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g1.  Cauchy Rigidity 414

Thm. [f U W finite gete in IR® at, 9C(v) & C (W) = Celv) S Ce(w).
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Problem 2. [f U W digcretein 1D with  2V=2W= S
V) & W) = Cv) = clw) 2
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Main Thm (Luo-L). Oroblem 2 ig true.

Corollary. § polyhedral eurface of non-abelian fundamental group
i digcrete conformal to a unique gtandard model.




S = connected orientable topological surface 9= - Cantor Sef

82  The uniformization thm of Loincaré-Koebe

Thm. ¥V (5 9) 3 2. S —R,, st, (s 29) e a complete

Riemannian metric of congtant curvature k=0, |, -!.

Diccrete Uniformization Problem (DUR)

v polyhedral eurface (S, d), 3 a complete constant curvature O,

metric d on S g,

(S, d) -—/_V-Z (S, U d), which ie a polyhedral.
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¢ 3. Polyhedral eurfaces and digcrete conformality

V discrete qubget of S, d =cone metric on S with cone pointe in V



Polyhedral

Def. A polyhedral eurface ie (S, d) at,

(1). (S, d) admite a geodegic triangulation with vertex get

(2). the circumdigk of each triangle ie ept and ie contained in S,

(3). the interior of each circumdigk containg no pointe in V.

Fact: [f Sig cloged, every cone metric surface (S, U, d) is polyhedral

Not polyhedral : A | (€, 7, 4.) =

triangulated upper half plane

Digcrete conformal

Fconformal = DF:R*—>R? circle preserving.
& DF pregerveg length crosg ratios:



chear-coordinate &

Bobenko-Pinkall-Springborn
Given polyhedral (S, d),  produce a Delaunay T~ with faces  A(%).
Then (S Ud) == L 1t /ise

isometric gluing
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eame worke for H or S




Eg. d*for the etandard modele = (D, V, d) + (C,V, dg)
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S 9C(v), boundary of convex hull of Vin = CXR,,

Def. Two polyhedral surfaces (S, d1) and (S, d2 ) are
diccrete conformal (d.c.) if 3 icometry
F(S-Ud)— (8- d2¥) et, F =id

A

Prop. [ (S, U d)is a Euclidean or hyperbolic polyhedral surface =

(1).  d*ig independent of the choice of Delaunay triangulations,
(2). dia complete hyperbolic.

RM.  [f dig complete hyperbolic on S, V subget of S, then d* ie defined S-V.

DUP. v polyhedral eurface (S, d 2 a complete congtant curvature k=0,
metric d on S at, (S,Ud) = (S U d) Furthermore (SUd) ie polyhedral

d.c.

RM. DU holds for closed surfaces (Rivin, Fillagtre, Gu-L-Sun-Wu, Gu-Guo-L-Sun-Wu)



84. DProof of claggical unif thm. Qo to the univergal cover.
Aseume S'ig simply connected and non-cpt

° 3 (S, d) conformal to H? or € Qchwarz,  Liouville

1 Conformal @: H*=>H" = @€ lso(H?),
(conformal . € » ¢ @ ¢lz)=daz+b ).

Digcrete cage  hyperbolic or Euclidean polyhedral surf (S,Ud), gimply connected
‘3 ¥ (5,V,d) == (D,v,dy) o (€ Vi)

&>  hyperbolic (S—\/]A*) = 2C(v')
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Weyl Broblem

A IE P (D, v, de) > (D, W, du) dis. @nf = e lso (M)
('1? P (LY, dE)"’CG,W)dﬂ dis. couf. = P(z)=aztb.)

Thege are problemg [ & 2.

85.  Our progress



E xictence

Thm (L-Wu) V¥ complete hyperbolic metric d* on a genug zero
aurface with at mogt one non-cusp endie 0 9C(v) Ve d/g

ot (D,V,dy) er (€,V,de) maynot be polyhedral

% 3 vin V w/ infinitely many edges fromvin 3C(v).
S

We don’t know how to prove that if d*ig agsociated to a polyhedral
aurface (S, V', d) = 9c(v) ig polyhedral.

Uniquenegg ( discrete Schwarz lemma, related to work of Beardon-Stephencon)

Thm(Luo-L).  [f U, V2 are digerete in D with limit pointe with 31/ = a1

2UY) = = 20LV2) = ) = ),
(52 9

(Cauchy-Alexandrov w/ infinite verticeg).

Shifting from D fo $%

Stereographic proj
From the south pole >

D’ &, QLD

@‘2




Agaume now that C{V) ig a polyhedral convex cap

related to the work of Alexandrov, Volkov, [zmegtiev, ...

isometric gluing

Def (Convex Cap = CC)

[sometric gluing of of prigme along walle ¢.t. dihedral angles at all interior roof edges
are at most 7@

The curvature  Kly) = 2T — Z d



Notation:
(D, \ d) = roof eurface
(0, U d, h) = a CC with roof (0,Ud) and height h: V—>R.

Schwarz - Pick- Ahlforg lemma

(D 4) —— (2, 8)  Kys-

j‘2 Cowfofmd. = ) (iF(XS f‘(‘ﬂ\ S dH(%lﬂ)

)+ 25

Digcrete Schwarz lemma (DSL) for finite convex caps

Let (0, U d, H) and (D, ) d, h) be two finite CC v.
with isometric roof ~ \/ = Vi, UV g ::)/-L('
If H|Vb 2 " and Ky PR K'n\\/,L Vi,




DSL = rigidity thm uging Z. He’e eealing method (polyhedral cage)

Two CC’e with igometric roof and heighte hi, ho.

Boal: hi=h2. G(N)=N, ~l€ he () > he (V)

Foozeoaz | € lsolh)
A>l

pull down 00

Thank you!



