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Motivations

• Stiff PDEs often require implicit time-stepping methods
• IMEX, fully implicit...

• Method line of transpose (MOLT ) or Rothe’s method uses
Kernel-based operators in combined with explicit SSP-RK to retain
unconditionally stability.

• Compared with Method of Line (MOL): O(N)-linear computational
cost without calculating inverse of a matrix - efficiency

• IVP to BVP

• Such a method can be viewed as a Kernel-based time-stepping
framework which is expected to be applied to many types of PDEs
including stiff PDEs.
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Kernel-based representation of ∂x and ∂xx

• The kernel-based representation of the first spatial derivative ∂x and
second spatial derivative ∂xx . (A. Christlieb, Guo, et al., 2020;
Causley and A. J. Christlieb, 2014)

Let us consider this problem:

ut + f (u)x = g(u)xx , x ∈ [a, b] (1)

where g ′(u) ≥ 0 and g ′(u) can vanish for some values of u.

• To derive two operators to discretize ∂x and ∂xx , solve the equation
with explicit SSP-RK (unconditionally stable).
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Kernel-based representation of ∂x and ∂xx

• The kernel-based representation of the first spatial derivative ∂x and
second spatial derivative ∂xx . (A. Christlieb, Guo, et al., 2020;
Causley and A. J. Christlieb, 2014)

• Considering a hyperbolic conservation law:

∂tu + (cu)x = 0, x ∈ [a, b]. (2)

Using the backward Euler time discretization, we obtain

(1− c∆t∂x)u
n+1 = un (3)

where un := u(tn) and un+1 := u(tn+1) with α := 1
c∆t

• Account for waves traveling in opposite directions, downwinding and
upwinding, two function operators LL and LR :

LL = I − 1

α
∂x , LR = I +

1

α
∂x , x ∈ [a, b], (4)
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Kernel-based representation of ∂x and ∂xx

• The kernel-based representation of the first spatial derivative ∂x and
second spatial derivative ∂xx . (A. Christlieb, Guo, et al., 2020;
Causley and A. J. Christlieb, 2014)

• The inversion of these operators:

L−1
L [v ](x) = IL[v ](x) + BLe

−α(b−x),

L−1
R [v ](x) = IR [v ](x) + ARe

−α(x−a),
(5)

Here IL and IR are the integral operators given by

IL[v ](x) = α

∫ b

x
e−α(s−x)v(s) ds,

IR [v ](x) = α

∫ x

a
e−α(x−s)v(s) ds,

(6)

and AR and BL are the constants determined by the boundary
conditions.
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Kernel-based representation of ∂x and ∂xx

Then we introduce the operators

DL = I − L−1
L , DR = I − L−1

R , x ∈ [a, b]. (7)

Each of these can be expanded in a Neumann series:

1

α
∂+
x = I − LL = LL(L−1

L − I) = −DL/(I − DL) = −
∞∑
p=1

Dp
L,

1

α
∂−
x = LR − I = LR(I − L−1

R ) = DR/(I − DR) =
∞∑
p=1

Dp
R .

(8)

Here ∂+
x and ∂−

x indicate the left-sided and right-sided approximations of
the derivative in x , respectively, along an interface.
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Kernel-based representation of ∂x and ∂xx

• ”flux splitting” - Lax–Friedrichs flux: f ± = 1
2(f (u)± cu), with

c = maxu |f ′(u)|.
• −f (u)x can be represented as:

−αL

∞∑
p=1

Dp
L[f

+(u), αL] + αR

∞∑
p=1

Dp
R [f

−(u), αR ].
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Kernel-based representation of ∂x and ∂xx

Similarly, considering the linear heat equation

∂tv − c2∂xxv = 0, x ∈ [a, b]. (9)

Using the backward Euler time discretization and the Neumann series, we
have the following operators to derive the approximation of ∂xx :

L0 = I − 1

α2
∂xx , D0 = I − L−1

0 ,
1

α2
∂xx = −

∞∑
p=1

Dp
0 , x ∈ [a, b],

where I is an identity operator and α := 1
c
√
∆t

. By doing integration by

parts twice, we can have the following:

L−1
0 [vn](x) =

α

2

∫ b

a
e−α|y−x |vn(y)dy + B0e

−α(b−x) + A0e
−α(x−a), (10)
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Kernel-based representation of ∂x and ∂xx

• −f (u)x + g(u)xx can be represented as:

−αL

∞∑
p=1

Dp
L[f

+(u), αL] + αR

∞∑
p=1

Dp
R [f

−(u), αR ]− α0

∞∑
p=1

Dp
0 [g(u), α0]

• For different order of accuracy we need, truncate this infinite partial
sum & corresponding SSP-RK

• H[un] := −αL

∑k
p=1 D

p
L[f

+(un), αL] + αR

∑k
p=1 D

p
R [f

−(un), αR ]−
α0

∑k
p=1 D

p
0 [g(u

n), α0]
• For example, the second order SSP-RK:

u(1) = un +∆tH[un], (11)

un+1 =
1

2
un +

1

2
(u(1) +∆tH(u(1)) (12)
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Kernel-based representation of ∂x and ∂xx

(A. Christlieb, Guo, et al., 2020) Suppose v(x) is a periodic smooth
function.

1 Consider the operator D0 with the boundary treatment
D0(a) = D0(b). If v(x) ∈ C 2k+2[a, b], then we have∥∥∥∥∥∥∂xxv(x) + α2

0

k∑
p=1

Dp
0 [v , α0](x)

∥∥∥∥∥∥
∞

≤ C

(
1

α0

)2k ∥∥∥∂2k+2
x v(x)

∥∥∥
∞

where C is a constant only depending on k .

2 Consider the operators DL and DR with the boundary treatment
DL(a) = DL(b) and DR(a) = DR(b), respectively. If
v(x) ∈ C k+1[a, b], then we have∥∥∥∥∥∥∂xv(x)− αL

k∑
p=1

Dp
L[v , αL](x)

∥∥∥∥∥∥
∞

≤ C

(
1

αL

)k ∥∥∥∂k+1
x v

∥∥∥
∞
,

where C is a constant depending only on k and similarly for DR .
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Stability analysis: α0 =
√
β√

q∆t
and αLR = β

c∆t

k β1,k,max β2,k,max βk,max

1 2 2 1
2 1 1 0.5
3 1.243 0.8375 0.4167

Theorem

(a) For the linear advection equation ut + cux = 0 with periodic boundary
conditions, there exists constant β1,k,max > 0 for k = 1, 2, such that
the scheme is A-stable provided 0 < β ≤ β1,k,max.

(b) For the linear diffusion equation ut = quxx with q > 0 and periodic
boundary conditions, there exists constant β2,k,max > 0 for k = 1, 2, 3,
such that the scheme is A-stable provided 0 < β ≤ β2,k,max.

The constants β1,k,max and β2,k,max are summarized in Table.
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Stability analysis: Sketch of proof

(a) For c > 0, Upon the definitions of DL and LL, by taking the Fourier
transform in space, we obtain that

L̂L = 1 + (iκ)/αL,

and then

D̂L = 1− 1/L̂L =
iκ/αL

1 + iκ/αL
.

For the forward Euler scheme

un+1 = un −∆t αLDL[cu
n, αL],

with the parameter αL = β/(c∆t), we could compute the
amplification factor λ

λ = 1− β
iκc∆t/β

1 + iκc∆t/β
.

Then, we have |λ| ≤ 1 when β ≤ 2, which implies the scheme is
A-stable. Hence, for the first order scheme k = 1, we can choose
β1,1,max = 2.
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Stability analysis: Sketch of proof

(b) Similarly, for the forward Euler scheme

un+1 = un −∆t α0D0[qu
n, α0],

and α0 =
√
β/(q∆t), the amplification factor λ is

λ = 1− βD̂0 with D̂0 = 1− 1/L̂0 =
(κ/α0)

2

1 + (κ/α0)2
∈ [0, 1].

Then, we still have β ≤ 2 to ensure |λ| ≤ 1. Thus, we let
β2,1,max = 2.
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Short summary of the base scheme

1 Determine the parameters β.

2 On each inner stage of the kth order SSP RK scheme:
1 Compute c , q at each time level tn, and then obtain parameters

α0, αL, αR

1 Split f (u) into f ±(u).
2 Apply DL and DR on f + and f −, respectively. Use the WENO

quadrature to calculate I L,R , combined with AL and BR to construct
DL[f

+] and DR [f
−].

3 For k > 1, further construct

Dp
L [f

+] = Dp−1
L [DL[f

+]], Dp
R [f

−] = Dp−1
R [DR [f

−]]

by a similar procedure for 1 < p ≤ k. WENO quadrature is not needed
for construction of these high order terms.

