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Overview

• Stiff PDEs, IMEX methods, uniform accuracy vs. order reduction


• Basic methodology of energy estimates


• Uniform accuracy of IMEX-BDF (J. Hu-RS 21’)


• Uniform accuracy of IMEX-RK (J. Hu-RS 25’)



Model problems
• Stiff kinetic equations


•                       particle density function,      Knudsen number


•           : collision operator (Boltzmann, BGK, Landau, …)


• Hyperbolic relaxation systems (S. Jin-Z. Xin 95’)


f = f(t, x, v)

Q(f)
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Abstract

Many hyperbolic and kinetic equations contain a non-sti↵ convection part and a sti↵

relaxation/collision part (characterized by the sti↵ness parameter "). For these type of

problems, implicit-explicit (IMEX) Runge-Kutta or multistep methods have been very pop-

ular and their performance is understood well in the non-sti↵ regime (" = O(1)) and limiting

regime (" ! 0). However, in the intermediate regime (say, " = O(�t)), some uniform accu-

racy or order reduction phenomena have been reported numerically without much theoretical

justification. In this work, we prove the uniform accuracy (an optimal a priori error bound)

of a class of IMEX multistep methods – IMEX backward di↵erence formulae (IMEX-BDF)

for linear hyperbolic systems with sti↵ relaxation. The proof is based on the energy esti-

mate with a new multiplier technique. RS: should we mention the t-regularity here? For

nonlinear hyperbolic and kinetic equations, we numerically verify the same property using

a series of examples.

1 Introduction

Many hyperbolic and kinetic equations contain a non-sti↵ convection part and a sti↵ relax-

ation/collision part, for example, a simple linear hyperbolic system with sti↵ relaxation reads:

8
<

:

@tu+ @xv = 0,

@tv + @xu =
1

"
(F (u)� v),

(1.1) linearhyp

where u = u(t, x), v = v(t, x) are the unknown functions, |b| < 1 is a constant, " > 0 is the

relaxation parameter. Depending on the application, " could take any value between 0 and 1,

leading to non-sti↵ regime (" = O(1)), sti↵ regime (" ⌧ 1), or intermediate regime (0 < " < 1,

⇤This research was supported by NSF grant DMS-1620250 and NSF CAREER grant DMS-1654152. Support

from DMS-1107291: RNMS KI-Net is also gratefully acknowledged.
†Department of Mathematics, Purdue University, West Lafayette, IN 47907, USA (jingweihu@purdue.edu).
‡Department of Mathematics, University of Maryland, College Park, MD 20742, USA

(rshu@cscamm.umd.edu).

1

"

|F 0(u)| < 1

sub-characteristic condition

@tf + v ·rxf =
1

"
Q(f)



Asymptotic limits

f(v) = M⇢,u,T (v)

• Decay of entropy Z

Rdv

Q(f) log f dv  0, (3.13)

and Z

Rdv

Q(f) log f dv = 0 () Q(f) = 0 () f = M[f ], (3.14)

where M[f ] is the Maxwellian defined in (3.2).

This implies that 'sg, the solution to the homogeneous equation (2.4) at t = t0 + s with

initial data f |t=t0 = g has the long time behavior

lim
s!1

'sg = M[g], (3.15)

i.e., 'sg approaches the Maxwellian determined by the moments of the initial condition.

Using these properties, it is easy to (formally) show that the spatially inhomogeneous equation

(1.1) has the compressible Euler equations as the leading-order asymptotics when " ! 0. Indeed,

taking the moments h ·�i on both sides of (1.1), one obtains

@thf�i+rx · hfv�i = 0, (3.16)

by the conservation property of Q. On the other hand, when " ! 0, (1.1) formally implies

Q(f) ! 0, hence f ! M[f ]. Substituting f = M[f ] := M[U ] into (3.16) yields

@tU +rx · hM[U ]v�i = 0, (3.17)

where we used the vector U to denote the first dv + 2 moments of f : U = (⇢, ⇢u,E)T with

E = 1
2⇢u

2+ dv
2 ⇢T being the total energy. The closed system (3.17) is nothing but the compressible

Euler equations
8
>>>><

>>>>:

@t⇢+rx · (⇢u) = 0,

@t(⇢u) +rx · (⇢u⌦ u+ pI) = 0,

@tE +rx · ((E + p)u) = 0,

(3.18)

where p = ⇢T is the pressure.

We now prove the AP property of the proposed scheme. Note that this proof is only formal

as the rigorous transition from the Boltzmann equation to the compressible Euler equations even

at the continuous level is an open problem.

Proposition 3.1. The scheme (2.6) (with coe�cients satisfying (2.24)–(2.26)) applied to the

sti↵ kinetic equation (2.2) with the collision operator Q being the BGK operator (3.1), the ES-

BGK operator (3.4), the Boltzmann collision operator (3.7), or the kinetic Fokker-Planck opera-

tor (3.9) is asymptotic-preserving, i.e., for any initial data and fixed �t, in the limit " ! 0, (2.6)

becomes a second-order Heun’s method applied to the limiting Euler system (3.18). Furthermore,

lim
"!0

fn+1 = M[Un+1], (3.19)

i.e., after each time step, fn+1 is driven to its corresponding Maxwellian.
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v = F (u)

Using the local equilibrium

in the first equation,

@tu+ @xF (u) = 0

next order expansion gives

compressible Navier-Stokes

next order expansion gives

convection-diffusion

@tf + v ·rxf =
1

"
Q(f)



IMEX methods
• Implicit-explicit Runge-Kutta methods (IMEX-RK): U. Ascher-S. Ruuth-R. 

Spiteri 97’, L. Pareschi-G. Russo 05', G. Dimarco-L. Pareschi 13’,…


• Implicit-explicit multistep methods: U. Ascher-S. Ruuth-B. Wetton 95’,    
G. Dimarco-L. Pareschi 17’, … One example is IMEX-BDF:


fn+1 = fn ��t
sX

j=1

b̃jv ·rxf
(j) +

�t

"

sX

j=1

bjQ(f (j))

f (i) = fn ��t
i�1X

j=1

ãijv ·rxf
(j) +

�t

"

iX

j=1

aijQ(f (j)), i = 1, . . . , s

qX

i=0

↵if
n+i +�t

q�1X

i=0

�iv ·rxf
n+i =

��t

"
Q(fn+q)



Asymptotic properties
• Asymptotic-preserving (AP) schemes (S. Jin 99’): allow the time step          

to be chosen independent of     . Automatically captures the asymptotic 
limit as 


• Accuracy is guaranteed for kinetic regime                and fluid regime               
What happens for intermediate regime?


