAACCXicbZDJSgNBEIZ74hbjkqgHD14Gg+ApzIiggkjAi8cIZoFMCD2dStKkl6G7JxKGPIHgVV9DvIhXn8IH8Bp8BDvLQRN/aPj4q4qq/sOIUW0879NJLS2vrK6l1zMbm1vb2dzObkXLWBEoE8mkqoVYA6MCyoYaBrVIAeYhg2rYux7Xq31QmkpxZwYRNDjuCNqmBJuxFURd2szlvYI3kbsI/gzyxf3RKHv5+lVq5r6DliQxB2EIw1rXfS8yjQQrQwmDYSaINUSY9HAH6hYF5qAbyeTWoXtknZbblso+YdyJ+3siwVzrAQ9tJ8emq+drY/O/Wj027fNGQkUUGxBkuqgdM9dId/xxt0UVEMMGFjBR1N7qki5WmBgbTyYQcE8k51i0kgAiPUyCPlYWKJNiaCPy5wNZhMpJwT8tXNzarK7QVGl0gA7RMfLRGSqiG1RCZURQFz2iJ/TsPDgvzpvzPm1NObOZPfRHzscP+z+fxQ==</latexit>

�

<latexit sha1_base64="UFWGdwMdM3MGz/RLMJHN7AE04N8=">AAACCXicbZDJSgNBEIZ74hbjkqgHD14Gg+ApzIiggkjAi8cIZoFMCD2dStKkl6G7JxKGPIHgVV9DvIhXn8IH8Bp8BDvLQRN/aPj4q4qq/sOIUW0879NJLS2vrK6l1zMbm1vb2dzObkXLWBEoE8mkqoVYA6MCyoYaBrVIAeYhg2rYux7Xq31QmkpxZwYRNDjuCNqmBJuxFURd2szlvYI3kbsI/gzyxf3RKHv5+lVq5r6DliQxB2EIw1rXfS8yjQQrQwmDYSaINUSY9HAH6hYF5qAbyeTWoXtknZbblso+YdyJ+3siwVzrAQ9tJ8emq+drY/O/Wj027fNGQkUUGxBkuqgdM9dId/xxt0UVEMMGFjBR1N7qki5WmBgbTyYQcE8k51i0kgAiPUyCPlYWKJNiaCPy5wNZhMpJwT8tXNzarK7QVGl0gA7RMfLRGSqiG1RCZURQFz2iJ/TsPDgvzpvzPm1NObOZPfRHzscP+z+fxQ==</latexit>

�

<latexit sha1_base64="UFWGdwMdM3MGz/RLMJHN7AE04N8=">AAACCXicbZDJSgNBEIZ74hbjkqgHD14Gg+ApzIiggkjAi8cIZoFMCD2dStKkl6G7JxKGPIHgVV9DvIhXn8IH8Bp8BDvLQRN/aPj4q4qq/sOIUW0879NJLS2vrK6l1zMbm1vb2dzObkXLWBEoE8mkqoVYA6MCyoYaBrVIAeYhg2rYux7Xq31QmkpxZwYRNDjuCNqmBJuxFURd2szlvYI3kbsI/gzyxf3RKHv5+lVq5r6DliQxB2EIw1rXfS8yjQQrQwmDYSaINUSY9HAH6hYF5qAbyeTWoXtknZbblso+YdyJ+3siwVzrAQ9tJ8emq+drY/O/Wj027fNGQkUUGxBkuqgdM9dId/xxt0UVEMMGFjBR1N7qki5WmBgbTyYQcE8k51i0kgAiPUyCPlYWKJNiaCPy5wNZhMpJwT8tXNzarK7QVGl0gA7RMfLRGSqiG1RCZURQFz2iJ/TsPDgvzpvzPm1NObOZPfRHzscP+z+fxQ==</latexit>

�2

<latexit sha1_base64="vdY3XCmgNh4apX9XFUh8N1Qg02c=">AAACC3icbZDLSsNAFIYnXmu9tOrChZtgEVyVRAQVRApuXCrYWmhimUxP7OhcwsykUkIeQXCrr9GduPUhfAC34iM4bV2o9YeBj/+cwznzRwmj2njemzM1PTM7N19YKC4uLa+UyqtrDS1TRaBOJJOqGWENjAqoG2oYNBMFmEcMLqPbk2H9sgdKUykuTD+BkONrQWNKsLFWI0i69Gq3Xa54VW8kdxL8b6jUNj4+SkeD97N2+TPoSJJyEIYwrHXL9xITZlgZShjkxSDVkGByi6+hZVFgDjrMRtfm7rZ1Om4slX3CuCP350SGudZ9HtlOjk1X/60Nzf9qrdTEB2FGRZIaEGS8KE6Za6Q7/LrboQqIYX0LmChqb3VJFytMjA2oGAi4I5JzLDpZAInOs6CHlQXKpMhtRP7fQCahsVv196qH5zarYzRWAW2iLbSDfLSPaugUnaE6IugGPaBH9OTcOwPn2XkZt0453zPr6Jec1y80J6Bp</latexit>

�2

<latexit sha1_base64="vdY3XCmgNh4apX9XFUh8N1Qg02c=">AAACC3icbZDLSsNAFIYnXmu9tOrChZtgEVyVRAQVRApuXCrYWmhimUxP7OhcwsykUkIeQXCrr9GduPUhfAC34iM4bV2o9YeBj/+cwznzRwmj2njemzM1PTM7N19YKC4uLa+UyqtrDS1TRaBOJJOqGWENjAqoG2oYNBMFmEcMLqPbk2H9sgdKUykuTD+BkONrQWNKsLFWI0i69Gq3Xa54VW8kdxL8b6jUNj4+SkeD97N2+TPoSJJyEIYwrHXL9xITZlgZShjkxSDVkGByi6+hZVFgDjrMRtfm7rZ1Om4slX3CuCP350SGudZ9HtlOjk1X/60Nzf9qrdTEB2FGRZIaEGS8KE6Za6Q7/LrboQqIYX0LmChqb3VJFytMjA2oGAi4I5JzLDpZAInOs6CHlQXKpMhtRP7fQCahsVv196qH5zarYzRWAW2iLbSDfLSPaugUnaE6IugGPaBH9OTcOwPn2XkZt0453zPr6Jec1y80J6Bp</latexit>

1

<latexit sha1_base64="kbTCZIgJk8dkOghZckeJ320GFzY=">AAACBnicbZDJSgNBEIZ7XGPcoh69DAbBU5hRQb1owIvHBMwCmRB6emqSJr0M3T2RMOQueNXX8CZeBZ/Ct/AR7CwHTfyh4eOvKqr6DxNGtfG8L2dpeWV1bT23kd/c2t7ZLezt17VMFYEakUyqZog1MCqgZqhh0EwUYB4yaIT923G9MQClqRT3ZphAm+OuoDEl2Fir6ncKRa/kTeQugj+D4s3n2USVTuE7iCRJOQhDGNa65XuJaWdYGUoYjPJBqiHBpI+70LIoMAfdziaHjtxj60RuLJV9wrgT9/dEhrnWQx7aTo5NT8/XxuZ/tVZq4st2RkWSGhBkuihOmWukO/61G1EFxLChBUwUtbe6pIcVJsZmkw8EPBDJORZRFkCiR1kwwMoCZVKMbET+fCCLUD8t+eelq6pXLF+jqXLoEB2hE+SjC1RGd6iCaoggQE/oGb04j86r8+a8T1uXnNnMAfoj5+MHefacWQ==</latexit>

