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Space-time parallel solvers for the solution of parabolic problems

Introduction

Introduction

Evolutionary problems with fine resolution in space and time arise in
many applications and are computationally demanding.

As increasing clock speeds becomes harder, modern architectures
add more cores, making parallel algorithms more important.

First, spatial parallel computing methods were developed. Time
discretization was sequential.

For evolutionary PDEs, spatial parallelism alone is often insufficient
and space-time parallelism is needed to fully exploit computing
resources.

In this talk, spatial parallelism will be achieved using operator
splitting time integrators.

Time parallelism will be obtained using Parareal and
Multigrid-Reduction-in-Time (MGRIT) algorithms.
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Space-time parallel solvers for the solution of parabolic problems

Model problem and splitting techniques

The continuous problem

Let us consider a linear parabolic initial-boundary value problem

ut = L u + f , in Ω× (0,T ],

u = g , on Γ× (0,T ],

u = u0, in Ω̄× {0},

where L is an elliptic operator and Ω ⊂ Rd is a bounded open
domain, d = 2, 3, with boundary Γ = ∂Ω.

For instance, we may consider a reaction-diffusion problem

Lu = ∇ · (K∇u)− cu,

where K (x) ∈ Rd×d is an SPD full tensor, and the functions
c(x) ≥ 0, f (x , t), g(x , t) and u0(x) are sufficiently smooth.
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Space-time parallel solvers for the solution of parabolic problems

Model problem and splitting techniques

Operator splitting and method of lines

We consider a partition of the elliptic operator into M terms:

L = L1 + L2 + . . .+ LM .

Operators Li are simpler than L and permit spatial parallelization.

Following the method of lines, we obtain a partitioned stiff IVP

U ′(t) = (A1 + . . .+ AM)U(t) + F (t), t ∈ (0,T ],

U(0) = U0,

by using a suitable spatial discretization method (e.g., finite
differences, finite volumes or finite elements).

U0 is an appropriate restriction or projection of u0, U(t) ≈ u(x , t)
and Ai ≈ Li (x). Define A = A1 + . . .+ AM . F comprises the
approximation of f and the contribution of the boundary conditions.

Although not clearly specified, h denotes the spatial grid size.
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Space-time parallel solvers for the solution of parabolic problems

Model problem and splitting techniques

Splitting time integrators

Consider a uniform partition of the time interval [0,T ] into Nt

subintervals of length δt = T/Nt . The time grid is given by

{t0, t1, . . . , tNt}, with ti = i δt.

Let us denote by Un ≈ U(tn) and Fn ≈ F (tn).

The fractional implicit Euler (FIE) scheme is an L-stable and
first-order convergent method1 defined as: (I − δt A1)Un,1 = Un + δt Fn+1,

(I − δt Aj)Un,j = Un,j−1, j = 2, 3, . . . ,M,
Un+1 = Un,M ,

whose stability function is given by RFIE (z1, . . . , zM) =
∏M

j=1
1

(1−zj )
.

1Hundsdorfer et al. Springer (2003)
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Space-time parallel solvers for the solution of parabolic problems

Model problem and splitting techniques

Splitting time integrators

The Douglas-Rachford (DR) scheme is an A-stable (not L-stable)
and first-order convergent method defined as: (I − δt A1)Un,1 = (I + δt A)Un + δt Fn,

(I − δt Aj)Un,j = Un,j−1, j = 2, 3, . . . ,M,
Un+1 = Un,M ,

The stability function is given by

RDR(z1, . . . , zM) = 1 +

∑M
j=1 zj∏M

j=1(1− zj)
.

The splitting error with respect to Implicit Euler (IE) is first-order
for FIE and second-order for DR.
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Model problem and splitting techniques

Partitioning techniques and parallelization capabilities

There are different ways to split the elliptic operator in M terms, as:

Dimensional splitting: related to the spatial variables (requires
Cartesian grids and no mixed derivatives).

Domain decomposition splitting: related to a decomposition of
the spatial domain.

At each internal stage, the resulting linear systems are spatially
uncoupled and can be solved in parallel.