• Uniform accuracy of order q:                             uniformly in 

�t
"
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Uniform accuracy vs. order reduction
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Uniform accuracy of IMEX-BDF

in x. To avoid the initial layer or prepare the initial data satisfying the conditions of Theorem 3.11

(in particular, Case 2), we start the computation from time T0 = 1. The starting values at T0 + i�t,

i = 0, . . . , q � 1, are taken from the exact solution. We compute the solution to time T = 2 and record

the error as kU � ukL2 + kV � vkL2 .

Figure 1 shows the results of IMEX-BDF schemes of order q = 2, 3, 4, and various values of �t and

". In all the subfigures except the last one, each curve represents the error for a fixed �t with " ranging

from 1e� 7 to 1. When taking the maximal L2 error among all the tested values of " for a fixed �t (see

bottom right subfigure), the uniform q-th order accuracy is clearly achieved for q = 2, 3, 4. This is in
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Uniform accuracy vs. order reduction

• One way to understand order reduction for IMEX-RK is to design schemes 
which captures the next order expansion (S. Boscarino 07’, S. Boscarino-
G. Russo 09’, S. Boscarino-L. Pareschi 17’,  J. Hu-X. Zhang 17’)


• However, this may not be sufficient to give uniform accuracy


O(1)0

good accuracy good accuracyaccuracy ?
"



Overview

• Stiff PDEs, IMEX methods, uniform accuracy vs. order reduction


• Basic methodology of energy estimates


• Uniform accuracy of IMEX-BDF (J. Hu-RS 21’)


• Uniform accuracy of IMEX-RK (J. Hu-RS 25’)



The model problem
• Linear hyperbolic relaxation equations


• Change of variable


• Asymptotic limit


On the uniform accuracy of implicit-explicit backward

di↵erence formulae for sti↵ hyperbolic relaxation systems

and kinetic equations
⇤

Jingwei Hu
†
and Ruiwen Shu

‡

July 18, 2019

Abstract

Many hyperbolic and kinetic equations contain a non-sti↵ convection part and a sti↵

relaxation/collision part (characterized by the sti↵ness parameter "). For these type of

problems, implicit-explicit (IMEX) Runge-Kutta or multistep methods have been very pop-

ular and their performance is understood well in the non-sti↵ regime (" = O(1)) and limiting

regime (" ! 0). However, in the intermediate regime (say, " = O(�t)), some uniform accu-

racy or order reduction phenomena have been reported numerically without much theoretical

justification. In this work, we prove the uniform accuracy (an optimal a priori error bound)

of a class of IMEX multistep methods – IMEX backward di↵erence formulae (IMEX-BDF)

for linear hyperbolic systems with sti↵ relaxation. The proof is based on the energy esti-

mate with a new multiplier technique. RS: should we mention the t-regularity here? For

nonlinear hyperbolic and kinetic equations, we numerically verify the same property using

a series of examples.

1 Introduction

Many hyperbolic and kinetic equations contain a non-sti↵ convection part and a sti↵ relax-

ation/collision part, for example, a simple linear hyperbolic system with sti↵ relaxation reads:

8
<

:

@tu+ @xv = 0,

@tv + @xu =
1

"
(bu� v),

(1.1) linearhyp

8
>><

>>:

un+1 � un

�t
+ @xv

n = 0,

vn+1 � vn

�t
+ @xu

n =
1

"
(F (un+1)� vn+1),

(1.2)
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from DMS-1107291: RNMS KI-Net is also gratefully acknowledged.
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|b| < 1

scheme can be implemented in an explicit manner. Similar idea applies to the nonlinear kinetic

equations, for instance, to the BGK equation, see Appendix I for a brief description.

3 Uniform accuracy of the IMEX-BDF schemes

In this section, we prove the uniform accuracy of the IMEX-BDF schemes for the linear

problem (1.1). To this end, we need to consider the spatial discretization as well. For simplicity,

we assume that the domain is [0, 2⇡] with periodic boundary condition and adopt the Fourier-

Galerkin spectral method in space.

The proof of uniform accuracy consists of three parts: first we study the regularity of (1.1),

especially for high order time derivatives of u and v, which is necessary for high order convergence

of the numerical scheme. Next we establish the uniform stability of the fully discrete scheme by

using energy estimates with the multiplier technique. A new class of multipliers is introduced

to overcome the di�culty coming from the structure of the problem (1.1). Finally the uniform

accuracy is obtained by a combination of stability and consistency.

All the integrals appear below without specifying the range means
R
[0,2⇡] · dx. A function

norm k · k without a subscript denotes the L2[0, 2⇡] norm in x. Every constant C is independent

of ".

3.1 Regularity estimate

To study the regularity of (1.1), we first reformulate it into a new form, similar to the micro-

macro decomposition in kinetic theory. Introducing the new variable w = v�bu, one can rewrite

(1.1) as 8
<

:

@tu+ @x(bu+ w) = 0,

@tw + @x((1� b2)u� bw) = �1

"
w.

(3.1) eq1

Multiplying the two equations of (3.1) by u and w respectively and integrating in x, we get

@t
1

2
kuk2 +

Z
u@xw dx = 0, (3.2)

and

@t
1

2
kwk2 + (1� b2)

Z
w@xu dx = �1

"
kwk2. (3.3)

Then a linear combination of the above two equations gives the energy estimate

@t
1

2
((1� b2)kuk2 + kwk2) = �1

"
kwk2  0, (3.4) energy

which implies

1

2
((1� b2)ku(t)k2 + kw(t)k2)  1

2
((1� b2)ku(0)k2 + kw(0)k2). (3.5) energyd

Notice that the condition |b| < 1 guarantees the equivalence of kuk2 + kwk2 and the Lyapunov

functional (1� b2)kuk2 + kwk2.
Maybe mention some existing regularity results here?

