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This Talk will Focus on Runge-Kutta Methods

* A Runge—Kutta method solves the ordinary differential equation (ODE)

y'(t) = f(y(®), y(to) = yo

with the numerical procedure

S
Yi=)’n+hzai,jf(1§'), i=1,..,s, C A
=1
S
T
Yner = Y +h ) B (¥) b
=1

* We also use the notation C = diag(c).

B Lawrence Livermore
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Classical Runge-Kutta Convergence Requires
|dealistic Assumptions

* Classical convergence assumes a moderate Lipschitz constant L
for the RHS function f

* At must be “sufficiently small.” Typically, we need At < const/L to
reach the asymptotic regime

* When solving stiff problems, we use implicit method specifically to
avoid an explicit-like time step restriction!

* Qutside of the classical asymptotic regime, a method can
experience degraded convergence called order reduction

B Lawrence Livermore
National Laboratory LLNL-CFPRES-2008990 3
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There are Two Main Approaches to Eliminate Order
Reduction

Modified Boundary Conditions Enforce Additional Order

Conditions

e Often intrusive to ODE/PDE solver « Compatible with any Runge—Kutta
implementations iImplementation
e Often require extra derivatives * Often require additional stages
* No additional Runge—Kutta stages * Deriving methods can be challenging
* See * See
» Carpenter etal. "The theoretical accuracy of Runge—Kutta time » Skvortsov. "Model equations for accuracy investigation of Runge-Kutta
discretizations for the IBVP." SISC (1995). methods." Math. Models and Comp. Sims. (2010).
Pathria, D. "The Correct Formulation of Intermediate Boundary * Rang."An analysis of the PR example for constructing new adaptive
Conditions for Runge-Kutta Time Integration of IBVPs." SISC (1997). ESDIRK methods of order 3 and 4." Appl. Numer. Math. (2015).
Previous talks and more...

Lawrence Livermore
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At the 2022 “Holistic Design of Time-Dependent PDE
Discretizations” ICERM Workshop, | saw a few order reduction talks

Lawrence Livermore
National Laboratory

LLNL-CFPRES-2008990
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Can we design practical
Runge—-Kutta methods

without order reduction

for nonlinear problems?
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Order Reduction Remedies for Nonlinear Problems
are Much Less Studied than Linear

Linear Problem Nonlinear Problem

* Local error can be expressed in * Local error typically involves

series involving only y derivatives: derivatives of the RHS f:

e = c hy' + chy" + cshy® + - e = cihf + c,h2f'f + c3h3f"°f + -
* Derivative of y can be uniformly * Derivatives of f can grow

bounded away from transients disproportionally large from stiffness
* Scalar test problem sufficient, e.g., e Scalar test problem insufficient

Prothero—Robinson because terms commute & simplify

Lawrence Livermore
National Laboratory LLNL-CFPRES-2008990 6
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Let’s Look Closer at a Standard Local Error
Expansion for a Runge—Kutta Method

y(t1) —
1 1
= h(1—-b"e)f(yy) + h* (E — bTC) ('(}’o)f(YO)’ + h? (g + bTAC) f'o)?f (o) + -+
Y |
=y'(to) =y" (o) = f'(¥o)y' (o)
Benign and Benign and This can’t be
bounded under bounded under bounded under
typically typically typical
assumptions assumptions assumptions!

We need an alternative expansion which can be uniformly bounded w.r.t stiffness

Lawrence Livermore
National Laboratory LLNL-CFPRES-2008990 7
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High Stage Order is a Well-Known Sufficient
Condition for Nonlinear Problems
Theorem 3.3: Let o fie B be given. Assume the Runge-Kutta method (1.3) is A-stable,