= �

<latexit sha1_base64="fC7hWJc9OBXznz45I1htzDBnLP0=">AAACCnicbZDJSgNBEIZ7XGNcEvXgwctgEDyFGRFUUAl48RjBLJAJoadTSZr0MnT3RMKQNxC86mvoSbz6Ej6A1+Aj2FkOmvhDw8dfVVT1H0aMauN5n87C4tLyympqLb2+sbmVyW7vlLWMFYESkUyqaog1MCqgZKhhUI0UYB4yqITd61G90gOlqRR3ph9BneO2oC1KsLFW6TKIOrSRzXl5byx3Hvwp5Ap7w2Hm4vWr2Mh+B01JYg7CEIa1rvleZOoJVoYSBoN0EGuIMOniNtQsCsxB15PxsQP30DpNtyWVfcK4Y/f3RIK51n0e2k6OTUfP1kbmf7VabFpn9YSKKDYgyGRRK2auke7o526TKiCG9S1goqi91SUdrDAxNp90IOCeSM6xaCYBRHqQBD2sLFAmxcBG5M8GMg/l47x/kj+/tVldoYlSaB8doCPko1NUQDeoiEqIIIoe0RN6dh6cF+fNeZ+0LjjTmV30R87HD4TkoAw=</latexit>

�2 + � = 2�+ 1

<latexit sha1_base64="4oqtsE9tfAJt7GoNRJLBzeHoyZw="></latexit>

� =

p
5 + 1

2

<latexit sha1_base64="3RxtNCfbJRKzmRsctLpxdfK2pRU="></latexit>



Asymptotics

<latexit sha1_base64="bA9kifmbr5WAkxLJXn7mLWPk3EA=">AAACEXicbVDJSgNBFOxxjXGLevQyGARPYSYI6kUiXjxGMAtkQujpvCRNeqO7JxKG+QrBq/6GN/HqF/gXfoKd5aCJBQ1F1Xuvi4oVo8YGwZe3srq2vrGZ28pv7+zu7RcODutGJppAjUgmdTPGBhgVULPUMmgqDZjHDBrx8HbiN0agDZXiwY4VtDnuC9qjBFsnRfkbM+bKSkuJ6RSKQSmYwl8m4ZwU0RzVTuE76kqScBCWMGxMKwyUbadYu2sMsnyUGFCYDHEfWo4KzMG002nmzD91StfvSe2esP5U/b2RYm5ctthNcmwHZtGbiP95rcT2LtspFSqxIMjso17CfCv9SQF+l2oglo0dwURTl9UnA6wxsa6mfCTgkUjOseimESiTpdEIa0cokyJzFYWLhSyTerkUnpeu7svFyvW8rBw6RifoDIXoAlXQHaqiGiJIoWf0gl69J+/Ne/c+ZqMr3nznCP2B9/kDPFmfDg==</latexit>

Let K = number of dimers = 1
2

P
nv.

<latexit sha1_base64="JEWzWQeCTxdW3uwqPJhVKF/R0W8="></latexit>

Suppose n ! 1 with nv
K ! ↵v.

<latexit sha1_base64="TLXshvTyPCF5yrwK33p24zlCK2o="></latexit>

<latexit sha1_base64="kGYXsf3Ed9TXtwwZvcBnroOr4Iw="></latexit>

Thm[KP]: We have Z(n) = K!ecK+o(K) where

<latexit sha1_base64="cuC1CBbPayHkzKWv/eeL2AiNx3Q=">AAACFXicbVDLSsNAFJ34rPUVdelmsBVcSEiKqCspuHFZwT6gKWUyvWmGTh7MTKol5Cfc+CtuXCjiVnDn3zh9LLT1wMDhnHPvcI+XcCaVbX8bS8srq2vrhY3i5tb2zq65t9+QcSoo1GnMY9HyiATOIqgrpji0EgEk9Dg0vcH12G8OQUgWR3dqlEAnJP2I+YwSpaWueXoPmBLOcdnNHrpDNy9jFQB2IUyCjAqmdJLjPkn7kFtds2Rb9gR4kTgzUkIz1Lrml9uLaRpCpCgnUrYdO1GdjAi9lkNedFMJCaED0oe2phEJQXayyVU5PtZKD/ux0C9SeKL+nshIKOUo9HQyJCqQ895Y/M9rp8q/7GQsSlIFEZ1+5KccqxiPK8I9JoAqPtKETCvANCCCUKWLLOoSnPmTF0mjYjnn1tltpVS9mtVRQIfoCJ0gB12gKrpBNVRHFD2iZ/SK3own48V4Nz6m0SVjNnOA/sD4/AGoRJ6E</latexit>

we call {xv} the critical gauge.

c = logP (x)�
X

v

↵v log(xv/↵v)

<latexit sha1_base64="vIt0EfAuOeEugAWzsJ1tn4Z3XTA="></latexit>

<latexit sha1_base64="XvfMBA9ScnyVBWKQ2wAhc7aDFNE="></latexit>

and where the xv are the (essentially) unique positive solution to

<latexit sha1_base64="ljjK2bwcw9MKf5QvPTcaG01frsM=">AAACIHicbVDLSgMxFM3UV62vUZdugh2hbspMEetKCm5cVrQPaIeSSTNtaCYZkkyhlH6KG3/FjQtFdKdfY6adhbYeCBzOuY/cE8SMKu26X1ZubX1jcyu/XdjZ3ds/sA+PmkokEpMGFkzIdoAUYZSThqaakXYsCYoCRlrB6Cb1W2MiFRX8QU9i4kdowGlIMdJG6tnV0r2AThexeIh6YwdSBfWQwFAinBZAEcI+jcwAiIWZQ/kAOmOnfN6zi27ZnQOuEi8jRZCh3rM/u32Bk4hwjRlSquO5sfanSGqKGZkVuokiMcIjNCAdQzmKiPKn8wNn8MwofRgKaR7XcK7+7piiSKlJFJjKCOmhWvZS8T+vk+jwyp9SHieacLxYFCYMagHTtMztkmDNJoYgLKn5K8RDlIZjIimYELzlk1dJs1L2LssXd5Vi7TqLIw9OwCkoAQ9UQQ3cgjpoAAwewTN4BW/Wk/VivVsfi9KclfUcgz+wvn8AwJahew==</latexit>

(So ↵v is the fraction of dimers covering v.)

xv
@

@xv
logP = ↵v.

<latexit sha1_base64="1+Ttd2TrWqXaTB1E6kkD0LhAUwk="></latexit>

Here c is a strictly convex function of the {log xv}.