Then we state the regularity estimate for (3.1):
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@tu+ @x(bu) = 0

Lemma (J. Hu-RS 21’): 
Assume initial data is 
smooth. Then, after an 
initial layer, we have the 
regularity estimate


      denotes      norm in x


k@r1
t @r2

x u(t, ·)k2  C

k@r1
t @r2

x w(t, ·)k2  C✏

k · k L2



Fully discretized scheme
• The spatial domain is discretized by Fourier-Galerkin method:


• Fully discretized Backward-forward Euler method (1st order)


• Subscript N will be omitted later

By the induction hypothesis, we have the estimate

k@r1
t
@r2
x
ũ(t)k2 + k@r1

t
@r2
x
w̃(t)k2  CE0, r1 + r2  s� 1, (3.17)

for all t � (s � 1)" log(1/"). In view of the definition of (ũ, w̃), this together with (3.7) implies

(3.8).

Finally, (3.9) follows from (3.8) using the relation w = �"(@tw + @x((1� b2)u� bw)).

3.2 Spatial discretization and fully discrete scheme

For the spatial discretization, we apply the Fourier-Galerkin spectral method. Consider the

space of trigonometric polynomials of degree up to N :

PN = span{eikx|�N  k  N}, (3.18) P

equipped with inner product

hf, gi = 1

2⇡

Z
fḡ dx. (3.19)

For a given function f(x), its projection PNf is defined as

PNf(x) =
NX

k=�N

f̂ke
ikx 2 PN , f̂k = hf, eikxi. (3.20)

For the projection operator, we have the following basic facts:

Lemma 3.2. For any f(x) 2 Hs

p
[0, 2⇡], there holds

k(I � PN )fk  1

Ns
kfkHs , (3.21)

Proof. By Parseval’s identity,

k(I � PN )fk2 = 2⇡
X

|k|>N

|f̂k|2 = 2⇡
X

|k|>N

1

k2s
k2s|f̂k|2  2⇡

1

N2s

X

|k|>N

k2s|f̂k|2

 2⇡
1

N2s

X

|k|�0

k2s|f̂k|2 =
1

N2s
kf (s)k2  1

N2s
kfk2

Hs .
(3.22)

Lemma 3.3. For any �(x) 2 PN ,

k�(s)k  Nsk�k. (3.23)

Proof. By Parseval’s identity,

k�(s)k2 = 2⇡
NX

k=�N

k2s|�̂k|2  2⇡N2s
NX

k=�N

|�̂k|2 = N2sk�k2. (3.24)
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N2s
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k�(s)k  Nsk�k. (3.23)

Proof. By Parseval’s identity,
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8

The Fourier-Galerkin spectral method seeks approximate solutions of u(t, x), w(t, x) 2 PN

such that

u(t, x) ⇡
NX

k=�N

uk(t)e
ikx =: uN (t, x), w(t, x) ⇡

NX

k=�N

wk(t)e
ikx =: wN (t, x). (3.25) FG

Substituting (3.25) into (3.1) and conducting the Galerkin projection yields

8
<

:

@tuN + @x(buN + wN ) = 0,

@twN + @x((1� b2)uN � bwN ) = �1

"
wN ,

(3.26)

i.e., (uN , wN ) still satisfies (3.1).

Then applying the q-th order IMEX-BDF scheme in time gives
8
>>>>><

>>>>>:

qX

i=0

↵iU
n+i

N
+�t

q�1X

i=0

�i@x(bU
n+i

N
+Wn+i

N
) = 0,

qX

i=0

↵iW
n+i

N
+�t

q�1X

i=0

�i@x((1� b2)Un+i

N
� bWn+i

N
) = ���t

"
Wn+q

N
.

(3.27) BDF

8
<

:

Un+1
N

� Un

N
+�t@x(bU

n

N
+Wn

N
) = 0,

Wn+1
N

�Wn

N
+�t@x((1� b2)Un

N
� bWn

N
) = ��t

"
Wn+1

N
.

(3.28)

For the starting values, we assume they can be obtained with very high accuracy (in time) using

IMEX-RK type schemes so that we consider only the error coming from the spatial discretization.

Hence, we assume

U i

N
= PNu(ti), W i

N
= PNw(ti), i = 0, . . . , q � 1. (3.29)

Remark 3.4. We do not expect to obtain any stability result for the semi-discrete IMEX-BDF

scheme (2.1), since its limiting scheme (2.3), similar to the forward Euler scheme, is unstable

if the spatial direction is not discretized. This is di↵erent from the IMEX-BDF schemes for

advection-di↵usion equations considered in some references, where a su�ciently large di↵usion

is assumed, to stabilize the explicit semi-discrete part for the advection term.

3.3 Uniform stability

To analyze the stability of (3.27), we will adopt the multiplier technique, originated from

Nevanlinna and Odeh reference, in the framework of G-stability reference: Dahlquist. We need

the following lemma:

lem_G Lemma 3.5. For q = 1, 2, 3, 4, there exist symmetric positive-definite quadratic form G(u1, . . . , uq) =P
q

i,j=1 gijuiuj and symmetric semi-positive-definite quadratic form A(u1, . . . , uq�1) =
P

q�1
i,j=1 aijuiuj,

and linear polynomials
P

q�1
i=1 ⌘iui,

P
q

i=1 ciui, and constants d1 > 0 and d2, such that

 
uq �

q�1X

i=1

⌘iui

!
qX

i=0

↵iui = G(u1, . . . , uq)�G(u0, . . . , uq�1) + d1

 
uq �

q�1X

i=1

⌘iui � d2

q�1X

i=0

�iui

!2

,

(3.30) lem_G_1

9



How to do energy estimate?
Un+1 � Un +�t@x(bU

n +Wn) = 0

Wn+1 �Wn +�t@x((1� b2)Un � bWn) = ��t

"
Wn+1

2Un+1⇥

2Wn+1⇥

good terms

�t

����
Z

Un+1@xU
ndx

���� = �t

����
Z
(Un+1 � Un)@xU

ndx

����  ckUn+1 � Unk2 + C�t2k@xUnk2

 ckUn+1 � Unk2 + C�tkUnk2 under a CFL condition

multiplier technique

by using �(z) = 0. Since 161
578 + 26

p
30

289 > 0.77 and 112
3 + 20

p
30

3 < 74, one has

a11a22 � a212 > 0.77� 74 · 0.1076 > 0, (3.39)

by using 0.106 < z < 0.107. 3

Next we state our result on the uniform stability of the IMEX-BDF scheme (3.27):

thm_stab Theorem 3.6 (Uniform stability of IMEX-BDF schemes). For q = 1, 2, 3, 4, under the CFL

condition �t  cCFL/N2
for any cCFL > 0, (3.27) is uniformly stable, in the sense that

kUn

N
k2 + kWn

N
k2  C(T, q, b, cCFL)

q�1X

i=0

✓
kU i

N
k2 +

⇣
1 +

�t

"

⌘
kW i

N
k2
◆
, (3.40) uniform

for any n such that tn = T0 + n�t  T .

maybe some comments on the CFL condition?