® Th e Sta ge O rd e r Of a m eth O d iS th e AS-stable and ASI-stable. Then we have for the class of problems (1.5) satisfyving (1.6)

the {optimal) B-convergence result

minimum of p, g satisfying exl<Co (0<e<

with order

Ck (@) p=q l;fB{ql-C{qll

C ( ) . A C k—1 _ k - 1 (b) p=q+1if Blg+1). Clg) and y is uniformly bounded on C".
q . - ) e A q’ Burrage, Kevin, W. H. Hundsdorfer, and Jan G. Verwer. "A study of B-
k convergence of Runge—-Kutta methods." Computing 36.1-2 (1986): 17-34.

k

B(p): bTck 1= 1,..,p

k )
* This is very restrictive!
i) All Runge-Kutta methods of the family M, are convergent on the class F;

* Explicit methods have max stage order of 1 with order p given by (3.3)3.5).
ii) All Runge-Kutta methods of the family Mz are convergent on the class Fj
* Diagonally implicit methods have max of 2

g+ 1 if Blg+ 1) and C'(g) hold and (=)
is uniformly bounded on T~

(3.3)

{ q if|B(g) and C(q)nold,
p=

with order p given by (3.3)-(3.5).

Calvo, M., S. Gonzalez-Pinto, and J. I. Montijano. "Runge-Kutta methods for
the numerical solution of stiff semilinear systems." BIT Numerical

* Butis high stage order necessary? Mathematios 40 2000): 611-63.

B Lawrence Livermore
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Singular Perturbation Theory is Also Relevant

* Consider the singular perturbation problem
y' () = f(y(6), (D))
ez’ (t) = g(y(6), (1))

* We can expand the local error of a Runge—
Kutta method as power series in both h and €

* This gives order conditions for differential-
algebraic equations of arbitrary index

* These conditions are likely necessary but
not sufficient

Lawrence Livermore
National Laboratory LLNL-CFPRES-2008990

ERROR OF RUNGE-KUTTA METHODS
FOR STIFF PROBLEMS
STUDIED VIA DIFFERENTIAL ALGEBRAIC EQUATIONS

E. HAIRER, CH. LUBICH and M. ROCHE

Université de Genéve. Dept. de mathématiques, Rue du Liévre 2-4, Case postale 240,
CH-1211 Genéve 24, Switzerland

Abstract.

Runge-Kutta methods are studied when applied to stiff differential equations containing a small
stiffness parameter & The coefficients in the expansion of the global error in powers of & are the
global errors of the Runge-Kutta method applied to a differential algebraic system. A study of
these errors and of the remainder of the expansion yields sharp error bounds for the stiff
problem. Numerical experiments confirm the results.

ON A CLASS OF UNIFORMLY ACCURATE IMEX RUNGE-KUTTA
SCHEMES AND APPLICATIONS TO HYPERBOLIC SYSTEMS
WITH RELAXATION*

SEBASTIANO BOSCARINO! AND GIOVANNI RUSSOT

Abstract. In this paper we consider hyperbolic systems with relaxation in which the relaxation
time £ may vary from values of order one to very small values. When £ is very small, the relaxation
term becomes very strong and highly stiff, and underresolved numerical schemes may produce spu-
rious results. In such cases it is important to have schemes that work uniformly with respect to e.
IMplicit-EXplicit (IMEX) Runge-Kutta (R-K) schemes have been widely used for the time evolu-
tion of hyperbolic partial differential equations but the schemes existing in literature do not exhibit
uniform accuracy with respect to the relaxation time. We develop new IMEX R-K schemes for hy-
perbolic systems with relaxation that present better uniform accuracy than the ones existing in the
literature and in particular produce good behavior with high order accuracy in the asymptotic limit,
i.e., when ¢ is very small. These schemes are obtained by imposing new additional order conditions
to guarantee better accuracy over a wide range of the relaxation time. We propose the construction
of new third-order IMEX R-K schemes of type CK [S. Boscarino, SIAM J. Numer. Anal., 45 (2008),
pp. 1600-1621]. In several test problems, these schemes, with a fixed spatial discretization, exhibit
for all range of the relaxation time an almost uniform third-order accuracy.