<latexit sha1_base64="BdsuJO7gD2hzB28Fy0SoEwQmM5g="></latexit>
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<latexit sha1_base64="Ef5mlFTV/Y6qLp0cMI6AGc+vauo="></latexit>
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2

3�
p
5

2 0
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p
5
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p
5

2
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p
5
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1

CA

<latexit sha1_base64="O+/aL5qP/VKaOh5TUH/wfQ1eB2w="></latexit>

p
5� 2

<latexit sha1_base64="tjkxLNE67brjyD8IybRj26Ciw9I=">AAACD3icbZC7SgNBFIZn4y3GW9TSZjEINobdoKiVARvLCOaC2RBmJyc6ZC7rzKwhLPsQgpWgz2BnJ7Y+gm8h1hZOEguN/jDw8Z9zOGf+MGJUG897czJT0zOzc9n53MLi0vJKfnWtpmWsCFSJZFI1QqyBUQFVQw2DRqQA85BBPewdD+v1a1CaSnFmBhG0OL4QtEsJNtY6D/SVMsleulNq5wte0RvJ/Qv+NxSOPvt3vcrjR6Wdfw86ksQchCEMa930vci0EqwMJQzSXBBriDDp4QtoWhSYg24lo4tTd8s6HbcrlX3CuCP350SCudYDHtpOjs2lnqwNzf9qzdh0D1oJFVFsQJDxom7MXCPd4ffdDlVADBtYwERRe6tLLrHCxNiQcoGAPpGcY9FJAoh0mgTXWFmgTIrURuRPBvIXaqWiv1s8PPUK5V00VhZtoE20jXy0j8roBFVQFREk0C26Rw/OjfPkPDsv49aM8z2zjn7Jef0CJVainw==</latexit>

p
5� 1

2

<latexit sha1_base64="R6QCh9pyC4aLqTftIG0v2nLbFJw="></latexit>

3�
p
5

2

<latexit sha1_base64="jeo9n9gTY122m5ijtvSuCDPvWgA="></latexit>

<latexit sha1_base64="J74DeKB7Jf2uT8SgmtG+1i31Rb8=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbB07JbRD1JQQSPFewHtEvJptk2NMmuSVYsS/+EFw+KePXvePPfmLZ70NYHA4/3ZpiZFyacaeN5305hZXVtfaO4Wdra3tndK+8fNHWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKR9dTv/VIlWaxvDfjhAYCDySLGMHGSu2bJywSTt1eueK53gxomfg5qUCOeq/81e3HJBVUGsKx1h3fS0yQYWUY4XRS6qaaJpiM8IB2LJVYUB1ks3sn6MQqfRTFypY0aKb+nsiw0HosQtspsBnqRW8q/ud1UhNdBhmTSWqoJPNFUcqRidH0edRnihLDx5Zgopi9FZEhVpgYG1HJhuAvvrxMmlXXP3fP7qqV2lUeRxGO4BhOwYcLqMEt1KEBBDg8wyu8OQ/Oi/PufMxbC04+cwh/4Hz+AMHlj8c=</latexit>

Example.

<latexit sha1_base64="+iRVpD8xQFl1N8ZRxVZsNcteIqY="></latexit>

Then “dimer probabilities” (edge fractions) are xuxv.

If n ⌘ n the critical gauge (up to scale) satisfies

<latexit sha1_base64="M2GBVXO23A4pRPtLyDVRni0JLPY="></latexit>

X

u⇠v

xuxv = 1.

<latexit sha1_base64="xBfcGHARtW2T59Iu/Ja/LunJGf8="></latexit>

“make the adjacency matrix bistochastic”

<latexit sha1_base64="q9ig+H5KBgE/BO/F40C/9VXnHcs="></latexit>

<latexit sha1_base64="9OQX49LoPIsFsAFtRO4F+N2pVu8="></latexit>

i.e. it is the gauge in which the sum of edge weights around a vertex is 1.



<latexit sha1_base64="T3FmgbHVEd74LOBAmCOkduMZaNQ=">AAAB+nicbVDLSsNAFJ20Ptr6SnUpaLAIbixJKeqy4MZlBfuANpTJdNIOnUzizI1SYn7Af3DjQhG3fok7N36L08dCWw9c7uGce5k7x4s4U2DbX0Ymu7K6tp7LFzY2t7Z3zOJuU4WxJLRBQh7KtocV5UzQBjDgtB1JigOP05Y3upz4rTsqFQvFDYwj6gZ4IJjPCAYt9cxiV91KSCqn856mPbNkl+0prGXizEmpdpA9fMxnvus987PbD0kcUAGEY6U6jh2Bm2AJjHCaFrqxohEmIzygHU0FDqhyk+npqXWslb7lh1KXAGuq/t5IcKDUOPD0ZIBhqBa9ifif14nBv3ATJqIYqCCzh/yYWxBakxysPpOUAB9rgolk+laLDLHEBHRaBR2Cs/jlZdKslJ2zcvVap1FFM+TQPjpCJ8hB56iGrlAdNRBB9+gJvaBX48F4Nt6M99loxpjv7KE/MD5+ABe2lgw=</latexit>q
2�

p
2

<latexit sha1_base64="8lsq79kxKnS2BrZM8Q8XZC67EQ4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEN5akFO2yIIjLCvYBTSiT6aQdOpnEmYlSQ3Djwo2f4caFIm79Cnf+jdOmC209cOHMOfcy9x4vYlQqy/o2cguLS8sr+dXC2vrG5pa5vdOUYSwwaeCQhaLtIUkY5aShqGKkHQmCAo+Rljc8G/utGyIkDfmVGkXEDVCfU59ipLTUNfcceS1UYh87vkDYTrJnOU3Trlm0StYEcJ7YU1KsVeu35493T/Wu+eX0QhwHhCvMkJQd24qUmyChKGYkLTixJBHCQ9QnHU05Coh0k8kJKTzUSg/6odDFFZyovycSFEg5CjzdGSA1kLPeWPzP68TKr7oJ5VGsCMfZR37MoArhOA/Yo4JgxUaaICyo3hXiAdJZKJ1aQYdgz548T5rlkn1SqlzqNCogQx7sgwNwBGxwCmrgAtRBA2BwD57BK3gzHowX4934yFpzxnRmF/yB8fkDwTaanQ==</latexit>s

1� 1p
2

<latexit sha1_base64="eskgt4L8z+T3RdNLaWlPTLmTZqs=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmSr3sLLhxWcFeoB1KJk3b0CQzJBmhDH0FNy7U4taH8DXc+TZm2i609YfAx/+fQ845YcyZNp737eTW1jc2t/LbhZ3dvf2D4uFRQ0eJIrROIh6pVog15UzSumGG01asKBYhp81wdJvlzUeqNIvkgxnHNBB4IFmfEWwyy3Mvyt1iyXO9mdAq+Aso3Xy+ZZrWusWvTi8iiaDSEI61bvtebIIUK8MIp5NCJ9E0xmSEB7RtUWJBdZDOZp2gM+v0UD9S9kmDZu7vjhQLrccitJUCm6FezjLzv6ydmP51kDIZJ4ZKMv+on3BkIpQtjnpMUWL42AImitlZERlihYmx5ynYI/jLK69Co+z6l27l3itVKzBXHk7gFM7Bhyuowh3UoA4EhvAEL/DqCOfZmTrv89Kcs+g5hj9yPn4A6iKR7Q==</latexit>