Proof. In this proof we follow the notations from Lemma 3.5. Denote

Gn

U
=

Z
G(Un

N
, . . . , Un+q�1

N
) dx, Gn

W
=

Z
G(Wn

N
, . . . ,Wn+q�1

N
) dx,

An

W
=

Z
A(Wn+1

N
, . . . ,Wn+q�1

N
) dx.

(3.41)

Multiplying the first equation of (3.27) by (Un+q

N
�
P

q�1
i=1 ⌘iU

n+i

N
) and integrating in x gives

0 =Gn+1
U

�Gn

U
+ d1

�����U
n+q

N
�

q�1X

i=1

⌘iU
n+i

N
� d2

q�1X

i=0

�iU
n+i

N

�����

2

+ b�t

Z  
Un+q

N
�

q�1X

i=1

⌘iU
n+i

N

!
@x

q�1X

i=0

�iU
n+i

N
dx

+�t

Z  
Un+q

N
�

q�1X

i=1

⌘iU
n+i

N

!
@x

q�1X

i=0

�iW
n+i

N
dx

=Gn+1
U

�Gn

U
+ d1

�����U
n+q

N
�

q�1X

i=1

⌘iU
n+i

N
� d2

q�1X

i=0

�iU
n+i

N

�����

2

+ b�t

Z  
Un+q

N
�

q�1X

i=1

⌘iU
n+i

N
� d2

q�1X

i=0

�iU
n+i

N

!
@x

q�1X

i=0

�iU
n+i

N
dx

+�t

Z  
Un+q

N
�

q�1X

i=1

⌘iU
n+i

N
� d2

q�1X

i=0

�iU
n+i

N

!
@x

q�1X

i=0

�iW
n+i

N
dx

+ d2�t

Z q�1X

i=0

�iU
n+i

N
@x

q�1X

i=0

�iW
n+i

N
dx.

(3.42) GU

3In fact, the smallest eigenvalue of A is approximately

�1(A) ⇡ 0.78260015292507185414401336030175

12

kUn+1k2 � kUnk2 + kUn+1 � Unk2 + 2�t

Z
Un+1@x(bU

n +Wn)dx = 0

kWn+1k2 � kWnk2 + kWn+1 �Wnk2 + 2�t

Z
Wn+1@x((1� b2)Un � bWn)dx = �2

�t

"
kWn+1k2



• Combine to get


• Use Gronwall to get uniform stability


• Uniform accuracy follows from the same procedure applied on the evolution 
of error, with the local truncation error taken into consideration


(1� b2)kUn+1k2 + kWn+1k2  (1 + C�t)((1� b2)kUnk2 + kWnk2)

(1� b2)kUnk2 + kWnk2  C(T )((1� b2)kuink2 + kwink2)

here, first order uniform accuracy(1� b2)kUn
e k2 + kWn

e k2  C(T )�t2

kUn+1k2 � kUnk2 + kUn+1 � Unk2 + 2�t

Z
Un+1@x(bU

n +Wn)dx = 0

kWn+1k2 � kWnk2 + kWn+1 �Wnk2 + 2�t

Z
Wn+1@x((1� b2)Un � bWn)dx = �2

�t

"
kWn+1k2



Overview

• Stiff PDEs, IMEX methods, uniform accuracy vs. order reduction


• Basic methodology of energy estimates


• Uniform accuracy of IMEX-BDF (J. Hu-RS 21’)


• Uniform accuracy of IMEX-RK (J. Hu-RS 25’)



Uniform accuracy of IMEX-BDF

• Theorem (J. Hu-RS 21’): for q=1,2,3,4, assume the initial data is “consistent”, 
then under CFL condition                       , IMEX-BDF-q for linear hyperbolic 
relaxation system has uniform q-th order accuracy:


• Accuracy follows from stability due to stage order


• Generalized to linear hyperbolic systems by Z. Ma-J. Huang-W. Yong 25’

The Fourier-Galerkin spectral method seeks approximate solutions of u(t, x), w(t, x) 2 PN

such that

u(t, x) ⇡
NX

k=�N

uk(t)e
ikx =: uN (t, x), w(t, x) ⇡

NX

k=�N

wk(t)e
ikx =: wN (t, x). (3.25) FG

Substituting (3.25) into (3.1) and conducting the Galerkin projection yields
8
<

:

@tuN + @x(buN + wN ) = 0,

@twN + @x((1� b2)uN � bwN ) = �1

"
wN ,

(3.26)

i.e., (uN , wN ) still satisfies (3.1).

Then applying the q-th order IMEX-BDF scheme in time gives
8
>>>>><

>>>>>:

qX

i=0

↵iU
n+i

N
+�t

q�1X

i=0

�i@x(bU
n+i

N
+Wn+i

N
) = 0,

qX

i=0

↵iW
n+i

N
+�t

q�1X

i=0

�i@x((1� b2)Un+i

N
� bWn+i

N
) = ���t

"
Wn+q

N
.

(3.27) BDF

For the starting values, we assume they can be obtained with very high accuracy (in time) using

IMEX-RK type schemes so that we consider only the error coming from the spatial discretization.

Hence, we assume

U i

N
= PNu(ti), W i

N
= PNw(ti), i = 0, . . . , q � 1. (3.28)

Remark 3.4. We do not expect to obtain any stability result for the semi-discrete IMEX-BDF

scheme (2.1), since its limiting scheme (2.3), similar to the forward Euler scheme, is unstable

if the spatial direction is not discretized. This is di↵erent from the IMEX-BDF schemes for

advection-di↵usion equations considered in some references, where a su�ciently large di↵usion

is assumed, to stabilize the explicit semi-discrete part for the advection term.

