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• A Runge–Kutta method solves the ordinary differential equation (ODE)

𝑦′ 𝑡 = 𝑓 𝑦 𝑡 , 𝑦 𝑡0 = 𝑦0

with the numerical procedure

• We also use the notation 𝐶 = diag 𝑐 .

This Talk will Focus on Runge–Kutta Methods

𝑌𝑖 = 𝑦𝑛 + ℎ ෍

𝑗=1

𝑠

𝑎𝑖,𝑗𝑓 𝑌𝑗 , 𝑖 = 1, … , 𝑠,

𝑦𝑛+1 = 𝑦𝑛 + ℎ ෍

𝑗=1

𝑠

𝑏𝑗𝑓 𝑌𝑗

𝑐 𝐴

𝑏𝑇



3LLNL-CFPRES-2008990

• Classical convergence assumes a moderate Lipschitz constant 𝐿 
for the RHS function 𝑓

• Δ𝑡 must be “sufficiently small.” Typically, we need Δ𝑡 ≤ const/𝐿 to 
reach the asymptotic regime

• When solving stiff problems, we use implicit method specifically to 
avoid an explicit-like time step restriction!

• Outside of the classical asymptotic regime, a method can 
experience degraded convergence called order reduction

Classical Runge–Kutta Convergence Requires 
Idealistic Assumptions
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There are Two Main Approaches to Eliminate Order 
Reduction

Modified Boundary Conditions

• Often intrusive to ODE/PDE solver 
implementations

• Often require extra derivatives

• No additional Runge–Kutta stages

• See
• Carpenter et al. "The theoretical accuracy of Runge–Kutta time 

discretizations for the IBVP." SISC (1995).

• Pathria, D. "The Correct Formulation of Intermediate Boundary 
Conditions for Runge-Kutta Time Integration of IBVPs." SISC (1997).

• …

Enforce Additional Order 
Conditions

• Compatible with any Runge–Kutta 
implementation

• Often require additional stages

• Deriving methods can be challenging

• See
• Skvortsov. "Model equations for accuracy investigation of Runge-Kutta 

methods." Math. Models and Comp. Sims. (2010).

• Rang. "An analysis of the PR example for constructing new adaptive 
ESDIRK methods of order 3 and 4." Appl. Numer. Math. (2015).

• Previous talks and more…
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At the 2022 “Holistic Design of Time-Dependent PDE 
Discretizations” ICERM Workshop, I saw a few order reduction talks

Can we design practical 
Runge–Kutta methods 

without order reduction 
for nonlinear problems?



6LLNL-CFPRES-2008990

Order Reduction Remedies for Nonlinear Problems 
are Much Less Studied than Linear

Linear Problem

• Local error can be expressed in 
series involving only 𝑦 derivatives:
𝑒 = 𝑐1ℎ𝑦′ + 𝑐2ℎ𝑦′′ + 𝑐3ℎ𝑦 3 + ⋯

• Derivative of 𝑦 can be uniformly 
bounded away from transients

• Scalar test problem sufficient, e.g., 
Prothero–Robinson

Nonlinear Problem

• Local error typically involves 
derivatives of the RHS 𝑓:
𝑒 = 𝑐1ℎ𝑓 + 𝑐2ℎ2𝑓′𝑓 + 𝑐3ℎ3𝑓′2

𝑓 + ⋯

• Derivatives of 𝑓 can grow 
disproportionally large from stiffness

• Scalar test problem insufficient 
because terms commute & simplify
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Let’s Look Closer at a Standard Local Error 
Expansion for a Runge–Kutta Method

𝑦 𝑡1 − 𝑦1

= ℎ 1 − 𝑏𝑇𝑒 𝑓 𝑦0 + ℎ2
1

2
− 𝑏𝑇𝑐 𝑓′ 𝑦0 𝑓 𝑦0 + ℎ3

1

6
+ 𝑏𝑇𝐴𝑐 𝑓′ 𝑦0

2𝑓 𝑦0 + ⋯

= 𝑦′ 𝑡0

Benign and 
bounded under 

typically 
assumptions

= 𝑦′′ 𝑡0

Benign and 
bounded under 

typically 
assumptions

= 𝑓′ 𝑦0 𝑦′ 𝑡0

This can’t be 
bounded under 

typical 
assumptions!