0.52
<latexit sha1_base64="nWfFLgjbRCuUwcHLOrgvVjtTIpc=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBoyItWdBTcuK9gLtEPJpJk2NJMZkoxQhr6CGxdqcetD+BrufBszbRfa+kPg4//PIeecIBFcG4y/ncLa+sbmVnG7tLO7t39QPjxq6jhVlDVoLGLVDohmgkvWMNwI1k4UI1EgWCsY3eZ565EpzWP5YMYJ8yMykDzklJjcwm4V98oV7OKZ0Cp4C6jcfL7lmtZ75a9uP6ZpxKShgmjd8XBi/Iwow6lgk1I31SwhdEQGrGNRkohpP5vNOkFn1umjMFb2SYNm7u+OjERaj6PAVkbEDPVylpv/ZZ3UhNd+xmWSGibp/KMwFcjEKF8c9bli1IixBUIVt7MiOiSKUGPPU7JH8JZXXoXmhetV3ct7XKldwlxFOIFTOAcPrqAGd1CHBlAYwhO8wKsTOc/O1HmflxacRc8x/JHz8QPon5Hs</latexit>

0.60

<latexit sha1_base64="L8W+K/zVSTJMr/GUwy/Mfbn9RC0=">AAACBHicbVDLSgMxFM3UR2t9jY9dN8EiCNIyU4fqRii4cVnBPrAdh0yatqGZB0lGKUMXbvwMt25cKOLWj3Dn35jOdKGtB0JOzrmXm3vckFEhDeNbyywtr6xmc2v59Y3NrW19Z7cpgohj0sABC3jbRYIw6pOGpJKRdsgJ8lxGWu7oYuq37ggXNPCv5TgktocGPu1TjKSSHL1wApFj3lZLVnJbx+m7UjLPDUcvGmUjAVwk5owUa/ulwX326abu6F/dXoAjj/gSMyRExzRCaceIS4oZmeS7kSAhwiM0IB1FfeQRYcfJEhN4qJQe7AdcHV/CRP3dESNPiLHnqkoPyaGY96bif14nkv0zO6Z+GEni43RQP2JQBnCaCOxRTrBkY0UQ5lT9FeIh4ghLlVtehWDOr7xImpWyWS1bVyoNC6TIgQI4AEfABKegBi5BHTQABg/gGbyCN+1Re9HetY+0NKPNevbAH2ifPwOHlrQ=</latexit>

3a61 � 4a41 + 3a21 � 1 = 0

<latexit sha1_base64="2OfxJeKBLS6kE8evp/cm/c+cW+0=">AAAB73icbVDLSgNBEOyNrxhfMR69DAmCp2VXQuJFCOjBYwTzgGQJs5PZZMjs7DozK4QlP+HFgyKeBD/CP/Dkzb9x8jhoYkFDUdVNd5cfc6a043xbmbX1jc2t7HZuZ3dv/yB/WGiqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9dTv3WPZWKReJWj2PqhXggWMAI1kZq45574djVai9fcmxnBrRK3AUp1bKfH4Wrt2K9l//q9iOShFRowrFSHdeJtZdiqRnhdJLrJorGmIzwgHYMFTikyktn907QiVH6KIikKaHRTP09keJQqXHom84Q66Fa9qbif14n0cG5lzIRJ5oKMl8UJBzpCE2fR30mKdF8bAgmkplbERliiYk2EeVMCO7yy6ukeWa7Fbt8Y9IowxxZOIYinIILVajBNdShAQQ4PMATPFt31qP1Yr3OWzPWYuYI/sB6/wEqI5Gq</latexit>

a1 = 0.77

<latexit sha1_base64="3pRmMlccvJFOre57UCqbxNuXZlg=">AAACGXicbVC7SgNBFJ31GeNr1dJmMAhWYTeIWknAxjKCeUASwuzk7mbIPJaZWSGE/IaNv2JjoYilVv6Ns0kKTTzV4Zx7OfeeKOXM2CD49lZW19Y3Ngtbxe2d3b19/+CwYVSmKdSp4kq3ImKAMwl1yyyHVqqBiIhDMxre5H7zAbRhSt7bUQpdQRLJYkaJdVLPDzpSMdkHaTHVzDqd44RkCRgcK42NEoANEykHnGiSDkzPLwXlYAq8TMI5KaE5aj3/s9NXNBMugnJiTDsMUtsdE+3COEyKncxASuiQJNB2VBIBpjuefjbBp07pTy+JVX5irv7eGBNhzEhEblIQOzCLXi7+57UzG191x0ymmQVJZ0FxxrFVOK8J95kGavnIETIrBtMB0YRaV2bRlRAuvrxMGpVyeFE+v6uUqtfzOgroGJ2gMxSiS1RFt6iG6oiiR/SMXtGb9+S9eO/ex2x0xZvvHKE/8L5+AOi4oNo=</latexit>

critical gauges for some simple graphs
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critical gauge for Aztec diamond

<latexit sha1_base64="z8roS6mxiY1Jub1ts5Rxc3Ks+R0=">AAACJ3icbVC7SgNBFJ31bXxFLW0Gg2AVdkVQG1FsLBWMCtkQ7s7ejYPzWGZmlbik9V8EW/0NO9HSP/ATnDwKX6c6c8693DknyQW3Lgzfg7Hxicmp6ZnZytz8wuJSdXnl3OrCMGwwLbS5TMCi4AobjjuBl7lBkInAi+T6qO9f3KCxXKsz182xJaGjeMYZOC+1q5QZ7vxL0A4UHaSZNvTwziGjKQepVdqu1sJ6OAD9S6IRqZERTtrVzzjVrJCoHBNgbTMKc9cqwfgzAnuVuLCYA7uGDjY9VSDRtspBkh7d8Eo6+ESmlaMD9ftGCdLarkz8pAR3ZX97ffE/r1m4bLdVcpUXDhUbHsoKQZ2m/Vp8WoPMiW4/9rASyq7AAHO+vEqs8JZpKUGlZYy57ZXxDRhPuNCq5yuKfhfyl5xv1aPt+t7pVu1gf1TWDFkj62STRGSHHJBjckIahJF78kieyHPwELwEr8HbcHQsGO2skh8IPr4AIganSw==</latexit>
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For the critical gauge as above, the tile fractions (edge probabilities) are xuxv.

<latexit sha1_base64="mc4j993RZ4Pg9XWV04q3uHDU6WY="></latexit>

The scaling limit height function for the aztec diamond is h(x, y) = x2 � y2.