3.3 Uniform stability

To analyze the stability of (3.27), we will adopt the multiplier technique, originated from

Nevanlinna and Odeh reference, in the framework of G-stability reference: Dahlquist. We need

the following lemma:

lem_G Lemma 3.5. For q = 1, 2, 3, 4, there exist symmetric positive-definite quadratic form G(u1, . . . , uq) =P
q

i,j=1 gijuiuj and symmetric semi-positive-definite quadratic form A(u1, . . . , uq�1) =
P

q�1
i,j=1 aijuiuj,

and linear polynomials
P

q�1
i=1 ⌘iui,

P
q

i=1 ciui, and constants d1 > 0 and d2, such that

 
uq �

q�1X

i=1

⌘iui

!
qX

i=0

↵iui = G(u1, . . . , uq)�G(u0, . . . , uq�1) + d1

 
uq �

q�1X

i=1

⌘iui � d2

q�1X

i=0

�iui

!2

,

(3.29) lem_G_1

and  
uq �

q�1X

i=1

⌘iui

!
uq = A(u2, . . . , uq)�A(u1, . . . , uq�1) +

 
qX

i=1

ciui

!2

, (3.30) lem_G_2

hold for any u0, u1, . . . , uq 2 R.
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• The initial data satisfies

ku(0)k2
Hq+2 + kw(0)k2

Hq+2  C, (3.58) thm_accu_0

and the IMEX-BDF scheme (3.27) is applied at the starting time T0 � (q + 2)" log(1/").

Then, under the CFL condition �t  cCFL/N2
, (3.27) is uniformly q-th order accurate, in the

sense that

ku(tn)� Un

N
k2 + kw(tn)�Wn

N
k2  C(T )(�t2q + eproj), (3.59)

for any n such that tn = T0 + n�t  T , where

eproj =
q�1X

i=0

✓
k(I � PN )u(ti)k2 +

⇣
1 +

�t

"

⌘
k(I � PN )w(ti)k2

◆
. (3.60) eproj

This theorem means the uniform accuracy of the IMEX-BDF scheme (3.27) can be justified

if an initial layer of size T0+(q� 1)�t is obtained accurately by other methods, for example, an

IMEX-RKmethod with a small time step resolving ". If the initial data is consistent of high order,

then one can take T0 = 0. Otherwise one needs a longer initial layer with T0 = O(" log(1/")).

The coe�cient �t

"
appeared in (3.59) is not restrictive. In fact, if (3.56) holds with q � 0,

then w = �"(@tw + @x((1 � b2)u � bw)) = O(") at t = 0, otherwise one has w(t) = O(") for

t � (q + 2)" log(1/"), see (3.9).

The projection error eproj is small if one assumes enough regularity of the initial data. To

be precise, we have

Corollary 3.9. Under the assumptions of Theorem 3.8, if one further assumes

ku(0)k2
H2q+1 + kw(0)k2

H2q+1  C,

k@tu(0)k2H2q + k@tw(0)k2H2q  C,
(3.61)

then there holds the error estimate

ku(tn)� Un

N
k2 + kw(tn)�Wn

N
k2  C(T )

✓
�t2q +

1

N4q

◆
, (3.62)

for any n such that tn = T0 + n�t  T .

Proof. By Theorem 3.8, it su�ces to prove that eproj  C/N4q. In fact, (3.4) implies

ku(t)k2
H2q+1 + kw(t)k2

H2q+1  C, (3.63)

for all t � 0, since (@s

x
u, @s

x
w) satisfies the same system (3.1). Therefore,

k(I � PN )u(t)k2  1

N4q+2
kuk2

H2q+1  C

N4q+2
. (3.64)

Similar treatment for w, @xu, @xw, @tw gives

k(I � PN )w(t)k2  C

N4q+2
,

k(I � PN )@xu(t)k2 + k(I � PN )@xw(t)k2 + k(I � PN )@tw(t)k2  C

N4q
.

(3.65)

The second line above implies

k(I � PN )w(t)k2  "2
C

N4q
, (3.66)

since w = �"(@tw + @x((1� b2)u� bw)). Then the conclusion follows.
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temporal error spatial error

by using �(z) = 0. Since 161
578 + 26

p
30

289 > 0.77 and 112
3 + 20

p
30

3 < 74, one has

a11a22 � a212 > 0.77� 74 · 0.1076 > 0, (3.39)

by using 0.106 < z < 0.107. 3

Next we state our result on the uniform stability of the IMEX-BDF scheme (3.27):

thm_stab Theorem 3.6 (Uniform stability of IMEX-BDF schemes). For q = 1, 2, 3, 4, under the CFL

condition �t  cCFL/N2
for any cCFL > 0, (3.27) is uniformly stable, in the sense that

kUn

N
k2 + kWn

N
k2  C(T, q, b, cCFL)

q�1X

i=0

✓
kU i

N
k2 +

⇣
1 +

�t

"

⌘
kW i

N
k2
◆
, (3.40) uniform

for any n such that tn = T0 + n�t  T .

maybe some comments on the CFL condition?

Proof. In this proof we follow the notations from Lemma 3.5. Denote

Gn

U
=

Z
G(Un

N
, . . . , Un+q�1

N
) dx, Gn

W
=

Z
G(Wn

N
, . . . ,Wn+q�1

N
) dx,

An

W
=

Z
A(Wn+1

N
, . . . ,Wn+q�1

N
) dx.

(3.41)

Multiplying the first equation of (3.27) by (Un+q

N
�
P

q�1
i=1 ⌘iU

n+i

N
) and integrating in x gives

0 =Gn+1
U

�Gn

U
+ d1

�����U
n+q

N
�

q�1X

i=1

⌘iU
n+i

N
� d2

q�1X

i=0

�iU
n+i

N

�����

2

+ b�t

Z  
Un+q

N
�

q�1X

i=1

⌘iU
n+i

N

!
@x

q�1X

i=0

�iU
n+i

N
dx

+�t

Z  
Un+q

N
�

q�1X

i=1

⌘iU
n+i

N

!
@x

q�1X

i=0

�iW
n+i

N
dx

=Gn+1
U

�Gn

U
+ d1

�����U
n+q

N
�

q�1X

i=1

⌘iU
n+i

N
� d2

q�1X

i=0

�iU
n+i

N

�����

2

+ b�t

Z  
Un+q

N
�

q�1X

i=1

⌘iU
n+i

N
� d2

q�1X

i=0

�iU
n+i

N

!
@x

q�1X

i=0

�iU
n+i

N
dx

+�t

Z  
Un+q

N
�

q�1X

i=1

⌘iU
n+i

N
� d2

q�1X

i=0

�iU
n+i

N

!
@x

q�1X

i=0

�iW
n+i

N
dx

+ d2�t

Z q�1X

i=0

�iU
n+i

N
@x

q�1X

i=0

�iW
n+i

N
dx.