Unlike other conventional parallel-in-space strategies, no iterative
procedure is required to converge.
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Space-time parallel solvers for the solution of parabolic problems

Model problem and splitting techniques

Dimensional splitting technique

Assume that Ω ⊂ Rd admits a Cartesian grid and K is a diagonal
d × d matrix with diagonal elements k1,. . . , kd .

The dimensional splitting in M = d terms of operator
L = L1 + . . .+ LM is given by the terms:

Lju =
∂

∂xj
(kj

∂u

∂xj
)− 1

M
cu, for j = 1, . . . ,M.

The resulting linear systems are essentially 1D and uncoupled.

P1
P2
P3
P4
P5

P1P2P3P4P5
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Space-time parallel solvers for the solution of parabolic problems

Model problem and splitting techniques

Domain decomposition splitting technique

Let Ω =
⋃M

k=1 Ωk be an overlapping decomposition2, where

Ωk =
⋃q

l=1 Ωkl , Ωki ∩ Ωkj = ∅ for i ̸= j .

Let {ρk(x)}Mk=1 be a smooth partition of unity such that
supp (ρk(x)) ⊂ Ωk , for k = 1, . . . ,M,

0 ≤ ρk(x) ≤ 1, for k = 1, . . . ,M,

ρ1(x) + ρ2(x) + . . .+ ρM(x) = 1.

The domain decomposition splitting in M terms of operator
L = L1 + . . .+ LM is given by the terms:

Lju = ∇ · (ρjK∇u)− ρjcu, for j = 1, . . . ,M.

2Mathew et al. SIAM J. Sci. Comput. (1998)
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Model problem and splitting techniques

Domain decomposition splitting technique

Example with M = 2 overlapping subdomains and q general.

β β β β β β

Example with M = 4 overlapping subdomains and q = 4.
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Model problem and splitting techniques

Connection to linear systems

For the linear IVP

U ′(t) = (A1 + . . .+ AM)U(t) + F (t), t ∈ (0,T ],

U(0) = U0,

a general one-step time integrator can be written as

U0 = U(0),
Ui = Φδt Ui−1 + bi , i = 1, . . . ,Nt ,

which is equivalent to the linear system of equations

C U ≡


I

−Φδt I
. . .

. . .

−Φδt I



U0

U1

...
UNt

 =


b0
b1
...

bNt

 = b, with b0 = U(0).
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Model problem and splitting techniques

Connection to linear systems

Traditional time marching corresponds to a block forward solve of
this system, which is completely sequential

I
−Φδt I

. . .
. . .

−Φδt I



U0

U1

...
UNt

 = b.

Examples of Φδt :

ΦIE
δt = (I − δt A)−1.

ΦFIE
δt = (I − δt AM)−1 (I − δt AM−1)

−1 . . . (I − δt A1)
−1.
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Space-time parallel solvers for the solution of parabolic problems

Time-parallel time integration methods

Time-parallel time integration methods

In this work we consider the Multigrid-reduction in time (MGRIT)
method to further parallelize in time.

The MGRIT algorithm is a multilevel iterative method for solving
time-stepping problems.

MGRIT achieves parallelism combining the original time-stepping
problem with a coarser approximate representation.

Parareal method can be interpreted as a two-level MGRIT scheme.

Both MGRIT and parareal are non-intrusive iterative methods that
converge in a finite number of iterations.

They can also be applied to nonlinear problems.
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method

The parareal method was first introduced by Lions, Maday and
Turinici (2001) as a parallel-in-time iterative algorithm involving
two propagators:

Fδt , a fine propagator (expensive, accurate, parallel) with a
small stepsize δt;

G∆T , a coarse propagator (inexpensive, inaccurate, sequential)
with a large stepsize ∆T = m δt (m ≡ coarsening factor).

The parareal method can be interpreted3 as a predictor-corrector
method, a multiple shooting method, a fixed-point iteration method
or a two-level multigrid method in time.

3Gander et al. SIAM J. Sci. Comput (2007)
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: time discretization

Given m > 1 a coarsening factor, the idea of the parareal method is:

Consider a fine grid {t0, t1, . . . , tNt}, with step-size δt := T/Nt

and a fine solution Un ≈ U(tn) for n = 0, 1, . . . ,Nt .