We need an alternative expansion which can be uniformly bounded w.r.t stiffness
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• The stage order of a method is the 
minimum of 𝑝, 𝑞 satisfying

𝐶 𝑞 :  𝐴𝑐𝑘−1 =
𝑐𝑘

𝑘
, 𝑘 = 1, … , 𝑞,

𝐵 𝑝 : 𝑏𝑇𝑐𝑘−1 =
1

𝑘
,  𝑘 = 1, … , 𝑝

• This is very restrictive!
• Explicit methods have max stage order of 1
• Diagonally implicit methods have max of 2

• But is high stage order necessary?

High Stage Order is a Well-Known Sufficient 
Condition for Nonlinear Problems

Burrage, Kevin, W. H. Hundsdorfer, and Jan G. Verwer. "A study of B-
convergence of Runge–Kutta methods." Computing 36.1-2 (1986): 17-34.

Calvo, M., S. González-Pinto, and J. I. Montijano. "Runge–Kutta methods for 
the numerical solution of stiff semilinear systems." BIT Numerical 
Mathematics 40 (2000): 611-639.



9LLNL-CFPRES-2008990

• Consider the singular perturbation problem
𝑦′ 𝑡 = 𝑓 𝑦 𝑡 , 𝑧 𝑡

𝜖𝑧′ 𝑡 = 𝑔 𝑦 𝑡 , 𝑧 𝑡

• We can expand the local error of a Runge–
Kutta method as power series in both ℎ and 𝜖

• This gives order conditions for differential-
algebraic equations of arbitrary index

• These conditions are likely necessary but 
not sufficient

Singular Perturbation Theory is Also Relevant
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New Theory for Stiff Semilinear ODEs
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• In nonlinear problems, stiffness often arises from linear terms

• Let’s consider semilinear problems

• Examples include
• Patten-forming diffusion reaction problems

• Schrödinger equations

• Air pollution transport models

We Start by Considering Semilinear Problems

Nonstiff
𝑔 𝑦 − 𝑔(𝑧) ≤ 𝐿 𝑦 − 𝑧

Stiff
Re 𝑦, 𝐽𝑦 ≤ 0

Nonpositive logarithmic 
norm ensures the 
eigenvalues of 𝐽 reside in 
the left half-plane

𝑦′ 𝑡 = 𝐽𝑦 𝑡 + 𝑔 𝑦 𝑡
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• Exponential Integrators
• Hochbruck, and Ostermann. "Explicit exponential Runge-Kutta methods for semilinear parabolic 

problems." SINUM 43.3 (2005): 1069-1090.

• Luan, and Ostermann. "Exponential B-series: The stiff case." SINUM 51.6 (2013).

• Hochbruck, Leibold, and Ostermann. "On the convergence of Lawson methods for semilinear stiff 
problems." Numerische Mathematik 145 (2020).

• Splitting Methods
• Hansen, and Ostermann. "High-order splitting schemes for semilinear evolution equations." BIT 

Numerical Mathematics (2016).

• Einkemmer, and Ostermann. "Overcoming order reduction in diffusion-reaction splitting. Part 1: Dirichlet 
boundary conditions." SISC (2015).

• Einkemmer, and Ostermann. "Overcoming order reduction in diffusion-reaction splitting. Part 2: Oblique 
boundary conditions." SISC (2016).

• Linear Multistep Methods
• Wanner, and Hairer. Solving ordinary differential equations II. New York: Springer Berlin Heidelberg, 1996.

• Rosenbrock
• Lubich, and Ostermann. "Linearly implicit time discretization of non-linear parabolic equations." IMA 

Journal of Numerical Analysis (1995).