(3.42) GU

3In fact, the smallest eigenvalue of A is approximately

�1(A) ⇡ 0.78260015292507185414401336030175
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2Wn+1⇥

qX

i=0

↵iW
n+i +�t

q�1X

i=0

�i@x((1� b2)Un+i � bWn+i) = ���t

"
Wn+q

good terms
kWn+1k2 � kWnk2 + kWn+1 �Wnk2 + 2�t

Z
Wn+1@x((1� b2)Un � bWn)dx = �2

�t

"
kWn+1k2

G(Wn+1, . . . ,Wn+q)�G(Wn, . . . ,Wn+q�1) + k · k2 + transport terms

= �A(Wn+2, . . . ,Wn+q) +A(Wn+1, . . . ,Wn+q�1)� k · k2

G, A positive definite quadratic forms

⇣
Wn+q �

q�1X

i=1

⌘iW
n+i

⌘
⇥

Wn+1 �Wn +�t@x((1� b2)Un � bWn) = ��t

"
Wn+1



• Requirements on the multiplier:


• Gives G with good term 1 (Nevanlinna-Odeh 81’ up to q=5)


• Gives A with good term 2


• Good term 1 controls the transport terms

qX

i=0

↵iW
n+i +�t

q�1X

i=0

�i@x((1� b2)Un+i � bWn+i) = ���t

"
Wn+q

G(Wn+1, . . . ,Wn+q)�G(Wn, . . . ,Wn+q�1) + k · k2 + transport terms

= �A(Wn+2, . . . ,Wn+q) +A(Wn+1, . . . ,Wn+q�1)� k · k2

⇣
Wn+q �

q�1X

i=1

⌘iW
n+i

⌘
⇥

good term 1

good term 2



and  
uq �

q�1X

i=1

⌘iui

!
uq = A(u2, . . . , uq)�A(u1, . . . , uq�1) +

 
qX

i=1

ciui

!2

, (3.31) lem_G_2

hold for any u0, u1, . . . , uq 2 R.

Compared with the multipliers constructed in [Nevanlinna and Odeh] for q  5, the main

feature of Lemma 3.5 is a precise description of the last square term in (3.29): it is exactly the

square of a linear combination of the multiplier uq �
P

q�1
i=1 ⌘iui and the explicit part

P
q�1
i=0 �iui

appeared in the IMEX-BDF scheme. This will be essential to the proof of uniform stability, for

handling the contribution from the flux terms.

Numerical evidence strongly suggests that Lemma 3.5 holds for q = 4. In fact, in the

Appendix, we list an approximate choice of parameters for q = 4 which satisfy (3.29) and (3.30)

up to an error smaller than 10�31, with the quadratic forms G and A being positive-definite.

Proof. For q = 1, 2, the unknown coe�cients are provided explicitly as rational numbers, and

(3.29), (3.30), as well as the (semi-)positive-definiteness of G and A can be checked directly.

For q = 1, the coe�cients are given by

g11 =
1

2
, d1 =

1

2
, c1 = 1. (3.32)

For q = 2, the coe�cients are given by

⌘1 = 0, g11 =
1

6
, g22 =

5

6
, g12 = �1

3
, d1 =

1

6
, d2 =

3

2
, a11 = 0, c2 = 1, c1 = 0.

(3.33)

For q = 3, the coe�cients gij , ⌘i, di are given by

g11 =

p
30

187
+

8

187
, g22 =

p
30

34
+

95

187
, g33 =

p
30

22
+

7

11
,

g12 = �3
p
30

187
� 24

187
, g13 =

3
p
30

187
+

24

187
, g23 = �6

p
30

187
� 9

17
,

⌘2 = �2
p
30

17
+

18

17
, ⌘1 =

p
30

17
� 9

17
, d1 = �

p
30

22
+

4

11
, d2 =

11
p
30

102
+

44

51
.

(3.34)

(3.29) can be checked directly. To check the positive-definiteness of G, we compute the charac-

teristic polynomial of G:

�G(�) = �3 +

 
�15

p
30

187
� 222

187

!
�2 +

 
312

p
30

34969
+

4533

69938

!
�+

 
� 45

p
30

13078406
� 656

6539203

!
,

(3.35)

and it is clear that �G(�) < 0 for �  0. Therefore �G only has positive roots.1

1In fact, the smallest eigenvalue of G is approximately

�1(G) ⇡ 0.001064408628491745818998719988681
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New multiplier!



Overview

• Stiff PDEs, IMEX methods, uniform accuracy vs. order reduction


• Basic methodology of energy estimates


• Uniform accuracy of IMEX-BDF (J. Hu-RS 21’)


• Uniform accuracy of IMEX-RK (J. Hu-RS 25’)



IMEX-RK

U (i) = Un ��t
i�1X

j=1

ãij(b@xU
(j) + @xW

(j))

W (i) = Wn ��t
i�1X

j=1

ãij((1� b2)@xU
(j) � b@xW

(j))� �t

"

iX

j=1

aijW
(j)

Un+1 = Un ��t
sX

j=1

b̃j(b@xU
(j) + @xW

(j))

Wn+1 = Wn ��t
sX

j=1

b̃j((1� b2)@xU
(j) � b@xW

(j))� �t

"

sX

j=1

asjW
(j)



Butcher tables

We introduce some vector notations to denote the scheme. Define the column vectors

~U = (U (1)
, . . . , U

(s))>, ~W = (W (1)
, . . . ,W

(s))>, ~e = (1, . . . , 1)> (1.2) vecUW

and the matrices

A =

0

BBBBBB@

0 0 0 · · · 0

a21 a22 0 · · · 0

a31 a32 a33 · · · 0

· · · · · · · · · · · · · · ·
as1 as2 as3 · · · ass

1

CCCCCCA
, Ã =

0

BBBBBB@

0 0 0 · · · 0

ã21 0 0 · · · 0

ã31 ã32 0 · · · 0

· · · · · · · · · · · · · · ·
ãs1 ãs2 ãs3 · · · 0

1

CCCCCCA
(1.3)

c1 = 0 0 0 0 0 0 0 0 0

c2 ã21 0 0 0 a21 a22 0 0

c3 ã31 ã32 0 0 a31 a32 a33 0

c4 ã41 ã42 ã43 0 a41 a42 a43 a44

b̃1 b̃2 b̃3 b̃4 b1 b2 b3 b4

Then, using U
(1) = U

n, we may rewrite the intermediate stages in (1.1) as

~U = U
(1)

~e��tÃ(b@x~U + @x
~W )

~W = W
(1)

~e��tÃ((1� b
2)@x~U � b@x

~W )� �t

"
A ~W

(1.4) sch_vec

Maybe list a few tables here, so that later we can refer to them and state that which theorem applies

to which tables. For example, ARS..., BR09..., ...