Consider a coarse grid {T0,T1, . . . ,TNT
}, with step-size

∆T = m δt, where NT = Nt/m, and a coarse solution
Vn ≈ U(Tn) for n = 0, 1, . . . ,NT .

-�
∆T

-�
δt

T0 T1 T2 . . . TNT

V0 V1 V2 . . . VNT

t0 t1 t2 . . . tm t2m tNt
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: algorithm

Initialization:{
V

(0)
0 = V0,

V
(0)
n+1 = G∆T (Tn,Tn+1,V

(0)
n ), for n = 0, 1, . . . ,NT − 1.

For k = 0, 1, . . . , until convergence, do:
V

(k+1)
0 = V0,

V
(k+1)
n+1 = G∆T (Tn,Tn+1,V

(k+1)
n ) + Fm

δt(Tn,Tn+1,V
(k)
n )−

G∆T (Tn,Tn+1,V
(k)
n ), for n = 0, 1, . . . ,NT − 1.
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: two graphical examples

IVP: y ′(t) = −3 y(t), t ∈ (0, 1], y(0) = 1/2

Coarse/fine prop.: Forward/Backward Euler ∆T =
T

4
and δt =

T

20
.
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: two graphical examples

1D Heat equation on Ω× (0,T ] ≡ (0, π)× (0, 3], initial condition
u(0, x) = sin x , homogeneous Dirichlet b.c.

Second-order finite differences with h = π
200 .

Coarse propagator: Implicit Euler with ∆T = 3
20 .

Fine propagator: SDIRK(2,2) (γ = 2−
√
2

2 ) with δt = 3
200 .

The error of the fine solution is ≈ 4 · 10−6.

After 6 parareal iterations, the error w.r.t. the fine solution at the
coarse points is ≈ 5 · 10−11.
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: two graphical examples

Error at iteration 1:
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: two graphical examples

Error at iteration 2:
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: two graphical examples

Error at iteration 3:
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: two graphical examples

Error at iteration 4:
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: two graphical examples

Error at iteration 5:
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: two graphical examples

Error at iteration 6:
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: two graphical examples

Error at iteration 7:
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: two graphical examples

Error at iteration 8:
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: two graphical examples

Error at iteration 9:
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

The parareal method: some properties

If there are NT large time subintervals, V
(k)
n converges in exactly NT

iterations to the serial solution obtained with the fine propagator F .

Thus, the method is useful if we can stop the algorithm after
k << NT iterations, obtaining a good approximation.

We are free to choose the ode-solver we prefer for F and G . The
chosen methods should be convergent and stable for the specified
stepsizes δt and ∆T . In fact, L-stability is a key property for the
coarse propagator4.

4Friedhoff et al. Numer. Linear Algebra Appl. (2021)
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Our proposal

We propose to use splitting time integrators as the fine and coarse
propagators, F and G, in the parareal method.

The idea is to design methods that allow for parallelization in both
space and time.

Unlike classical parareal, the new schemes allow both propagators to
run in parallel.

Unlike related existing methods (e.g., parareal Schwarz waveform
relaxation methods), these schemes do not require any iteration to
adjust the boundary conditions of the subdomains.

Space-time parallel solvers considered:

Parareal FIE-FIE method.
Parareal FIE-DR method.
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Convergence for the scalar case

Let us consider the partitioned Dahlquist test problem for M
splitting terms{

y ′(t) = (λ1 + · · ·+ λM)y(t), t ∈ (0,T ],
y(0) = y0,

with λi ∈ C, for i ∈ {1, . . . ,M}.

The convergence factor of the parareal algorithm is defined as

K(z1, . . . , zM ,m) =
|RF (z1/m, . . . , zM/m)m − RG(z1, . . . , zM)|

1− |RG(z1, . . . , zM)|
,

where RG and RF are the stability functions of the coarse and fine
propagators and m = ∆T/δt.
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Convergence for the scalar case

Theorem

The following bounds can be shown for the two parareal methods:

KFIE-FIE(z1, . . . , zM ,m) ≤ 1/3,

KFIE-DR(z1, . . . , zM ,m) < 1,

for every M ≥ 2, (z1, . . . , zM) ∈ (−∞, 0)M and m > 1.