Progress has been Made Outside of Runge–Kutta 
Methods

For exponential methods, stiff 
order conditions can be mapped 
onto trees. The conditions must 
hold for all matrices 𝑍, 𝐾, 𝑀
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• Rooted trees and B-series are the standard tools for analyzing the 
local error of a Runge–Kutta scheme

• Albrecht proposed alternative order conditions based on recursive 
orthogonality conditions

Our Semilinear Analysis Extends a Lesser-Known 
Classical Analysis
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• They use a different basis of elementary differentials

• Albrecht’s initial derivation doesn’t use trees, but he shows how to 
map order conditions to and from trees

Albrecht’s Order Conditions are Equivalent to 
Butcher’s, but…

Differential: 
𝑑2𝑓′ 𝑦 𝑡

𝑑𝑡2
𝑡=𝑡0

𝑦′′ 𝑡0

Order Condition: 0 = 𝑏𝑇𝐶2 𝑐2

2
− 𝐴𝑐

Differential: 𝑓′′′ 𝑓, 𝑓, 𝑓′𝑓

Order Condition: 1

10
= 𝑏𝑇𝐶2𝐴𝑐
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The Primary Novelty is The Local Error Series for Stiff, 
Semilinear ODEs

We express the local error in the 
stages, step, and nonstiff function 
evaluation in the series

Δ𝑌0 = ෍

𝑖=1

𝑟

Δ𝑌0
𝑖 ℎ𝑖 + 𝒪 ℎ𝑟+1

Δ𝑦1 = ෍

𝑖=1

𝑟

Δ𝑦1
𝑖 ℎ𝑖 + 𝒪 ℎ𝑟+1

Δ𝑔0 = ෍

𝑖=1

𝑟−1

Δ𝑔0
𝑖 ℎ𝑖 + 𝒪 ℎ𝑟

(Simplified) Theorem

Under mild ODE smoothness and Runge–Kutta 
stability assumptions, the series coefficients are

for ℎ sufficiently small but independent of 𝑍 = ℎ𝐽, 
i.e., stiffness.

Recall ODE is 𝑦′ 𝑡 = 𝐽𝑦 𝑡 + 𝑔 𝑦 𝑡
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• Is everything bounded despite 𝑍 being unbounded? Yes!

• The derivatives 𝑦 3 𝑡0  and 𝑔′ 𝑦0  are bounded by assumptions

• The matrices 𝑏𝑇 ⊗ 𝑍 𝐼 − 𝐴 ⊗ 𝑍 −1 and 𝐼 − 𝐴 ⊗ 𝑍 −1 are 
bounded for most practical implicit Runge–Kutta methods

Let’s Examine the 3rd Order Terms of the Local Error

Δ𝑦1
3

=
1

6
−

𝑏𝑇𝑐2

2
𝑦 3 𝑡0 + 𝑏𝑇 ⊗ 𝑍 𝐼 − 𝐴 ⊗ 𝑍 −1

𝑐3

6
−

𝐴𝑐2

2
⊗ 𝑦 3 𝑡0

+ 𝑏𝑇 ⊗ 𝑍 𝐼 − 𝐴 ⊗ 𝑍 −1 𝐼 ⊗ 𝑔′ 𝑦0 𝐼 − 𝐴 ⊗ 𝑍 −1
𝑐2

2
− 𝐴𝑐 ⊗ 𝑦 3 𝑡0

Recall ODE is 𝑦′ 𝑡 = 𝐽𝑦 𝑡 + 𝑔 𝑦 𝑡  and 𝑍 = ℎ𝐽
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• Proof sketch
• The local error in the stages, Δ𝑌0, is defined by an equation this is implicit 

in both 𝐽 and 𝑔. We can remove the implicitness for 𝐽 since it is linear:

• In this form, we can apply Albrecht’s classical derivation which is involves 
a double Taylor series of Δ𝑔0 = 𝑔 𝑦 𝑡0 + 𝑐ℎ − 𝑔 𝑌0