<latexit sha1_base64="lzan/UzJinOfRpcK7oFWZv4/7J4="></latexit>



Variational principle:

<latexit sha1_base64="NNtdV4aHIBjr/wnz2SdDSGX8UBU=">AAACHnicbZDLSgMxFIYz3q23qgsXboJFcFVmRPCyEMGNSwVbhU4pZ9JTDeZGklHKMO8iuNXXcCdu9S18BNPahbcfAh//fw5J/swI7nwcv0dj4xOTU9Mzs5W5+YXFperyStPp3DJsMC20vczAoeAKG557gZfGIshM4EV2czzIL27ROq7Vue8bbEu4UrzHGfhgdaprTbB8yCCosVwxbgQeVDrVWlyPh6J/IRlBjYx02ql+pF3NconKMwHOtZLY+HYB1nMmsKykuUMD7AausBVQgUTXLoYfKOlmcLq0p204ytOh+32jAOlcX2ZhUoK/dr+zgflf1sp9b69dcGVyj4p9XdTLBfWaDtqgXW6RedEPAMzy8FbKrsEC86GzSqrwjmkpQXWLFI0ri/QWbAAutCpDRcnvQv5Cc7ue7NT3z7ZrR4ejsmbIOtkgWyQhu+SInJBT0iCMlOSBPJKn6D56jl6i16/RsWi0s0p+KHr7BBz5o6c=</latexit>

 

A region R in R2 and approximating graph R✏ ⇢ Z2.

<latexit sha1_base64="/UFLRDhWS44ZERGPDCHYJeuXEEo="></latexit>

What is the limiting height function?

<latexit sha1_base64="c3Y3KeIKNhTi2gyIX9zKHlzCb2Y="></latexit>

(Note: boundary height is determined by choice of boundary conditions for R✏)

<latexit sha1_base64="vgLPqfmWLqeuXjtjQQ1TwT0mpxU="></latexit>

R

<latexit sha1_base64="B8o2UbVKR+btYy4ladFcDrguFM8=">AAACEHicbVDJSgNBFOxxjXGLehRkMAiewowIKggKXjwmYhbIhNDT85I09jJ09yhhyNEfELzqb+QmufoHfoMe/AQ7y0ETCxqKqle81xXGjGrjeR/O3PzC4tJyZiW7ura+sZnb2q5omSgCZSKZVLUQa2BUQNlQw6AWK8A8ZFAN766GfvUelKZS3JpuDA2O24K2KMHGSvVASCoiEMa9aebyXsEbwZ0l/oTkLwafj3v90lexmfsOIkkSbtOEYa3rvhebRoqVoYRBLxskGmJM7nAb6pYKzEE30tHJPffAKpHbkso+u32k/k6kmGvd5aGd5Nh09LQ3FP/z6olpnTZSKuLEgCDjRa2EuUa6w/+7EVVADOtagomi9laXdLDCxNiWsoGAByI5xyJKA4h1Lw3usbKEMil6tiJ/upBZUjkq+MeFs5KXvzxHY2TQLtpHh8hHJ+gSXaMiKiOCJHpGL+jVeXL6zpszGI/OOZPMDvoD5/0H4lyjBg==</latexit>

In limit ✏ ! 0, what is the critical gauge?

<latexit sha1_base64="gaOD18jqWvlZmgZn0iCFUrElxek="></latexit>



Variational principle:

<latexit sha1_base64="NNtdV4aHIBjr/wnz2SdDSGX8UBU=">AAACHnicbZDLSgMxFIYz3q23qgsXboJFcFVmRPCyEMGNSwVbhU4pZ9JTDeZGklHKMO8iuNXXcCdu9S18BNPahbcfAh//fw5J/swI7nwcv0dj4xOTU9Mzs5W5+YXFperyStPp3DJsMC20vczAoeAKG557gZfGIshM4EV2czzIL27ROq7Vue8bbEu4UrzHGfhgdaprTbB8yCCosVwxbgQeVDrVWlyPh6J/IRlBjYx02ql+pF3NconKMwHOtZLY+HYB1nMmsKykuUMD7AausBVQgUTXLoYfKOlmcLq0p204ytOh+32jAOlcX2ZhUoK/dr+zgflf1sp9b69dcGVyj4p9XdTLBfWaDtqgXW6RedEPAMzy8FbKrsEC86GzSqrwjmkpQXWLFI0ri/QWbAAutCpDRcnvQv5Cc7ue7NT3z7ZrR4ejsmbIOtkgWyQhu+SInJBT0iCMlOSBPJKn6D56jl6i16/RsWi0s0p+KHr7BBz5o6c=</latexit>

Ent(h) =

ZZ

R
�(rh)dx dy

<latexit sha1_base64="7gYqtSNCvgkBTvIkjNr7OrGhZg4="></latexit>

where

�(s, t) = �1� s

2
log

1� s

2
� 1 + s

2
log

1 + s

2
� 1� t

2
log

1� t

2
� 1 + t

2
log

1 + t

2
.

<latexit sha1_base64="ubD58T7DniBQKRIZhH/3D63cf8U="></latexit>

hxx

1� h2
x

+
hyy

1� h2
y

= 0.

<latexit sha1_base64="RJuFqCj+LtFsxj/sRQ5XI+I1/CA="></latexit>

General solutions can be written in terms of 2F1’s.

<latexit sha1_base64="XtwnrPqj+2xrFOYfDmDYu9MQZPM="></latexit>

<latexit sha1_base64="MAwg0FTjtU96nqsmaS0LrrMY0sc="></latexit>

Thm [K-Wolfram]: For multinomial dimers on the scaling limit of (rotated)
Z2, on a domain R with boundary height function u : @R ! R, the limit height
function h is the unique function with h|@R = u maximizing

<latexit sha1_base64="2Tg1Nsq+Hw0PcDR7qzcUb+l2vss=">AAACCnicbVDLSgMxFM3UV62vqks30VaoUIeZIupKCm5cVrAPmBlLJpO2oZlkSDJCKV278VfcuFDErV/gzr8xfSy09UDgcM69N/eeMGFUacf5tjJLyyura9n13Mbm1vZOfnevoUQqMaljwYRshUgRRjmpa6oZaSWSoDhkpBn2r8d+84FIRQW/04OEBDHqctqhGGkjtfOHPheUR4RriHgEiyVV1ic+5d6pW3aD+0rRbucLju1MABeJOyMFMEOtnf/yI4HT2MzEDCnluU6igyGSmmJGRjk/VSRBuI+6xDOUo5ioYDg5ZQSPjRLBjpDmmZ0m6u+OIYqVGsShqYyR7ql5byz+53mp7lwGQ8qTVBOOpx91Uga1gONcYEQlwZoNDEFYUrMrxD0kEdYmvZwJwZ0/eZE0KrZ7bp/dVgrVq1kcWXAAjkAJuOACVMENqIE6wOARPINX8GY9WS/Wu/UxLc1Ys5598AfW5w+JB5g2</latexit>

and (s, t) 2 [�1, 1]2.

 

The Euler-Lagrange equation for the limiting height function h is

<latexit sha1_base64="Jwawj9ZrEV/DgGQYPHY1IYEaByY="></latexit>



<latexit sha1_base64="xJkN0OlaFuhs3qsqQH9j0lOMtnI="></latexit>

e
Hx

(1 + eHx)2
Hxx +

e
Hy

(1 + eHy )2
Hyy = 0

<latexit sha1_base64="2Egzx/zUqAQ0xa+Wd5Q4s6zyCmI="></latexit>

The critical gauge (on black vertices) is

f(x, y) = e
1
✏ (H(x,y)+o(1))

where

<latexit sha1_base64="etcipAmMag6SoM9T1yRXOs8fX1M="></latexit>

EL equation for h is equivalent to Hxy = Hyx.