2 Diffusion part: follow a similar procedure to construct the partial sum
approximation to g(u)xx using operator D0.

3 Substitute the partial sum approximations and update the solution
accordingly.
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Periodic boundary with Stiff case - by my collaborators

• Boundary terms: AL = IL[v ](b)
1−µ , BR = IR [v ](a)

1−µ , A0 =
I0[v ](b)
1−µ ,

B0 =
I0[v ](a)
1−µ .

• We consider this problem (A. Christlieb, Guo, et al., 2020):

with the 2π-periodic boundary condition. Here, c and q ≥ 0 are given
constants. This problem has the exact solution
ue(x , t) = e−qt sin(x − ct). Given c = 1 and q = 0.01.
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Periodic boundary with Stiff case
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Homogeneous Dirichlet boundary with Stiff case

For the nonlinear case, we have

ut + f (u)x = ε(ν(u)ux)x , 0 ≤ x ≤ 1 (13)

where f (u) = u2

u2+(1−u)2
,

ν(u) =

{
4u(1− u), 0 ≤ u ≤ 1

0, otherwise
(14)
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Homogeneous Dirichlet boundary with Stiff case

• Unconditionally stable - the performance may not be satisfactory
when an exceedingly large CFL number is used

• Large CFL introduces too much numerical diffusion

• Without generating noticeable spurious oscillations
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Short summary and what is next?

• (Stiff) Advection-diffusion problem with periodic and homogenous
Dirichlet boundary conditions.

• Other boundary conditions? Other geometry?

• Applying to non-periodic or inhomogeneous Dirichlet boundary, high
order operators lead to order reduction to the first order.

• A starting work with boundary corrections operators, unified
(A. Christlieb, Gong, and Yang, 2024)
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General boundary corrections

• Take D0 as an example. The general boundary operator is:

B0 =
1

2
(vn+1(b) +

1

α
vn+1
x (b)), A0 =

1

2
(vn+1(a)− 1

α
vn+1
x (a)).

(15)

• The boundary term can be approximated by Taylor expansion and the
equation (9):

vn+1(b) = vn(b) + (∆t)vnt (b) +O(∆t2)

= vn(b) + (c2∆t)vnxx(b) +O(∆t2)

= vn(b) +
1

α2
vnxx(b) +O(∆t2),

(16)

and we also have similar result for vn+1(a).
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General boundary corrections

Lemma: Suppose v ∈ C2k+2[a, b] and we set the operator D0 with
general boundary treatment (15) with (16). Then, we can obtain that

D0[v ](x) = −
k∑

p=1

(
1

α
)2p∂2p

x v(x)− (
1

α
)2k+2I0[∂

2k+2
x v ](x)

+
1

2

2k+1∑
p=4

(− 1

α
)p∂p

x v(a)e
−α(x−a)

+
1

2

2k+1∑
p=4

(
1

α
)p∂p

x v(b)e
−α(b−x).

(17)
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General boundary corrections

• High order approximations.

˜̃Dp

0 [ϕ](x) = D̃p
0 [ϕ](x) +

1

2

k∑
m=p+1

cp,m−1((
1

α
)2m∂2m

x ϕ(a)

+ (− 1

α
)2m+1∂2m+1

x ϕ(a))e−α(x−a)

+
1

2

k∑
m=p+1

cp,m−1(

(
1

α

)2m

∂2m
x ϕ(b)

+ (
1

α
)2m+1∂2m+1

x ϕ(b))e−α(b−x), p ≥ 1,

D̃p
0 [ϕ](x) = D0[

˜̃Dp−1

0 ][ϕ](x), p ≥ 2,

c1,m = −1,cp,m = −
m−1∑
i=p−1

cp−1,i ,
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General boundary corrections

ϕxx(x) ≈ P0
k [ϕ](x) = −α2

D0[ϕ](x) +
k∑

p=2

D̃p
0 [ϕ](x)

 (18)

Theorem

Suppose ϕ ∈ C2k+2[a, b], k = 1, 2, 3. Then, the modified partial sums
(18) satisfy

∥∂xxϕ(x)− P0
k [ϕ](x)∥∞ ≤ C

(
1

α

)2k

∥∂2k+2
x ϕ(x)∥∞. (19)
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Numerical results: general boundary corrections

One-dimensional heat equation example with non-homogenoues
Dirichlet and Neumann boundary conditions:

ut = q uxx , u(x , 0) = f (x), a < x < b. (20)

Here, q ≥ 0 is a given constant.