Proof.

The theorem is shown for M = 2 by using standard analysis tools for
functions depending on two variables. The extension to the general case
M > 2 is proven following an induction procedure.
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Convergence factor for Parareal FIE-FIE (M=2)

-104 -102 -100 -10-2

Eigenvalue

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

m = 2

m = 4

m = 10

m = 20

KFIE-FIE(z , z ,m) over R− KFIE-FIE(z , z , 1000) in (−1, 0)× (−20, 20)

KFIE-FIE(z , z , 1000) in (−2.5 · 107, 0)× (−107, 107)
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Convergence factor for Parareal FIE-DR (M=2)
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0
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KFIE-DR(z , z ,m) over R− KFIE-DR(z , z , 1000) in (−1, 0)× (−20, 20)

KFIE-DR(z , z , 1000) in (−2.5 · 107, 0)× (−107, 107)
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Convergence for the matrix case

Theorem

The previous results can be generalized for matrix differential problems of
the form {

y ′(t) = (A1 + A2 + . . .+ AM), y(t), t ∈ (0,T ],

y(0) = y0,

with Ai ∈ Rm×m, for i ∈ {1, . . . ,M} if the set {A1,A2, . . . ,AM} is
simultaneously diagonalizable (i.e. there exists an invertible matrix
V ∈ Rm×m such that V−1AiV is a diagonal matrix for i = 1, 2, . . . ,M).
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Numerical experiments

Let us consider the 2D heat equation on Ω× [0,T ] = [0, 1]3, with
homogeneous initial and Dirichlet boundary conditions, and source
term f such that the exact solution is

u(x , y , t) = sin(2πt) sin(2πx) sin(2πy).

We consider a finite difference spatial discretization on a Cartesian
mesh with size h = 10−3.

We consider ∆T = 5 · 10−2.

We consider splittings in M = 2 terms. For the DD splitting, we
consider q = 2 and overlapping size between subdomains is 1/8.
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Numerical experiments

Error with respect to the fine approximation
(m = 20, ∆T = 5 · 10−2, δt = 2.5 · 10−3)
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Numerical experiments

Influence of m = ∆T/δt on the convergence for DD splitting
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Numerical experiments

Robustness with respect to h and ∆T : (Tol= 10−6).
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Numerical experiments

How do the sizes of q and β affect the number of iterations?
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Numerical experiments

Scalability test: h = 5 · 10−3,∆T = 1/128, δt = 1/1280. Coarse
propagator: q = 6, β = 1/12; Fine propagator: q = 4, β = 1/8.
Speedup: S(np) = Ts/Tp(np).
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Interpretations of parareal

1 Let the restriction operator be the (NT + 1)× (Nt + 1)
block-diagonal matrix R = diag(RI ,RI , . . . ,RI , I ), with

RI =
[
I 0 · · · 0

]
.

2 Let the prolongation operator be a block-diagonal matrix with
(Nt +1)× (NT +1) blocks, such that P = diag(PΦ, . . . ,PΦ, I ), with

PΦ =


I
Φ
· · ·

Φm−1

 .
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Parareal as a fixed-point iteration method

1 Recall the connection of time-stepping methods with linear systems

C U ≡


I

−Φδt I
. . .

. . .

−Φδt I



U0

U1

...
UNt

 = b.

2 Considering only the coarse time points, the previous system is
equivalent to

CF V =


I

−Φm
δt I

. . .
. . .

−Φm
δt I



V0

V1

...
VNT

 = bF .
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Parareal as a fixed-point iteration method

1 Parareal consists of solving the system

CF V =


I

−Φm
δt I

. . .
. . .

−Φm
δt I



V0

V1

...
VNT

 = bF

with a fixed-point method based on a matrix splitting.

2 In particular, we consider CF = CG − (CG − CF ), where

CG =


I

−Φ∆T I
. . .

. . .

−Φ∆T I

 .
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Parareal as a fixed-point iteration method

1 Defining V = RU, compute V (0) as the solution to

CG V(0) = bG

For k = 0, 1, 2, . . . compute

CG V(k+1) = (CG − CF )V
(k) + bG

or, equivalently5,

V(k+1) = (I − C−1
G CF )V

(k) + C−1
G bG .

