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Outline

A Circle packing and discrete analytic functions: Missing in
action: discrete rational functions

A Schwarziamlerivatives, classical and discrete
A a Ly 0 Nehyaiziar ¢
A Normalized flower layouts

A Special flowers



Discrete Analytic Functions
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Discrete Analytic Functions:
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A fly in the Ointment:

Creating/manipulating discrete rational functions

The branchedoccerbatlla very lucky example.




Discrete Conformal Geometry:

Classical analytic function Q f ;

Discrete analytic function

Circle packing provides a fairly
comprehensive and faithful
parallel to the classical world.




Traditional circle packings are
created and manipulated using
radii as the parameters.

For Example: Given complex K

A Set theboundaryradii

A Interativelyadjustinternal radii
until all internal vertices have
angle suma multiple of pi.

A Lay outan initial triple of circles

A Successivellay outthe
remaining circles.
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Algorithms:
Al aLI O1TAYy3 FEIA2NAGKYE NBFSNRER G2 a2YSs
associated with a circle packiiRdor a given complek

A Bill Thurston introduced circle packing and blessed us with a wonderful iterative
algorithm based on radii. This works amazingly wedliclideanandhyperbolic

geometry; the latest algorithms will pack complexes involving several million circles.

A However, there is as yeto algorithm which works directly sphericalgeomety.

A Nearly all circle packings on the sphere have been stereographically projected from
the plane or the disc. Except in certain rare exceptional situations, stereographic

projectiondoes not workfor circle packings withranching

A This talk is about opening a new approach, replacing radii as parameters by
something Mobius invariant; namely, discrédehwarziamlata associate with edges.

| am nowhere near an algorithm, so | can use some help!
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A Discrete
Schwarziaerivative



A DiscreteSchwarziamberivative: /f\
Classical;
IRINIE Y
. S(f)—(fi)n 2(f)i
« £10 iff f |sMobius

+ Invariance: S(f( f )) 1 S( f) it I is Mobius

« aSladaNBa G§KS aRAalGl yOS¢ 2T T FTNRY GKS Of2asSai

Discrete: 2?7?77
A Combinatoric
A Faceby-face

A Conformally faithful




Defining the discret&chwarziarberivative: (Following Gerald Orick)

Given discrete analytic function
F:P— P

and edge e between faces f and g,

define Mobius transformations:

mf:f—>f’
mg:9—¢

The discrete Schwarzian derivative
of F' on edge e is given by

ZF‘(B) = 0
. {t —t2] {
where m, Omf:]I-I—J =

o 1 — ot

I —t

1 + ot 1—Jt2]

SadlySchwarziarDerivatives ar@ot a good setting for _experimen(& packings, complex numbers)




Thelntrinsic
Schwarziafor interior edges




Plan B: Iintrinsischwarzians

Reformulate for use with a single packing P and real numbers:

Compare every edgeto the standard base edge.

m=m
dts - base patchm
me:gs 1- s
_ _I_é,s - S
m, = & -s

Definition: The real number s is the
(intrinsic) schwarzian for the inte-
rior edge e of P.



Using known discret&chwarzians

Dual spanning tree

On the plane

E




Using known discret&chwarzians

Dual spanning tree

On the plane

€5




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane




Using known discret&chwarzians

Dual spanning tree

On the plane On the sphere




Using known discret&chwarzians

Dual spanning tree

On the plane On the sphere




Using known discret&chwarzians

Dual spanning tree

On the plane On the sphere




Using known discret&chwarzians

Dual spanning tree

On the plane On the sphere




Using known discret&chwarzians

Dual spanning tree

On the plane On the sphere




Using known discret&chwarzians

Dual spanning tree

On the plane On the sphere




Using known discret&chwarzians

On the plane On the sphere




On the sphere

On the plane

Using known discret&chwarzians
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On the sphere

On the plane

Using known discret&chwarzians
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Using known discret&chwarzians

On the sphere

Dual spanning tree

On the plane




Goal (long term)find packing (edge) labels

Definition. Let K be a simply connected complex and let S be an edge label, that
s, a set of real numbers, one for each interior edge of K. We call S a packing

(edge) label if there exists a circle packing P on the Riemann sphere whose intrinsic
schwarzians are given by S.

Two traditional keys for working with radius labels:
* Criteriafor packing

* Monotonicitiesin the data

If there existmonotonicities they remain a mystery
to me.

In this talk | concentrate oariteria: it suffices to have
criteria forpacking labels for individuah-flowers




Sample intrinsischwarzians

Cb:MS_I(Cb) 8:(1—'_%)/2\




Packing Labels for
Un-branchednterior Flowers




Flower Normalizations and Notations
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Layout Process:
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Layout Process:
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Layout Process:
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Layout Process:
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Layout Process:
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Layout Process:

C

Force radius 1

NOTEThis process used only3 of then edge labels !