<latexit sha1_base64="RphucjE17ND8j9riYDZxbhNKpn4=">AAACFHicbVDLSgMxFM34rPU16tJNaCsIQpkpouJCCip0WcE+oB3aTCbThmaSIckIpfQj3Pgrblwo4taFO//GdNqFtp5NDuc+cu7xY0aVdpxva2l5ZXVtPbOR3dza3tm19/brSiQSkxoWTMimjxRhlJOappqRZiwJinxGGv7gelJvPBCpqOD3ehgTL0I9TkOKkTZSxz5pc0F5QLiG1ZtbBUMhYaFfgIgHsFAxrySw2w0SxHKXHT vvFJ0UcJG4M5IHM1Q79lc7EDiJzHbMkFIt14m1N0JSU8zIONtOFIkRHqAeaRnKUUSUN0qPGsMjowSpn1AYd6n6e2KEIqWGkW86I6T7ar42Ef+rtRIdXngjyuNEE46nH4UJg1rASUIwoJJgzYaGICyp8QpxH0mEtckxa0Jw509eJPVS0T0rnt6V8uWrWRwZcAhy4Bi44ByUQQVUQQ1g8AiewSt4s56sF+vd+pi2LlmzmQPwB9bnD4xgm/c=</latexit>

PDEs for h and H are “dual”:

<latexit sha1_base64="p0HicgG5ACNzowaMrb8N4Rfc+mA="></latexit>

Critical gauge equation for H is equivalent to hxy = hyx.



Reds: a⇥ b⇥ c box

<latexit sha1_base64="jA4pEWbG+RD/sKZyLRiQmhfj6iM="></latexit>

Blues: (a+ 1)⇥ (b� 1)⇥ (c� 1) box

<latexit sha1_base64="85ecXDfO7kTcx/pheybrxQbiJbc="></latexit>

abc = (a+ 1)(b� 1)(c� 1)

<latexit sha1_base64="niyiDLnf3/KFzCTUU8IWcKN5kfc=">AAACGnicbZDLSgNBEEV7fMb4imYpyKAIETHMiKAuFMGNSwWjgUwINZ1KbOzH0N2jhCEfoghu9TfciVs3/oWfYCdxoYkXujjcqqKLGyecGRsEn97Y+MTk1HRuJj87N7+wWFhavjQq1RQrVHGlqzEY5ExixTLLsZpoBBFzvIpvTnr9q1vUhil5YTsJ1gW0JWsxCtZZjUIRYnpYgq1wsxRvu0JdaRTWg3LQlz8K4Q+sH6/e9/Rw1ih8RU1FU4HSUg7G1MIgsfUMtGWUYzcfpQYToDfQxppDCQJNPesf3/U3nNP0W0q7J63fd39vZCCM6YjYTQqw12a41zP/69VS29qvZ0wmqUVJBx+1Uu5b5feS8JtMI7W84wCoZu5Wn16DBmpdXvlI4h1VQoBsZhEmpptFt6AdMK5k10UUDgcyCpc75XC3fHDusjoiA+XIClkjJRKSPXJMTskZqRBKOuSJPJMX79F79d6898HomPezUyR/5H18A3ZFo2I=</latexit>

(on BCC lattice in Z3)

<latexit sha1_base64="zLFyLNI2mJ1wLvyIstSEjfmqfzk="></latexit>

<latexit sha1_base64="/TL1bEw5qj7HnheHMpPqxvJQ4uM=">AAACIXicbVDJSgNBEO1xjXGLevTSJAiewoyKehJFD14EBbNAEmJPT8U09jJ01wgx+Cte/BUvHhTJTfwZOzEHt4KCx3tVVL0Xp1I4DMP3YGJyanpmNjeXn19YXFourKxWnckshwo30th6zBxIoaGCAiXUUwtMxRJq8c3xUK/dgnXC6EvspdBS7FqLjuAMPdUu7De1EToBjfQskyi0UYJJmgjll6jRFLtAr662T+jRHQL3AlNGJ0XaLpTCcjgq+hdEY1Ai4zpvFwbNxPBM+VNcMucaUZhiq88sCi7hPt/MHKSM37BraHiomQLX6o8c3tMNzyS0Y6xv/+qI/b7RZ8q5nor9pGLYdb+1Ifmf1siws9/qC51mCJp/HepkkqKhw7i8XwscZW9onFvhf6W8yyzj6PPJ+xCi35b/gupWOdot71xslQ4PxnHkyDopkk0SkT1ySE7JOakQTh7IE3khr8Fj8By8BYOv0YlgvLNGflTw8QlaNqLy</latexit>

Multinomial dimers on the “3D Aztec diamond”

<latexit sha1_base64="BgrItHhqPwhySRNKENVezL8StVw="></latexit>

Dimers in 3D are not described by a height function, but a (divergence free)
vector field



The critical gauge is given by

f(i, j, k) =

�a
i

�
�b
j

��c
k

�

at black vertices and

g(i0, j0, k0) =

�b�1
j

��c�1
k

�
�a+1
i+1

� bc

(b+ 1)(c+ 1)

at white vertices.

<latexit sha1_base64="np2f6Kp7vCFI9NPteNs+s6DIYfY="></latexit>

The limit vector field in [0,↵]⇥ [0,�]⇥ [0, �] is

<latexit sha1_base64="LBExX/UkvJXaAc40BTRCBBrEz2c="></latexit>

(
2x

↵
� 1, 1� 2y

�
, 1� 2z

�
)

<latexit sha1_base64="AOyvSfOfGjKMLIqEt4sZ8Tok6iY="></latexit>

<latexit sha1_base64="DcFeNg4uVhRbY7zZV7SyTN41VyI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqCstuHFZwT6gHUomk2lDM8mQZMQy9DPcuFDErX/hH7jzb0ynXWjrgQuHc+7hPoKEM21c99spLC2vrK4V10sbm1vbO+XdvaaWqSK0QSSXqh1gTTkTtGGY4bSdKIrjgNNWMLyZ+K0HqjST4t6MEurHuC9YxAg2Vup0hWQipMKgx1654lbdHGiReDNSuf48zVHvlb+6oSRpbNOEY607npsYP8PKMMLpuNRNNU0wGeI+7VgqcEy1n+Urj9GRVUIUSWXLTs/V34kMx1qP4sB2xtgM9Lw3Ef/zOqmJLv2MiSQ1VJDpoCjlyEg0uR+FTFFi+MgSTBSzuyIywAoTY79Usk/w5k9eJM2TqndePbtzK7UrmKIIB3AIx+DBBdTgFurQAAISnuAFXh3jPDtvzvu0teDMMvvwB87HDz9Nk3A=</latexit>x