New Theory for Stiff Semilinear ODEs
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We Start by Considering Semilinear Problems

* In nonlinear problems, stiffness often arises from linear terms

* Let’s consider semilinear problems

Nonpositive logarithmic y’(t) = ]y(t) + g(y({)\)

norm ensures the

eigenvalues of ] reside in \ Stﬁ Nomstift -
the left half-plane
- Re(p,Jy) <O [9() = 9(@)] < Lly — 2

* Examples include

e Patten-forming diffusion reaction problems

* Schrodinger equations

* Air pollution transport models o

Lawrence Livermore
National Laboratory ~ LLNL-CFPRES-2008990 11
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Progress has been Made Outside of Runge—Kutta
Methods

* ExponentialIntegrators

* Hochbruck, and Ostermann. "Explicit exponential Runge-Kutta methods for semilinear parabolic Order Tree Stiff order conditions
n - - s C2
problems." SINUM 43.3(2005): 1069-1090. 3 V S5, bi(2)% = ws(2)
* Luan, and Ostermann. "Exponential B-series: The stiff case." SINUM 51.6 (2013). > R o3
| o 4 | N7 | TiLb2)g = eu2)
* Hochbruck, Leibold, and Ostermann. "On the convergence of Lawson methods for semilinear stiff .
problems. Numerische Mathematik 145 (2020). 5 v Yo bi(2) 5 = p5(2)
« Splitting Methods 5 @”D D oiep bi(Z)eiK3,i(Z) =0
* Hansen, and Ostermann. "High-order splitting schemes for semilinear evolution equations." BIT NS i 0.0 s &
Numerical Mathematics (2016). 6 2i=2bi(2) 5 = po(2)
* Einkemmer, and Ostermann. "Overcoming order reduction in diffusion-reaction splitting. Part 1: Dirichlet 6 w Z:—z bz‘(Z)C?Mws (Z)=0
boundary conditions." SISC (2015). B
* Einkemmer, and Ostermann. "Overcoming order reduction in diffusion-reaction splitting. Part 2: Oblique 6 W 2522 bi(Z)ciKa:(Z) =0
boundary conditions." SISC (2016).
* Linear Multistep Methods For exponential methods, stiff
* Wanner, and Hairer. Solving ordinary differential equations Il. New York: Springer Berlin Heidelberg, 1996. order conditions can be mapped
« Rosenbrock onto trees. The conditions must
* Lubich, and Ostermann. "Linearly implicit time discretization of non-linear parabolic equations." IMA hold for all matrices Z, K, M

Journal of Numerical Analysis (1995).

l Lawrence Livermore
National Laboratory ~ LLNL-CFPRES-2008990 12



Our Semilinear Analysis Extends a Lesser-Known
Classical Analysis

* Rooted trees and B-series are the standard tools for analyzing the
local error of a Runge—Kutta scheme

* Albrecht proposed alternative order conditions based on recursive
orthogonality conditions
LEMMA 1.3. r;(x;), w;(x;) € R® are obtained from the following recursion.

SIAM J, NUMER. ANAL. (©) 1996 Society for Industrial and Applied Mathematics RECURSION 0.
Vol. 33, No. 5, pp. 1712-1735, October 1996 002

(192) ri(x) = YO + Awi(); wixy) :=0;

i-2 1
w;i(xj) = ZDlﬁgfl)(xj)ri-l(xj)
THE RUNGE-KUTTA THEORY IN A NUTSHELL* =4

i—4
PETER ALBRECHT' + Z D' Z 11' &P (x))rm (X)) - ralx))