2 Uniform stability

2.1 The multiplier matrix M

As an attempt of proving the uniform stability of (1.1) by energy estimates, we take an s⇥ s matrix

M to be determined and aim to multiply it on (1.4). We may choose the first column of M as zero

without loss of generality since the first row of (1.4) is trivial.

Multiplying the ~W equation by ~W
>
M from the left, we get a scalar equation

~W
>
M ~W = W

(1) ~W
>
M~e��t ~W

>
MÃ((1� b

2)@x~U � b@x
~W )� �t

"

~W
>
MA ~W (2.1)

i.e.,

(W (s))2 = (Wn)2 � ~W
>
M⇤ ~W � �t

"

~W
>
MA ~W ��t ~W

>
MÃ((1� b

2)@x~U � b@x
~W ) (2.2) vec_energy1

where

M⇤ := M

0

BBBBBB@

0 0 0 · · · 0

�1 1 0 · · · 0

�1 0 1 · · · 0

· · · · · · · · · · · · · · ·
�1 0 0 · · · 1

1

CCCCCCA
+

0

BBBBBB@

1 0 0 · · · 0

0 0 0 · · · 0

0 0 0 · · · 0

· · · · · · · · · · · · · · ·
0 0 0 · · · �1

1

CCCCCCA
(2.3)

If the two underlined terms are semi-positive-definite quadratic forms in ~W , then we can gain good terms

in an energy estimate for W . This motivates the following conditions.

For any square matrix A with real coe�cients, we say A is quasi-(semi-)positive-definite if A+A
> is

(semi-)positive-definite. Then we propose the following conditions on M :

2

ci =
X

j

aij =
X

j

ãij

type CK
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• ARS(2,2,2) in [2]:
0 0 0 0
γ γ 0 0
1 δ 1 − δ 0

δ 1 − δ 0

0 0 0 0
γ 0 γ 0
1 0 1 − γ γ

0 1 − γ γ

, γ = 1 −
√
2
2 , δ = 1 − 1

2γ

• BPR(3,5,3) in [7]:
0 0 0 0 0 0
1 1 0 0 0 0
2/3 4/9 2/9 0 0 0
1 1/4 0 3/4 0 0
1 1/4 0 3/4 0 0

1/4 0 3/4 0 0

0 0 0 0 0 0
1 1/2 1/2 0 0 0
2/3 5/18 −1/9 1/2 0 0
1 1/2 0 0 1/2 0
1 1/4 0 3/4 −1/2 1/2

1/4 0 3/4 −1/2 1/2
• LRR(2,3,2) in [22]:

0 0 0 0 0
1/2 1/2 0 0 0
1/3 1/3 0 0 0
1 0 1 0 0

0 1 0 0

0 0 0 0 0
1/2 0 1/2 0 0
1/3 0 0 1/3 0
1 0 0 3/4 1/4

0 0 3/4 1/4
• A second order scheme used in [14], we call it IMEX-II-GSA(2,3,2):

0 0 0 0
1/2 1/2 0 0
1 0 1 0

0 1 0

0 0 0 0
1/2 0 1/2 0
1 1/2 0 1/2

1/2 0 1/2
• IMEX-II-GSA2(4,4,2) in [6]:

0 0 0 0 0 0
1/4 1/4 0 0 0 0
1/3 1/6 1/6 0 0 0
2/3 −2/3 0 4/3 0 0
1 −1/16 1/2 0 9/16 0

−1/16 1/2 0 9/16 0

0 0 0 0 0 0
1/4 0 1/4 0 0 0
1/3 0 1/12 1/4 0 0
2/3 0 −11/12 4/3 1/4 0
1 0 9/31 12/31 9/124 1/4

0 9/31 12/31 9/124 1/4

3 Asymptotic Properties of the IMEX RK Schemes

In this section, we discuss in detail the asymptotic properties of the IMEX RK scheme (2.1),
(2.2) with respect to the Navier–Stokes limit. For completeness, we first briefly state and
prove the results regarding the Euler limit since preserving the leading order asymptotics is
prior.More detailed discussion can be found in [12] (IMEXRK applied to the BGK equation)
and [15] (first order IMEX applied to the ES-BGK equation).

3.1 Preserving the Euler Limit

For ease of presentation, we rewrite the scheme (2.1), (2.2) using vector notations:

F = f ne − #t Ãv · ∇xF+ #t
ε

Aτ (G[F] − F), (3.1)

f n+1 = f n − #tw̃T v · ∇xF+ #t
ε
wT τ (G[F] − F), (3.2)

123
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• ARS(2,2,2) in [2]:
0 0 0 0
γ γ 0 0
1 δ 1 − δ 0

δ 1 − δ 0

0 0 0 0
γ 0 γ 0
1 0 1 − γ γ

0 1 − γ γ

, γ = 1 −
√
2
2 , δ = 1 − 1

2γ

• BPR(3,5,3) in [7]:
0 0 0 0 0 0
1 1 0 0 0 0
2/3 4/9 2/9 0 0 0
1 1/4 0 3/4 0 0
1 1/4 0 3/4 0 0

1/4 0 3/4 0 0

0 0 0 0 0 0
1 1/2 1/2 0 0 0
2/3 5/18 −1/9 1/2 0 0
1 1/2 0 0 1/2 0
1 1/4 0 3/4 −1/2 1/2

1/4 0 3/4 −1/2 1/2
• LRR(2,3,2) in [22]:

0 0 0 0 0
1/2 1/2 0 0 0
1/3 1/3 0 0 0
1 0 1 0 0

0 1 0 0

0 0 0 0 0
1/2 0 1/2 0 0
1/3 0 0 1/3 0
1 0 0 3/4 1/4

0 0 3/4 1/4
• A second order scheme used in [14], we call it IMEX-II-GSA(2,3,2):