2 U(k+1) = P V(k+1).

5Ruprecht, Comput. Vis. Sci. (2018)
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Space-time parallel solvers for the solution of parabolic problems

Parareal for a partitioned problem

Parareal as a two-level MGRIT method

1 Taking into account that V(k) = R U(k) and CF = R C P (Schur
complement), the iteration can be written in terms of MGRIT
method as:

U(k+1) = P V(k+1) = (I − P C−1
G R C )P R U(k) + P C−1

G bG .

2 Defining the error e(k+1) = U(k+1) −U, it can be shown that

e(k+1) = E e(k) = . . . = E k+1 e(0),

where
E = (I − P C−1

G R C )P R,

is a nilpotent matrix.

3 The method can be extended with additional levels to reduce the
bottleneck from sequential coarse-grid solves.
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Space-time parallel solvers for the solution of parabolic problems

Contents

1 Introduction

2 Model problem and splitting techniques

3 Time-parallel time integration methods
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Partitions of the time interval

Coarsening factor m = 2 C-points (coarse) F-points (fine)

0 ≡ t2,0 t2,1 · · · T ≡ t2,Nt/m2

0 ≡ t1,0 t1,1 t1,2 · · · T ≡ t1,Nt/m

0 ≡ t0,0 t0,1 t0,2 t0,3 t0,4 · · · T ≡ t0,Nt

m2δt

mδt

δt

...
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Time integration process

For each level, the time integration process

CℓUℓ =


I

−Φℓ I
. . .

. . .

−Φℓ I




Uℓ,0

Uℓ,1

...
Uℓ,Nt/mℓ

 = bℓ

is considered, ℓ ∈ {0, 1, . . . , ℓmax}.

Φℓ is a matrix defined by a suitable integrator, e.g., the FIE scheme
gives rise to

ΦFIE
ℓ = (I +mℓδtAd)

−1(I +mℓδtAd−1)
−1 · · · (I +mℓδtA1)

−1.
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Relaxations

The MGRIT method6 is based on the multigrid-reduction methods.
Thus, its components are similar.

Relaxation: we consider F-relaxation and FCF-relaxation
(combination of F-relaxation and C-relaxation). Both can be done
in parallel.

· · · · · ·

F-relax. C-relax.

6Falgout et al., SIAM J. Sci. Comput. (2014)
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Other components

Restriction operator: injection (denoted by R).

Prolongation operator: ideal interpolation (denoted by P).

We mainly focus on V -cycles and F -cycles7.

V-cycle F-cycle

7Trottenberg et al. Elsevier Academic Press (2001)
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

The algorithm

1: if ℓ = ℓmax then
2: Solve the problem on the coarsest level ℓmax.
3: else
4: Relax on CℓUℓ = bℓ using F(CF)ν -relaxation.
5: Compute and restrict the residual using injection, i.e., bℓ+1 ← R(bℓ − CℓUℓ).
6: Solve on the next level by the MGRIT algorithm at level ℓ+ 1
7: Correct and prolongate by ideal interpolation (F-relaxation),

Uℓ ← Uℓ + PUℓ+1.
8: end if
9: return Uℓ
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Iteration matrix

Let the restriction operator be the (Nt/m
ℓ+1 + 1)× (Nt/m

ℓ + 1)
block-diagonal matrix Rℓ = diag(Rℓ,I ,Rℓ,I , . . . ,Rℓ,I , I ), with

Rℓ,I =
[
I 0 · · · 0

]
.

Let the prolongation operator be a block-diagonal matrix with
(Nt/m

ℓ + 1)× (Nt/m
ℓ+1 + 1) blocks, such that

Pℓ = diag(Pℓ,Φ, . . . ,Pℓ,Φ, I ), with

Pℓ,Φ =


I
Φℓ

...
Φm−1

ℓ

 .
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Iteration matrix

Then, the iteration matrix is recursively defined by

Mℓmax = 0,
Mℓ = (Iℓ − Pℓ(Iℓ+1 −Mγ

ℓ+1)C
−1
ℓ+1RℓCℓ)Pℓ(Iℓ − RℓCℓPℓ)

νRℓ,

for ℓ ∈ {0, 1, . . . , ℓmax − 1}, where ν = 0 for F-relax. and ν = 1 for
FCF-relax., whereas γ = 1 for V-cycles and γ = 2 for W-cycles.