Abstract. In an earlier paper [Albrecht, SIAM J. Numer. Anal., 24 (1987), pp. 391-406] Runge~Kutta methods B0
were treated as (composite) linear methods. The resulting linear theory is elementary yielding the order conditions 6
as orthogonal relations from a recursion. This paper further extends this approach and discusses its implications. It 4 Z D! Z 1 ggl)( X)) m (%)) - Fn(xj) - 75(%})
is extended to Fehlberg forms, and the global as well as the stage errors are given in great detail, including a new =0 U
presentation of the principal error function that simplifies error minimization. The orthogonal structure of the order Siiis
conditions has many advantages; it provides, in particular, a powerful strategy for existence proofs and facilitates +
the calculation of RK-methods. The recursion, which, originally, was designed to generate the order conditions, . 2k
is considerably generalized by mappings and becomes a major tool also for the classical theory. It can be used (19b) = Z D' Z 1 gl((l) Xy (X)) =+« Py (),
for a recursive generation of rooted trees; also Butcher’s elementary differentials and weights as well as his order k=1 1=0 My gy 22 n
conditions can be obtained recursively. To this purpose, the elementary weights are reformulated, and the rooted trees Lk
are complemented by “blossoms.” The whole approach extends to Rosenbrock methods. i=23,...,p—-1

l Lawrence Livermore
National Laboratory ~ LLNL-CFPRES-2008990 13



Albrecht’s Order Conditions are Equivalent to
Butcher’s, but...

* They use a different basis of elementary differentials

 Albrecht’s initial derivation doesn’t use trees, but he shows how to
map order conditions to and from trees

- . (@) 7
Differential: f,”(f; f;f’f) Differential: ( dt:); t )t=t0 y (tO)

. 1 2
Order Condition: — = b'C*Ac Order Condition: 0 = b C? (C? — Ac)

l Lawrence Livermore
National Laboratory ~ LLNL-CFPRES-2008990 14
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The Primary Novelty is The Local Error Series for Stiff,
Semilinear ODEs

(Simplified) Theorem

We express the local error in the
stages, step, and nonstiff function Under mild ODE smoothness and Runge-Kutta
evaluation in the series stability assumptions, the series coefficients are

Gy 1 cj_Aci’1
A = (1-Awz) ((Z, —

Ayl = (T ez2)(1-A22)” (((;I - (fi_l;,) ®y“)(t0))

) ? ym(to)) +(A)(I-A®2) 'Agi™H,

AYy = Z AY PR+ O(hTY)

Ay, = zA i 4 o(hr+) oD a02) ™ (- G )i
Ags” =§ 2 (_,i,); (C* @ DGR (1) (AVL™ . AY ™).
(i}, . =0 +$1:—e
Ago = ZAg Rt +O(h") for h sufficiently small but independent of Z = hJ,

I.e., stiffness.

| kztrence Livmmmora S e Recall ODE is y'(£) = Jy(®) + g(y(©) s



ﬁ
Let’s Examine the 3@ Order Terms of the Local Error

Ayy”

= (% —~ bT;) YD)+ BT RU-AR Z)™ ((63 —~ Acz) ® y<3>(to))

6 2

+B"TRDNU-ARD) (IR g ())I-AQ2)™ ((% — Ac) & y(3’(to))

* |s everything bounded despite Z being unbounded? Yes!

» The derivatives y®)(t,) and g'(y,) are bounded by assumptions

e The matrices(BT @ 2) I -AR Z) tand(I -AR Z) ! are
bounded for most practical implicit Runge—Kutta methods

Lawrence Livermore

ENational Laboratory  LLNL-CFPRES-2008990 Recall ODE is y,(t) = ]y(t) + g(y(t)) and Z = hJ e
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Here’s Some Intuition

 Proof sketch

* The local error in the stages, AY,, is defined by an equation this is implicit
in both / and g. We can remove the implicitness for J since it is linear:

r iyttt
AY =h(AQ DU -AQZ)'Age + (I — A ®Z)‘1Zhr <%— (i i D!
i=1 ' '

) y(i)(to)

* In this form, we can apply Albrecht’s classical derivation which is involves
a double Taylor series of Agy = g(y(ty + ch)) — g(¥p)

e Care is needed to avoid commuting terms, hence the Kronecker products

* When Z = 0 for we recover Albrecht’s classical, nonstiff results

| B Lawrence Livermore

National Laboratory ~ LLNL-CFPRES-2008990 Recall ODE is y’(t) = ]y(t) + g(y(t)) and Z = hJ Uz
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Rooted Trees Offer a Graphical Representation