Stepwise Computations:

This stepby-step construction encounters several computational situations:

NOTEhand computations suggested introducing a new varie U — 1 —s
so, ourn-3 parameters are{uy, - -+ , Up_3}

C
0 lo

Place theed petal based on the
/ Previous edge label:

ty =2/(V3u)
ry = 1/(V3u)*




Stepwise Computations:

Next is the generic step which is repeatee2ritimes:

Place thered petal based on the faceformed by thegreenand shaded petals and the upper
halfplaneC use theschwarziarfor the edge to the shaded petal:

2R

(V3u— RIT)

1
(VBu/VER— 1/\/r)?

p:

If p=1, then

VRt AT ¥
N V3

u




Stepwise Computations:

Thered andgreenpetals are opposite across the edge connecting the half planes:

C IFwe where placing the last petal
/ based on the first, we would get
O tn—l
——— ;
N\\ tﬂ—]_ — 2\/3?1-[‘}
! But we do not know, !!
/v €1 Cn—1
—2n o
Crucial StepWe MANDATE”,,—1 = 1

With the last petal of radius 1 in place, we can directly compute,,—2, U,,—1, Ug



Successive reciprocal roots:
A focus on reciprocal roots gives the valuable functions &, (uy, - -+, u;_1).
(Notation: w; ;r = u;u,ug)
1/\/r2 = €a(u1) = V3u1,
1/y/r3 = C3(uq, uz) = 3ug o — 1,
1/\/T2 = €4(ur, us,u3) = V3(3uy 95 — up — us),
1/y/15 = C5(uy, - -+ ,ug) = QU934 — 3ty g — 3uz g — 3wy 2 + 1,
1/y/re = Co(ur, -+ ,us) =
\/3(9&1,2,3?4,5 — 3uy 45 — 3usas — U1 o5 — 3Up a3 + Uy + us + ug).

For p = (uo,U1,° s ;Un—l) c R?_T_ write Qij(ul, v ,Uj_1) = Q:j(p).
Then computations show

¢ii1(p) = V3u;€5(p) — €1(p)



Associated Functioni.(-)

1+ ¢,
Since the last petal has radius 1, (*) implies u,,_» = T 3(2) .
\/§Q:n—2(p)
1 n—
Defining 4, (u1, - -+ ,up—3) = U, (p) = ¢ 3(p), we have:

V3¢, ()

2
:u p— Pm—
U9 4(U1) 3
w +1/4/3
Us :u5(U7’UJ2) = §u12 /_ 1 ,

Uy 2
3uios — Uy — ug’
3(3urgs —up —u3) +1/vV3
3(3U1 234 — U2 — Ut g — Uzq) + 17

Uyqg = ﬂG(Ul, Uo, Ug) =

Us = u?(ula Uz, U3, U4) —

Ug :ﬂs(ulaumumma%)

3(3u1 234 — U1 g — Uy — U3 yg) + 2
312345 — U123 — U125 — U145 — SUs a5 + U + Uz + Us)




Un-branched Flowers (petals wrapping once arou)d

Theorem: Given n > 3, the parameters {uy,--- ,u,_3} are part of a packing label for
an un-branched n-flower if and only if

Ci(ug, -+ uj—1) >0, j=2,--- (n—2).
In this case, these expressions
Up—2 :un(uh e ,Un—?)),
(1) Un—1 =8 (U2, -+, Un-2),
ug =, (U3, -, Up—1),

allow computation of the three remaining labels.

Simultaneously aharacterization parameterization andcomputational tool



The Intriguing Functiont(,.(-) €,(-)

Work with vectors p = (ug, u1, -+ ,up—1) € R For un-branched n-flowers:
(%) Up—2 = U, (p), with €;(p) > 0,5 =2,--- ,(n— 2)
e i, is rational, ¢; are polynomial with coefficients in Q[v/3]. The zeros of
¢,,_o are poles of $L,.

e (x) 1s invariant under cyclic rotation (or reversal) of the coords of p.
If p'* is the cyclic permutation moving uy to ug, then

U1 = 84, (F") and ug = 14, (7"7).

Up—2 = Uy, (U1 p—3)

Up—1 = LLn(ﬁQ,n—e.,LLn(ﬁl,n—s))

Ug = ﬂn(ﬁ?),n—:a; L%(ﬁl,n—3),itn(ﬁ2,n—3,un(ﬁl,n—?,)))-

o Self-referential:

e Dcfine V,, € R" as the (n — 3)-dim alg variety defined by
Up—2 :ﬂn(p) Up—1 Ziln(ﬁl) Ug Zﬂn(ﬁg)
and C,, as cone {&€;(p) >0,7 =2,---,(n—2)}. Then:

Parameter Space for un-branched n-flowers is| F,, =V, NC,




Packing Labels for
Branchednterior Flowers




Branching appears:
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Branching appears:




Branching appears:




Branching appears:

~

Force radius 1 for last petal




Branching Starts:

Cinl

2R 1

A negative displacement d(u,r, R)

T (VButVERir) T (VBu/VR+ 1/



Theorem: Given schwarzians {sy,--- ,S,_3}, the Layout Process
results in a legitimate n-flower except in the following two situations:

(a) when c¢,,_o is tangent to C' at infinity or
(b) when the computed sq exceeds 1.