• Care is needed to avoid commuting terms, hence the Kronecker products

• When 𝑍 = 0 for we recover Albrecht’s classical, nonstiff results

Here’s Some Intuition

Recall ODE is 𝑦′ 𝑡 = 𝐽𝑦 𝑡 + 𝑔 𝑦 𝑡  and 𝑍 = ℎ𝐽

Δ𝑌 = ℎ 𝐴 ⊗ 𝐼 𝐼 − 𝐴 ⊗ 𝑍 −1Δ𝑔0 + 𝐼 − 𝐴 ⊗ 𝑍 −1 ෍

𝑖=1

𝑟

ℎ𝑟
𝑐𝑖

𝑖!
−

𝐴𝑐𝑖−1

𝑖 − 1 !
𝑦 𝑖 𝑡0
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• The recursion and summation over integer partitions are complex 
and cumbersome but can be mapped to rooted trees

• Following Albrecht, we use the standardized form

with 𝜏0 the tree of order one.

• Example:

Rooted Trees Offer a Graphical Representation
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The Local Error Recursion Can Equivalently be 
Expressed As

when 𝜏 = 𝜏0
ℓ 𝜏1 … 𝜏𝑘

   = …

ℓ

𝜏1 … 𝜏𝑘

Real Number

when 𝜏 = 𝜏0
ℓ = …

ℓ
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• The error interweaves differentials and coefficients because 𝐼 − 𝐴 ⊗ 𝑍 −1 
lacks a Kronecker product structure.

• By Cayley–Hamilton, 𝐼 − 𝐴 ⊗ 𝑍 −1 = σ𝑖=0
𝑠−1 𝐴𝑖 ⊗ 𝑃𝑖(𝑍), with 𝑃𝑖  polynomials.

• A vector space representation helps account for this summation.

𝑉𝜏 = span ฬ𝐴𝑗 𝑐ℓ+1

ℓ+1 !
−

𝐴𝑐ℓ

ℓ!
𝑗 = 0, … , 𝑠 − 1  when 𝜏 =

𝑉𝜏 = span ห𝐴𝑗+1𝐶 𝛽1 × ⋯ × 𝛽𝑘 𝑗 = 0, … , 𝑠 − 1, 𝛽𝑖 ∈ 𝑉𝜏𝑖
 when 𝜏 =

Ultimately, We Want Order Conditions In Terms of 
Coefficients

…

ℓ

…

ℓ

𝜏1 … 𝜏𝑘
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Conditions to Attain Semilinear Order 𝑝𝑠𝑙  

Under mild ODE smoothness and Runge–Kutta stability 
assumptions, if for all trees 𝜏 up to order 𝑝𝑠𝑙,

𝑏𝑇𝑐ℓ =
1

ℓ+1
 and 𝑏𝑇𝛽 = 0 for all 𝛽 ∈ 𝑉𝜏  when 𝜏 =

𝑏𝑇𝐴𝑗𝐶ℓ 𝛽1 × ⋯ × 𝛽𝑘 = 0 for all 𝛽1 ∈ 𝑉𝜏1
, … , 𝛽𝑘 ∈ 𝑉𝜏𝑘

 and 𝑗 =

0, … , 𝑠 − 1 when 𝜏 =

then there are constants 𝐷, ෨ℎ independent of stiffness such that the 
local error satisfies Δ𝑦0 ≤ 𝐷ℎ𝑝𝑠𝑙+1 for ℎ < ෨ℎ.

…

ℓ

…

ℓ

𝜏1 … 𝜏𝑘
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• The “bushy trees” 
give weak stage order 
conditions

• Some order 
conditions are 
redundant

• The first uniquely 
nonlinear condition is 
4b

Here are the Semilinear Order Conditions which 
Eliminate Order Reduction
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• We found that when a tree has a singly-branched vertex with a non-
leaf child, we get an order condition implied by suppressing that 
vertex:

• If we suppress these vertices from all rooted trees, we’re left with 
the semi-lone-child-avoiding trees

It Suffices to Consider a Subset of Trees

https://oeis.org/A331934
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• Textbook convergence theory implies 𝒪 ℎ𝑝𝑠𝑙+1  local errors 
accumulate to a 𝒪 ℎ𝑝𝑠𝑙  global error

• For fixed steps, this may not be sharp

• We showed that if the semilinear order is 𝑝𝑠𝑙, the classical order is 
𝑝𝑠𝑙 + 1, and the linear stability function satisfies

then we have “superconvergence” with a 𝒪 ℎ𝑝𝑠𝑙+1  global error.