* The recursion and summation over integer partitions are complex
and cumbersome but can be mapped to rooted trees

T ={e, 4, ?, }, .\:/., \}, o (rooted trees)

T, ={re€T:|r| =i}, (rooted trees with ¢ vertices)

* Following Albrecht, we use the standardized form
T=[T5T1 ... Tk, (>0, k>0, 754717 (G=1,...,k),
with 7, the tree of order one.

e Example: %'
= [n?.::}«'] = [72 [N [0]] = [72 [[73]] [ol-

l Lawrence Livermore
National Laboratory ~ LLNL-CFPRES-2008990 18
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The Local Error Recursion Can Equivalently be
Expressed As

AY, = Z (()¥(r: 2, 10) VR + O () Ay = Y C()(r; Z, o)™ + O (k)
TeT

|7-|<r RealNumber IT|<r
U(r;Zt)=I-A®Z)"! (((;iri)' — i(';f) ® y(”l)(t)) ; {)
b(r Z,1) = ( 1 E) D () + (6T @ Z)U (7 Z, 1) whent = [TO] V

o c+1 o )Y I

U(r; Z,t) = (I — A® Z)"H((ACYH) @ I) gEM (t) (U (113 Z, 1), ..., U(Ty; Z, 1)), when T = [Tg Tq - Tk]
B Z,8) = (7 & DI - A8 2 (CH o 1) G0 OV Z,D),... V(rei Z,8) —

E Lawrence Livermore

National Laboratory ~ LLNL-CFPRES-2008990 19
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Ultimately, We Want Order Conditions In Terms of
Coefficients

 The error interweaves differentials and coefficients because (I — A ® 7)1
lacks a Kronecker product structure.

* By Cayley-Hamilton, (I —A ® Z)~1 = ¥;-; A' ® P;(Z), with P; polynomials.

* Avector space representation helps account for this summation.
¢

£

j ctt1 Act\| . e

V; = span 4 D o j=0,..,s—1¢twhent = V
—t—

i = span{Aj+1C(ﬁ1 X X ,Bk)|j =0,..,s—1, B E VTi} whent er

l Lawrence Livermore
National Laboratory ~ LLNL-CFPRES-2008990 20
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Conditions to Attain Semilinear Order p;

Under mild ODE smoothness and Runge—-Kutta stability

assumptions, if for all trees T up to order py,

£
——
1

T ¢ _ 1 T . _....
b’ c —Hlandb f =0forallf € V. whent = \.f

bTAjC{)(,Bl X ” X ) = 0forall B; € Ve s Bx € Ve, @andj =

0,..,s — 1%%

then there are constants D, h iIndependent of stiffness such that the
local error satisfies ||Ay,y|| < DhPst*! for h < h.

Lawrence Livermore
National Laboratory ~ LLNL-CFPRES-2008990 21
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Here are the Semilinear Order Conditions which
Eliminate Order Reduction

Label Tree T Order Condition (Vi1,12,13,%4 € {0,..., s—1} Implied By
Ta | ® |0=1-0T¢ B(1) * The “bushy trees”
2| & | 0=j-bre=pran (g - Ac) 52,6 give weak stage order
sa | W Jo=g- g =van (- 4) B(3),¢(3) conditions
3b } 0 =bT Al (C—; — Ac) 2a
ta| O o= k- —pran (5 - 42 Baca Somg order
.} - conditions are
4b 0=b7ACA™ (5 - Ac) ¢ redundant
4c ? 0 =bT Airtiz (& _ A 3a . .
(7 -%) * The first uniquely
4d :: 0= b Antiatiotl (£ _ 4c) 2a nonlinear condition is

| B Lawrence Livermore

National Laboratory LLNL-CFPRES-2008990
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It Suffices to Consider a Subset of Trees

* We found that when a tree has a singly-branched vertex with a non-
leaf child, we get an order condition implied by suppressing that

vertex:
Sl V) suppress v ~
T = ? T =

* |f we suppress these vertices from all rooted trees, we’re left with
the semi-lone-child-avoiding trees