We only consider the two-level case (ℓmax = 1) for the local Fourier
analysis of the MGRIT-FIE-Dim method.
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Space-time LFA

We consider the d-dimensional heat equation with no source term
and K = I .

Let us define an infinite mesh in space with size h:

Gh = {hj : j ∈ Zd}.

For the two-level MGRIT, two infinite meshes are considered in time,

Gδt = {kδt : k ∈ N ∪ {0}} and Gmδt = {kmδt : k ∈ N ∪ {0}}.

The space-time infinite uniform fine and coarse grids are defined as
Ωh,δt = Gh ⊗ Gδt and Ωh,mδt = Gh ⊗ Gmδt , respectively.
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Space-time LFA

The space-time Fourier modes8 are given by

ψ(θ, ω, x, t) = eιθ·x/heιωt/δt ,

for θ ∈ (−π, π]d and ω ∈
(
− π

m , 2π − π
m

]
.

We consider the space with coarsening in time

Eθ,ω0 = span{eιθ·x/h} ⊗ span1≤r≤m−1{eιω0tLm+r/δter},

for θ ∈ (−π, π]d and ω0 ∈
(
− π

m ,
π
m

]
, where er denotes a vector

whose components are equal to 1 at tLm+r (L ∈ N), and 0 otherwise.

8De Sterck et al., Numer. Linear Algebra Appl. (2020)
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Space-time LFA

If Lh is an infinite-grid Toeplitz operator, the space-time Fourier
symbol L̂h(θ, ω0) is given by

(Lhe(θ, ω0))j,k = L̂h(θ, ω0)ej,k(θ, ω0),

where ej,k ∈ Eθ,ω0 .

Accordingly, the space-time Fourier symbol of M0 is defined as

M̂0 = (I − P̂0Ĉ
−1
1 R̂0Ĉ0)P̂0(1− R̂0Ĉ0P̂0)

νR̂0.

Thus, we need to compute the symbols of C0, C1, R0 and P0 that
depend on the spatial symbols of the time integration method

Φ̃FIE
ℓ,θ =

d∏
j=1

1

1 + 2λmℓ(1− cos θj)
, for ℓ = 0, 1, where λ = δt/h2,

if we consider ADI splitting and second-order finite differences.
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Space-time LFA

The asymptotic convergence factor is given by

ρLFA(M0) = sup
{
ρ(M̂0(θ, ω)) : θ ∈ (−π, π]d , ω0 ∈

(
− π

m
,
π

m

]}
.

We also consider the convergence bound given by Dobrev9

ρDob = max
z

|R(z)− R(z/m)m|
1− |R(z)|

|R(z/m)m|ν ,

where z ∈ (−∞, 0)d , and R is the stability function of the
integrator.

9Dobrev et al. SIAM J. Sci. Comput. (2017).
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Comparison of convergence factors for MGRIT-FIE method

Consider the 3D heat equation with T = 1, h = 2−7, δt = 2−10,
u0 ≡ 0, and random initial guess (Tol: Machine precission).

Experimental ρLFA ρDob

F-
relax.

m = 2
FIE 1.1074e-01 1.2482e-01 1.2500e-01
IE 1.3182e-01 1.2482e-01 1.2500e-01

m = 4
FIE 1.7589e-01 2.0094e-01 2.0386e-01
IE 2.0033e-01 2.0257e-01 2.0386e-01

m = 32
FIE 1.3154e-01 2.8256e-01 2.8557e-01
IE 2.0952e-01 2.8256e-01 2.8557e-01

FCF-
relax.

m = 2
FIE 4.2854e-02 5.1876e-02 5.2734e-02
IE 5.9979e-02 5.2364e-02 5.2734e-02

m = 4
FIE 5.9766e-02 7.7918e-02 8.1327e-02
IE 8.0560e-02 7.8937e-02 8.1327e-02

m = 32
FIE 2.7767e-02 1.0116e-01 1.0766e-01
IE 7.6979e-02 1.0116e-01 1.0766e-01
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Numerical experiment

We consider the 3D heat equation with homogeneous Dirichlet
boundary conditions, such that the exact solution is

u(x , y , z , t) = sin(2πt) sin(2πx) sin(2πy) sin(2πz),

where (x , y , z) ∈ Ω = (0, 1)3, t ∈ [0,T ].