• Inflow Dirichlet boundary condition: Let a = −1, b = 1,

u(−1, t) = −e−
1
2
− 1

4
t and u(1, t) = e

1
2
− 1

4
t , f (x) = (sin(πx) + x)e0.5x ,

and then the exact solution
ue(x , t) = e−

1
4
t−π2t+ 1

2
x sin(πx) + xe

1
2
x− 1

4
t . The numerical test is

done at final time T = 0.5.

• Neumann boundary condition: Let a = 0, b = 1,
ux(0, t) = πe−π2t + et and ux(1, t) = −πe−π2t + e1+t ,
f (x) = sin(πx) + ex , and the exact solution
ue(x , t) = sin(πx)e−π2t + ex+t . The numerical test is done at final
time T = 0.5.
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Numerical results: general boundary corrections

As shown in the figure, the use of the k-th partial sum yields k-th order
accuracy, thereby verifying our theories. Moreover, the scheme allows for
large CFL numbers, say CFL = 1 and 2.

Figure: Inflow Dirichlet k = 2 Figure: Inflow Dirichlet k = 3
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Numerical results: general boundary corrections

As shown in the figure, the use of the k-th partial sum yields k-th order
accuracy, thereby verifying our theories. Moreover, the scheme allows for
large CFL numbers, say CFL = 1 and 2.

Figure: Neumann k = 2 Figure: Neumann k = 3
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Numerical results: general boundary corrections

Two-dimensional Drumhead Example: The exact solution is given by
separation of variables.

utt = ∆u,

u(x , y , 0) = J0(k2
√

x2 + y2), ut(x , y , 0) = 0,
u(∂Ω, t) = 0

(21)

(x , y) ∈ Ω := {(x , y) ∈ R2 : x2 + y2 ≤ 1}

where k2 is the second positive zero of Bessel function J0(x). As long as
the spatial resolution is given appropriately, the scheme can accurately
capture the wave shape and we also remark here that a large CFL can be
chosen to solve the problem, due to the unconditional stability of the
method. Our scheme can solve the problem with the expected
accuracy/order; (see in A. Christlieb, Gong, and Yang, 2024).
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Mesh settings
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Numerical results: general boundary corrections

Figure: Numerical solution with different time level with third order scheme for
200× 200.
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Numerical examples: advection-diffusion

Back to advection-diffusion example:{
ut + c ux = q uxx , −1

2 ≤ x ≤ 1
2 ,

u(x , 0) = sin(πx)e0.5x ,
(22)

with the Dirichilet boundary condition u(−1
2 , t) = −e−

1
4
t−π2t− 1

4 and

u(12 , t) = e−
1
4
t−π2t+ 1

4 . Here, c = q = 1. This problem has the exact

solution ue(x , t) = e−
1
4
t−π2t+ 1

2
x sin(πx). The final time is T = 0.5.
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Numerical examples: advection-diffusion
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What need to solve and Future Directions

• With general boundary conditions, applying to the equations with
boundary derivatives not achievable, especially for stiff problems.

ut + c ux = q uxx

ut + f (u)x = g(u)xx

• Inverse Lax-Wendroff with extrapolations? (Lu et al., 2021)
• Not enough! Additional analysis needed.

• For the cases with stiff source terms, current format seems hard to
incorporate.

• Filtering source terms - not sure if it is crazy.
• Another MOLT form?
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What need to solve and Future Directions

• A very first version: un+1−un

∆t − c2∆un+1 = S(un+1), use the following
form (Cho, 2016)

L−1[un +
1

α
S(un+1)] = un+1.

• Have done great job in periodic boundary conditions.
• Including Cahn-Hilliard equations and Allen-Cahn equations.

• Instead of direct adding the source, kernel-based operator also applies
to the source.

• Boundary conditions! Ideas from our current form?
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Takeaways

• This is an ongoing long-term project with some progress in both
periodic boundary and non-periodic boundary.

• Periodic boundary:
• consistence operators allowing for more flexibility

• Non-periodic boundary:
• Incorporating with stiff/non-stiff source terms
• Implementation of more complex boundary conditions and geometry.
• More complex equations.

• High dimensional case with complex domain.
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Thank You!
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