Order |1 2 3 4 5 6 7 8 9 10
Number of trees | 1 1 2 4 9 20 48 115 286 719
Number of semi-lone-child-avoiding trees | 1 1 1 2 4 7 15 29 62 129

E haa‘{‘i’{,?.';‘fiké‘g‘ig{z,‘};e LLNL-CFPRES-2008990 https://oeis.org/A331934 23
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Global Error and Superconvergence

» Textbook convergence theory implies O(hPst*t1) local errors
accumulate to a O(hPst) global error

* For fixed steps, this may not be sharp

* We showed that if the semilinear orderis pg;, the classical order is

p + 1, and the linear stability function satisfies

1
lim R(z) # 1 and —(1 — R(z)) has no zeros in C~

Z—>00 Y

then we have “superconvergence” with a O(hPsi*t1) global error.

* The results hold uniformly w.r.t stiffness which is called B-convergence

l Lawrence Livermore
National Laboratory ~ LLNL-CFPRES-2008990 24
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We Want to Design DIRK Methods Satisfying the
Semilinear Order Conditions

* The order conditions appear quite demanding

* The number of conditions can increase as more stages are added

* Not immediately obvious they can be enforced without resorting to high
stage order

* We’ll focus on methods with the “wishlist”
* Diagonally implicit
* Order >3
* L-stable

* We used a combination of symbolic and optimization methods to
derive schemes

l Lawrence Livermore
National Laboratory ~ LLNL-CFPRES-2008990 26



.

EDIRK-(7,4,4) has 7 stages, Classical Order 4, and

Semilinear

Order 4

* We wanted to see if a method that uses no simplifying
assumptions, i.e., has stage order 1, exists. Yes!

ai1,1 0

as,1
4,1
Q4.4
as.3
ae,1
ae.4

ar.1

ar4 —

ar.7

B Lawrence Livermore
LLNL-CFPRES-2008990

National Laboratory

11574878994758291
117719113355115783
312078294212599530
40823424700776821
98271968880200657
179019545289054999
205947502305419261
24454220481972685
151740509096074388
196613682401464609
37706375961306427
179802732674457709
3312403043354842
33496693975407517
11696764876217691
132584149662964151
34834932759942553
78271243704016222

az,1
as, 2
Q4,2
as,1
as. 4
ae,2

ae6,5

a7z —

ar.5

66719178356146069
104971894986575178
1858197540898696
70529361366069153
155312269009595199
86710391005988198
1246868775297421168

137070970121741807
18936671640200689
104159855867653343
254369392774793867
44087509892864172
7953265906419399
38933344132172515
7745264544994559
74509708869668763
9114026243344448
106054923174086269

az,2

as,s
4.3
as,2
as.s
ae,3
ae6,6
ar,3

a7.6

66719178356146069
104971894986575178
11617133062216757
43245479316548780

743789150637775609

113352218631221311
114921713922407255
52367417556902641
47397311839212708
127463680130367391
73864359103986538
65744654972066205
48325866641079469
46020097947328612
75463258779378077
134382831179297809
55946924902076
75756035623695139

27
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We Recommend Two Optimized ESDIRK Methods

* The previous method is mostly of theoretical interest
* We found using the C(2) simplifying assumption to be beneficial

* We propose ESDIRK-(8,4,3) which has classical order 4 but
semilinear order 3
* With superconvergence, we should see 4" order B-convergence
* [tisindeed L-stable

* We also propose ESDIRK-(10,5,4) which is L-stable and 5" order B-
convergent

l Lawrence Livermore
National Laboratory ~ LLNL-CFPRES-2008990 28
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We Start with a Semilinear Variant of the Prothero-—
Robinson Problem

* The solution to this ODE is independent of the stiffness (A):
y'(£) = A(y(6) =1+ 2 +t) = 29()?/(1 + y(1)?)