• The results hold uniformly w.r.t stiffness which is called B-convergence

Global Error and Superconvergence
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Deriving New Methods
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• The order conditions appear quite demanding
• The number of conditions can increase as more stages are added
• Not immediately obvious they can be enforced without resorting to high 

stage order

• We’ll focus on methods with the “wishlist”
• Diagonally implicit
• Order >3
• L-stable

• We used a combination of symbolic and optimization methods to 
derive schemes

We Want to Design DIRK Methods Satisfying the 
Semilinear Order Conditions
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• We wanted to see if a method that uses no simplifying 
assumptions, i.e., has stage order 1, exists. Yes!

EDIRK-(7,4,4) has 7 stages, Classical Order 4, and 
Semilinear Order 4
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• The previous method is mostly of theoretical interest

• We found using the 𝐶 2  simplifying assumption to be beneficial

• We propose ESDIRK-(8,4,3) which has classical order 4 but 
semilinear order 3
• With superconvergence, we should see 4th order B-convergence
• It is indeed L-stable

• We also propose ESDIRK-(10,5,4) which is L-stable and 5th order B-
convergent

We Recommend Two Optimized ESDIRK Methods
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Numerical Experiments
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• The solution to this ODE is independent of the stiffness (𝜆):
𝑦′ 𝑡 = 𝜆 𝑦 𝑡 − 1 + 𝑡2 + 𝑡 − 2𝑦 𝑡 2/(1 + 𝑦 𝑡 2)

• Baseline 4th and 5th order methods have semilinear order 1

We Start with a Semilinear Variant of the Prothero–
Robinson Problem

SDIRK4 from
Hairer, Wanner. Solving 
ordinary differential 
equations II. New York: 
Springer Berlin 
Heidelberg, 1996.

SDIRK5()5L[1] from
Kennedy, Carpenter. 
Diagonally implicit 
Runge-Kutta methods 
for ordinary differential 
equations. A review.
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Our New Methods Avoid Order Reduction

✓ B-Convergent of Order 4 ✓ B-Convergent of Order 4 ✓ B-Convergent of Order 5
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• We construct an Allen–Cahn problem 
using the method of manufactured 
solutions

• Time-dependent boundary conditions 
are a typical recipe for order reduction

• A pseudo-spectral method is used to 
discretize space

Next We Test with the Allen–Cahn Problem

𝜕𝑢

𝜕𝑡
= 𝛼∇2𝑢 + 𝛽 𝑢 − 𝑢3 + 𝑠 𝑡, 𝑥, 𝑦
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Our New Methods Avoid Order Reduction
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Can We Move Beyond Semilinear Problems to Fully 
Nonlinear?

High stage order is not necessary to 
eliminate order reduction for Runge–
Kutta methods applied to singular 
perturbation problems. That is, weaker 
conditions to attain B-convergence exist.

Conjecture
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Promising Evidence Supports the Conjecture

• The Kaps’ problem is a nonlinear 
singular perturbation problem:

𝜖𝑦1
′ = − 1 + 2𝜖 𝑦1 + 𝑦2

2

𝑦2
′ = 𝑦1 − 𝑦2 − 𝑦2

2

• Our EDIRK-(7,4,4) method 
designed for semilinear ODEs 
has order 4 B-convergence here!

• Other stiff nonlinear problems 
show similar results
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• Stiff semilinear ODEs can cause Runge–Kutta methods to 
experience order reduction

• We developed a sharp order condition theory to explain this and 
provided order conditions to eliminate order reduction

• Our new DIRK methods validate the theory and appear to work for 
even broader classes of nonlinear problems

• Next steps
• IMEX
• Fully nonlinear singular perturbation problems

Conclusions



37LLNL-CFPRES-2008990

Preprint available at 
https://arxiv.org/abs/2505.15099
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