Second-order central finite differences are chosen for the spatial
discretization.

The time integrator is chosen to be FIE with dimensional splitting
(into 3 terms) or IE.

We denote M = 1/h and N = 1/δt as the discretization parameters.

Laura Portero Innovative & Efficient Strategies for Stiff Differential Equations, July 21-25, 2025



Innovative & Efficient Strategies for Stiff Differential Equations, July 21-25, 2025
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MGRIT for a partitioned problem

Robustness considering F-relaxation

Tol for the residual=10−9

M × N 25 × 26 26 × 28 27 × 210

F-relax

two-
level

m = 2
FIE 8 8 7
IE 11 11 8

m = 4
FIE 7 10 8
IE 11 15 11

V-cycle
m = 2

FIE 8 11 13
IE 14 23 30

m = 4
FIE 7 10 11
IE 11 17 22

F-cycle
m = 2

FIE 8 8 6
IE 11 10 8

m = 4
FIE 7 10 8
IE 11 15 10
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Robustness considering FCF-relaxation

M × N 25 × 26 26 × 28 27 × 210

FCF-
relax

two-
level

m = 2
FIE 4 7 6
IE 6 8 8

m = 4
FIE 3 6 7
IE 4 8 10

V-cycle
m = 2

FIE 4 7 8
IE 6 9 11

m = 4
FIE 3 6 8
IE 4 8 10

F-cycle
m = 2

FIE 4 7 6
IE 6 8 8

m = 4
FIE 3 6 7
IE 4 8 10
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Scalability

Simple scalability test for m = 16, M = 26 and N = 210. Up to 8
processors are devoted to parallelization in space.

Two-level MGRIT V-cycle MGRIT

4 8 16 32 64

Number of cores
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MGRIT for a partitioned problem

This seems nice but...

We should take into account the splitting error generated by
the described partitioning.

The error of the target solution may increase significantly and
finer time steps may be required.

If the splitting error is too large, another simple alternative is
to consider the integration on the finest level by the implicit
Euler, and the rest of the levels by the FIE.

The resulting method looses space parallelization on the finest
grid.

However, the obtained approximation could be far more
accurate than the one obtained by the MGRIT and FIE.

In terms of local Fourier analysis, it does not almost differ
from the previous results.
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Space-time parallel solvers for the solution of parabolic problems

MGRIT for a partitioned problem

Robustness

26 × 28 FIE IE FIE+IE

F-relax

two-
level

m = 2 8 11 8
m = 4 10 15 7

V-cycle
m = 2 11 23 9
m = 4 10 17 8

F-cycle
m = 2 8 10 8
m = 4 10 15 7

FCF-
relax

two-
level

m = 2 7 8 7
m = 4 6 8 5

V-cycle
m = 2 7 9 6
m = 4 6 8 5

F-cycle
m = 2 7 8 7
m = 4 6 8 5
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Space-time parallel solvers for the solution of parabolic problems
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Space-time parallel solvers for the solution of parabolic problems

Conclusions and work in progress

Conclusions and work in progress

We designed and analyzed space-time parallel methods that
consider first-order splitting time integrators.

Compared to classical parareal/MGRIT methods, the presented
schemes also use parallel computations in the coarsest level.

Regarding CPU times, the new schemes can outperform the
classical Parareal and MGRIT method considering the IE scheme.

The number of iterations for reaching certain tolerance can decrease
(especially for V-cycles and F-relax.).

In progress:

Extend the scalability analyses considering more cores.
Analyze the MGRIT-FIE method with DD splitting (more
flexible).
Consider higher-order splitting time integrators.
Test the solvers in complex problems (e.g., porous media).
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Conclusions and work in progress
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