<latexit sha1_base64="DcFeNg4uVhRbY7zZV7SyTN41VyI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqCstuHFZwT6gHUomk2lDM8mQZMQy9DPcuFDErX/hH7jzb0ynXWjrgQuHc+7hPoKEM21c99spLC2vrK4V10sbm1vbO+XdvaaWqSK0QSSXqh1gTTkTtGGY4bSdKIrjgNNWMLyZ+K0HqjST4t6MEurHuC9YxAg2Vup0hWQipMKgx1654lbdHGiReDNSuf48zVHvlb+6oSRpbNOEY607npsYP8PKMMLpuNRNNU0wGeI+7VgqcEy1n+Urj9GRVUIUSWXLTs/V34kMx1qP4sB2xtgM9Lw3Ef/zOqmJLv2MiSQ1VJDpoCjlyEg0uR+FTFFi+MgSTBSzuyIywAoTY79Usk/w5k9eJM2TqndePbtzK7UrmKIIB3AIx+DBBdTgFurQAAISnuAFXh3jPDtvzvu0teDMMvvwB87HDz9Nk3A=</latexit>x

<latexit sha1_base64="D2S5vKkU+DOOKmsjWvzMLeh9hAI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6koKblxWsA9oh5LJ3GlDM5kxyRRK6Xe4caGIWz/GnX9j2s5CWw8EDufcw705QSq4Nq777aytb2xubRd2irt7+weHpaPjpk4yxbDBEpGodkA1Ci6xYbgR2E4V0jgQ2AqGdzO/NUKleSIfzThFP6Z9ySPOqLGS35UJlyFKQxSGvVLZrbhzkFXi5aQMOeq90lc3TFgW2zwTVOuO56bGn1BlOBM4LXYzjSllQ9rHjqWSxqj9yfzoKTm3SkiiRNln98/V34kJjbUex4GdjKkZ6GVvJv7ndTIT3fgTLtPMoGSLRVEmiEnIrAEScoXMiLEllClubyVsQBVlxvZUtCV4y19eJc1qxbuqXD5Uy7XbvI4CnMIZXIAH11CDe6hDAxg8wTO8wpszcl6cd+djMbrm5JkT+APn8wfBwJIV</latexit>

red

<latexit sha1_base64="UPh9mpKmveljm77rhF8uPRxpbso=">AAAB9XicbVDLSgMxFL3js9ZX1aWbwSK4KjNF1JUU3LisYB/QjiWTudOGZpIhySil9D/cuFDErf/izr8xbWehrQcCh3PuTU5OmHKmjed9Oyura+sbm4Wt4vbO7t5+6eCwqWWmKDao5FK1Q6KRM4ENwwzHdqqQJCHHVji8mfqtR1SaSXFvRikGCekLFjNKjJUeukIyEaEwbsgz7JXKXsWbwV0mfk7KkKPeK311I0mzxF5AOdG643upCcZEGUY5TordTGNK6JD0sWOpIAnqYDxLPXFPrRK5sVT22AAz9ffGmCRaj5LQTibEDPSiNxX/8zqZia+CMRNpZlDQ+UNxxl0j3WkFbsQUUsNHlhCqmM3q0gFRhBpbVNGW4C9+eZk0qxX/onJ+Vy3XrvM6CnAMJ3AGPlxCDW6hDg2goOAZXuHNeXJenHfnYz664uQ7R/AHzucPkQSSjA==</latexit>

blue



integral curves of the vector field

<latexit sha1_base64="pWtfiKhs8ogh76AgRVUzW7c8eNk="></latexit>



<latexit sha1_base64="D8y+fhMfWug4vQn1uFT5VvRTX94="></latexit>

@

@x

✓
1

1 + eHx

◆
+

@

@y

✓
1

1 + eHy

◆
+

@

@z

✓
1

1 + eHz

◆
= 0.

<latexit sha1_base64="mn4Xz5VPoK+HOerebZMZ3SgGYVs="></latexit>

The EL equations for ~u are the mixed partial conditions for H:

uy

1� u2
=

vx

1� v2

vz

1� v2
=

wy

1� w2

wx

1� w2
=

uz

1� u2
.

<latexit sha1_base64="mKMHlXIS5lH4T20XEsgOPdjdKiI=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AruCozRVRcSEGFLivYB7RDyWQybWgmGZKMUGoX/oobF4q49Tfc+Tem01lo61kdzrk39+T4MaNKO863lVtaXlldy68XNja3tnfs3b2mEonEpIEFE7LtI0UY5aShqWakHUuCIp+Rlj+8nvqtByIVFfxej2LiRajPaUgx0kbq2QddLigPCNewfnMLQyFhqVa67NlFp+ykgIvEzUgRZKj37K9uIHASmYcwQ0p1XCfW3hhJTTEjk0I3USRGeIj6pGMoRxFR3jjNP4HHRgnS26EwQVL198YYRUqNIt9MRkgP1Lw3Ff/zOokOL7wx5XGiCcezQ2HCoBZwWgYMqCRYs5EhCEtqskI8QBJhbSormBLc+S8vkmal7J6VT+8qxepVVkceHIIjcAJccA6qoAbqoAEweATP4BW8WU/Wi/VufcxGc1a2sw/+wPr8AaomlI8=</latexit>

PDE for H:

<latexit sha1_base64="eaU5aVDXOhN3XRkgvVh3XCCu8NM="></latexit>

~u = (u, v, w) =

✓
1� eHx

1 + eHx
,
1� eHy

1 + eHy
,
1� eHz

1 + eHz

◆
.

<latexit sha1_base64="xyR5hh3c23GnuqfI9wXICZ3Ifr8="></latexit>

This is equivalent to the divergence-free condition for ~u.

<latexit sha1_base64="T+GlZiDaW+tN7kmAD49J/k+/M0k=">AAAB9HicbVC7TsMwFL0pr1JeBUaWQIXEVCUIAQuoUpeORaIPqY0qx3Vaq44TbKc0ijIwMyMWBhBi5WPY+BvcxwAtR7q6R+fcK18fN2RUKsv6NjJLyyura9n13Mbm1vZOfnevLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13UB77jSERkgb8VsUhcXzU49SjGCktOZVOMorTK93iUdrJF6yiNYG5SOwZKZQO79lj+emh2sl/tbsBjnzCFWZIypZthcpJkFAUM5Lm2pEkIcID1CMtTTnyiXSSydGpeayVrukFQhdX5kT9vZEgX8rYd/Wkj1Rfzntj8T+vFSnv0kkoDyNFOJ4+5EXMVIE5TsDsUkGwYrEmCAuqbzVxHwmElc4pp0Ow57+8SOqnRfu8eHaj07iGKbJwAEdwAjZcQAkqUIUaYLiDZ3iFN2NovBjvxsd0NGPMdvbhD4zPH2o1lYI=</latexit>