e Baseline 4th and 5t order methods have semilinear order 1

(5,4,1) (5,5,1)
10 '
57 ol
10%: P anl TP -
SDIRK4 from a7 A i _ SDIRK5()5L[1] from
Hairer, Wanner. Solving ; z AR gl Er_Er_--Ev*' Kennedy, Carpenter.
ordinary differential 107L = i " L e Diagonally implicit
equations Il. New York: g v3 e Runge-Kutta methods
Springer Berlin 1"3_15 p— for ordinary differential
Heidelberg, 1996. - i - e i | Y o = 10" - = 107 equations. A review.
) =107 4 =-10" | E )= 107 <) =107
1012 . A =-10%-—Slope 1 %A= —10% - Slope 1
) = —10¢ - -Slope 2 | -3 = —10¢ - -Slope 2
c : )= —-10° —Slupc 4 10718 . A= -10° _S_IDPE 5 !
10° 102 h 107 107 102 h 107
E Lawrence Livermore
National Laboratory ~ LLNL-CFPRES-2008990 30
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Our New Methods Avoid Order Reduction

| (7,4,4)
105 e \=-10' 1= -10°
A= 107 A= -107
A= —10? ... Blope 2
) = —10" - -Slope 3

-A
107! o A = —10° —Slope 4

1072 10% h 10"

v B-Convergent of Order 4

Lawrence Livermore
National Laboratory LLNL-CFPRES-2008990

_ (8,4,3)
€k =-10"' )= -10°
10° g A =10 4 A= —107
%A= —10 - Slope 2
) = —10" - -Slope 3
A= —10" —Slope 4

1072 102 h 10"

v B-Convergent of Order 4

(10,5,4)

e A=-10' A= -10°
=A=-107 4-A=-107
108 -2 = —10% - Slope 2
43 = —10% - -Slope 4
A= —10° —Slope 5

v B-Convergent of Order 5

31
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Next We Test with the Allen—Cahn Problem

* We construct an Allen—-Cahn problem
using the method of manufactured
solutions

du

E = afvzu +ﬁ(u _u3) +S(t;x;3’)

* Time-dependent boundary conditions
are a typical recipe for order reduction

* A pseudo-spectral method is usedto
discretize space

l Lawrence Livermore
National Laboratory ~ LLNL-CFPRES-2008990 32
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Our New Methods Avoid Order Reduction

2 i 1
10 , i g Fa)
10 i e |
- e -
1074 | 107 |
_‘__H'
- -
1% -
108 it = o
- _ | = E
= L
e 109 -
== (E.4.3) = =Slope 2 -8-(10,5.4) - - Hlope 2
107 | =0-{54,1) —Slope 4 0-(55.1] —Slogpe 5
1077
10
10 1D-12
107 h 1072 10 107 h 107 10

Lawrence Livermore 33
National Laboratory LLNL-CFPRES-2008990



T

Can We Move Beyond Semilinear Problems to Fully
Nonlinear?

High stage order is not necessary to
eliminate order reduction for Runge-
Kutta methods applied to singular
perturbation problems. That is, weaker
conditions to attain B-convergence exist.

Lawrence Livermore
National Laboratory LLNL-CFPRES-2008990 34
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Promising Evidence Supports the Conjecture

10" |
* The Kaps’ problem is a nonlinear |

singular perturbation problem: -
ey; = —(1 4 2€)y; +y3 105 |
Y2 = Y1 = Y2~ V3 |

E
* Our EDIRK-(7,4,4) method - o [ c1e0
. L —+— exlae-0a
designed for semilinear ODEs #— exle-05 |

has order 4 B-convergence here! -yl

exzla-Z

* Other stiff nonlinear problems e=le-01
show similar results 10 10"
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Conclusions

e Stiff semilinear ODEs can cause Runge-Kutta methods to
experience order reduction

* We developed a sharp order condition theory to explain this and
provided order conditions to eliminate order reduction

* Our new DIRK methods validate the theory and appear to work for
even broader classes of nonlinear problems

* Next steps
* IMEX
* Fully nonlinear singular perturbation problems
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