Hxy = Hyx

<latexit sha1_base64="5UKGL4dMdnibHD1+NrEcFLxafkA=">AAAB9HicbVC7TsMwFL0pr1JeBUaWQIXEVCUIAQuoUpeORaIPqY0qx3Vaq44TbKcojTIwMyMWBhBi5WPY+BvcxwAtR7q6R+fcK18fN2RUKsv6NjJLyyura9n13Mbm1vZOfnevLoNIYFLDAQtE00WSMMpJTVHFSDMUBPkuIw13UB77jSERkgb8VsUhcXzU49SjGCktOZVOEo/SK91GcdrJF6yiNYG5SOwZKZQO79lj+emh2sl/tbsBjnzCFWZIypZthcpJkFAUM5Lm2pEkIcID1CMtTTnyiXSSydGpeayVrukFQhdX5kT9vZEgX8rYd/Wkj1Rfzntj8T+vFSnv0kkoDyNFOJ4+5EXMVIE5TsDsUkGwYrEmCAuqbzVxHwmElc4pp0Ow57+8SOqnRfu8eHaj07iGKbJwAEdwAjZcQAkqUIUaYLiDZ3iFN2NovBjvxsd0NGPMdvbhD4zPH3BZlYY=</latexit>

Hyz = Hzy

<latexit sha1_base64="Z6/LQL1mb/Iihxs7Q3dagNqbhg0=">AAAB9HicbVDLSgMxFL3js7Y+al26CVahqzIjom6UgpsuK9gHtEPJpJk2NPMwyZS2w/gF7kVwoYhbP8adf2P6WGjrgcs9nHMvuTlOyJlUpvltrKyurW9sprbSme2d3b3sfq4mg0gQWiUBD0TDwZJy5tOqYorTRigo9hxO607/ZuLXB1RIFvh3ahRS28Ndn7mMYKUlu9yOh+PkSrfxMGln82bRnAItE2tO8qXc8+ND4ThTaWe/Wp2ARB71FeFYyqZlhsqOsVCMcJqkW5GkISZ93KVNTX3sUWnH06MTdKKVDnIDoctXaKr+3oixJ+XIc/Skh1VPLnoT8T+vGSn30o6ZH0aK+mT2kBtxpAI0SQB1mKBE8ZEmmAimb0WkhwUmSueU1iFYi19eJrXTonVePLvVaVzDDCk4hCMogAUXUIIyVKAKBO7hCV7hzRgYL8a78TEbXTHmOwfwB8bnD0gulKg=</latexit>

Hxz = Hzx



3D “Honeycomb” model (diamond lattice dimer model)

<latexit sha1_base64="P3f2Fe5h2Sw7K7lkX/F67pv+7HU="></latexit>



Scaling limit vector field on “truncated orthant” {x+ y + z > 1}:

<latexit sha1_base64="YlEeep2yAGkOhwg0x280zeRIq+c=">AAACSHicbVDPTxNBFJ6tClgRqh69TCgmJCTNLiEBORiMF48YKJB0m/J29m07YX5sZt5W62b/Hv8XE68a/wtuxpvT0oOC7/TN9yPvzZeVSnqK459R68HDRyura4/bT9afbmx2nj0/97ZyAvvCKusuM/CopME+SVJ4WToEnSm8yK7fzfWLKTovrTmjWYlDDWMjCymAAjXqvD0VELJjrqSWxKcoyDpeSFQ5t6Z9dUWuMsGM4eloAo a2+HZaf9qd7X5+k6TN9tGo04178WL4fZAsQZct52TUuUlzKyqNhoQC7wdJXNKwBkdSKGzaaeWxBHENYxwEaECjH9aLrzb8VWByXsxvtIb4gv07UYP2fqaz4NRAE39Xm5P/0wYVFYfDWpqyIjTidlFRKU6Wz3vjuXShGzULAIST4VYuJuBAUGi3nRr8KKzWYPI6xdI3dToFF4BU1jShouRuIffB+V4v2e+9/rDXPT5alrXGXrIttsMSdsCO2Xt2wvpMsC/sG/vOfkRfo5voV/T71tqKlpkX7J9ptf4AmI2y0A==</latexit>

(u, v, w) =

✓
x

(x+ y + z)3
,

y

(x+ y + z)3
,

z

(x+ y + z)3

◆

<latexit sha1_base64="M8HtB8fjYljepJJ/x5IN6Ut+J10="></latexit>

<latexit sha1_base64="RUjVfpevsfnWis+l3OitSUIibzk="> V09bnWdj5l19C3c4h0BuOHO</latexit>
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✓
Hx

1 +Hx +Hy +Hz

◆
+

@

@y

✓
Hy

1 +Hx +Hy +Hz

◆
+

@

@z

✓
Hz

1 +Hx +Hy +Hz

◆
= 0

<latexit sha1_base64="ZGq0CPZ5DbBqYfBHMnICfwi7vx8=">AAACMHicbVDBahRBEO2JxsQ1mlWPXgqXgKdlJkjiKQQ86DGBbBLYLEtNb81MkZ7uobtmcVnySV78FL0oKMGrX2HvZg+apKDh8V69qq6XN4aDpOmPZO3Bw/VHG5uPO0+2nj7b7j5/cRpc6zUNtDPOn+cYyLClgbAYOm88YZ0bOssv3y/0syn5wM6eyKyhUY2l5YI1SqTG3Q8nFQcoPTYVoAkOKgyAFuhT3K5ZoMS2JGA7dWbKtg TxbF3NaEA7KuIgJiuhP+720n66LLgLshXoqVUdjbtfLyZOt3V0a4MhDLO0kdEcvbA2dNW5aAM1qC+xpGGEFmsKo/ny4CvYicwECufjswJL9l/HHOsQZnUeO2uUKtzWFuR92rCV4t1ozrZphay+WVS0BsTBIj2YsCctZhYBas/xr6Ar9KglZtyJIWS3T74LTnf72V7/7fFu7/BgFcemeqVeqzcqU/vqUH1UR2qgtPqsvqmf6lfyJfmeXCe/b1rXkpXnpfqvkj9/AfVOqi4=</latexit>

This graph also has an explicit gauge involving trinomial coe�cients.

<latexit sha1_base64="3CWdNKsjXlBmmYPMUbA/S63OhbQ=">AAACCnicbVA7SwNBGNyLrxhfp5Y2q4lgFe6CqFhIwCZlhLwgCWFv812yZO/h7p5wHKlt/Cs2ForY+gvs/DduLldo4lTDzPcxzDghZ1JZ1reRW1ldW9/Ibxa2tnd298z9g5YMIkGhSQMeiI5DJHDmQ1MxxaETCiCew6HtTG5nfvsBhGSB31BxCH2PjHzmMkqUlgbmcWMMmAqmtMKZijHcR6mF3UDgUq10PTCLVtlKgZeJnZEiyl AfmF+9YUAjD3xFOZGya1uh6idE6AwO00IvkhASOiEj6GrqEw9kP0mrTPGpVoZpthv4Cqfq74+EeFLGnqMvPaLGctGbif953Ui5V/2E+WGkwKfzIDfiWAV4tgseMgFU8VgTMt8D0zERhCq9XkGPYC9WXiatStm+KJ/fVYrVm2yOPDpCJ+gM2egSVVEN1VETUfSIntErejOejBfj3fiYn+aM7OcQ/YHx+QPY4Zmx</latexit>

The criticality equation for H:
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