0 0 0 0
1/2 1/2 0 0
1 0 1 0

0 1 0

0 0 0 0
1/2 0 1/2 0
1 1/2 0 1/2

1/2 0 1/2
• IMEX-II-GSA2(4,4,2) in [6]:

0 0 0 0 0 0
1/4 1/4 0 0 0 0
1/3 1/6 1/6 0 0 0
2/3 −2/3 0 4/3 0 0
1 −1/16 1/2 0 9/16 0

−1/16 1/2 0 9/16 0

0 0 0 0 0 0
1/4 0 1/4 0 0 0
1/3 0 1/12 1/4 0 0
2/3 0 −11/12 4/3 1/4 0
1 0 9/31 12/31 9/124 1/4

0 9/31 12/31 9/124 1/4

3 Asymptotic Properties of the IMEX RK Schemes

In this section, we discuss in detail the asymptotic properties of the IMEX RK scheme (2.1),
(2.2) with respect to the Navier–Stokes limit. For completeness, we first briefly state and
prove the results regarding the Euler limit since preserving the leading order asymptotics is
prior.More detailed discussion can be found in [12] (IMEXRK applied to the BGK equation)
and [15] (first order IMEX applied to the ES-BGK equation).

3.1 Preserving the Euler Limit

For ease of presentation, we rewrite the scheme (2.1), (2.2) using vector notations:

F = f ne − #t Ãv · ∇xF+ #t
ε

Aτ (G[F] − F), (3.1)

f n+1 = f n − #tw̃T v · ∇xF+ #t
ε
wT τ (G[F] − F), (3.2)
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and
ρT = ρ[(1 − ν)T Id+ ν#] = ρ(1 − ν)T Id+ ν$ − νρu ⊗ u, (2.11)

we have

$(i) = $n − %t
i−1∑

j=1

ãi j∇x · 〈v ⊗ vv f ( j)〉

+ %t
ε

i∑

j=1

ai jτ ( j)(1 − ν)
[
ρ( j)(T ( j)Id+ u( j) ⊗ u( j)) − $( j)

]
, (2.12)

thus we can find $(i) as

$(i) = c



$n − %t
i−1∑

j=1

ãi j∇x · 〈v ⊗ vv f ( j)〉

+ %t
ε

i−1∑

j=1

ai jτ ( j)(1 − ν)
[
ρ( j)(T ( j)Id+ u( j) ⊗ u( j)) − $( j)

]




+ (1 − c)ρ(i)(T (i)Id+ u(i) ⊗ u(i)), with c = ε

ε + (1 − ν)aiiτ (i)%t
. (2.13)

Some preliminary notions about the IMEX RK schemes are necessary before we discuss
their asymptotic properties. First of all, the double Butcher tableau must satisfy the order
conditions (standard order conditions for each tableau and coupling conditions) [16,23].
Then according to the structure of matrix A in the implicit tableau, one can classify the
IMEX schemes into following categories [7,12]:

• Type A if the matrix A is invertible.
• Type CK if the matrix A can be written as

(
0 0
a Â

)
, (2.14)

and the submatrix Â ∈ R(s−1)×(s−1) is invertible; in particular, if the vector a = 0,
w1 = 0, the scheme is of type ARS.

• If asi = wi , ãsi = w̃i , i = 1, . . . , s, i.e., f n+1 = f (s), the scheme is said to be globally
stiffly accurate (GSA).

Next we list a few examples of these schemes (only type CK and GSA schemes are listed
here as our following analysis applies to this class). We use (s, σ, p) to denote an IMEX
method, where s is the number of stages in the explicit scheme, σ is the number of stages in
the implicit scheme, and p is the order of the IMEX scheme.

• ARS(4,4,3) in [2]:

0 0 0 0 0 0
1/2 1/2 0 0 0 0
2/3 11/18 1/18 0 0 0
1/2 5/6 −5/6 1/2 0 0
1 1/4 7/4 3/4 −7/4 0

1/4 7/4 3/4 −7/4 0

0 0 0 0 0 0
1/2 0 1/2 0 0 0
2/3 0 1/6 1/2 0 0
1/2 0 −1/2 1/2 1/2 0
1 0 3/2 −3/2 1/2 1/2

0 3/2 −3/2 1/2 1/2
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type ARS

ARS(2,2,2): 2nd order IMEX-RK

ARS(4,4,3): 3rd order IMEX-RK

Implicitly Stiffly Accurate (ISA):
bj = asj

bj = asj , b̃j = ãsj

implicitexplicit

Globally Stiffly Accurate (GSA):



Uniform accuracy vs. order reduction

10-7 10-6 10-5 10-4 10-3 10-2 10-1 100
10-8

10-7

10-6

10-5

10-4

10-3

10-7 10-6 10-5 10-4 10-3 10-2 10-1 100
10-11

10-10

10-9

10-8

10-7

10-6

10-5

10-4

" "

error

ARS(2,2,2): 2nd order IMEX-RK ARS(4,4,3): 3rd order IMEX-RK
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Second order uniform accuracy
• Theorem (J. Hu-RS 25’): assume the initial data is “consistent” and under 

CFL condition                       . IMEX-RK (type CK, ISA) for linear hyperbolic 
relaxation system has second order uniform accuracy:


    if the following are true:


1.                                                                 2. Usual second order conditions


3. Existence of a multiplier matrix M           4. Last component of      is 0


• This applies to ARS(2,2,2) and ARS(4,4,3)

ku(tn)� Un
Nk2 + kw(tn)�Wn

Nk2  C(T )
⇣
�t4 +

1

N8

⌘

ci =
X

j

aij =
X

j

ãij

by using �(z) = 0. Since 161
578 + 26

p
30

289 > 0.77 and 112
3 + 20

p
30

3 < 74, one has

a11a22 � a212 > 0.77� 74 · 0.1076 > 0, (3.39)

by using 0.106 < z < 0.107. 3

Next we state our result on the uniform stability of the IMEX-BDF scheme (3.27):

thm_stab Theorem 3.6 (Uniform stability of IMEX-BDF schemes). For q = 1, 2, 3, 4, under the CFL

condition �t  cCFL/N2
for any cCFL > 0, (3.27) is uniformly stable, in the sense that

kUn

N
k2 + kWn

N
k2  C(T, q, b, cCFL)

q�1X

i=0

✓
kU i

N
k2 +

⇣
1 +

�t

"

⌘
kW i

N
k2
◆
, (3.40) uniform

for any n such that tn = T0 + n�t  T .

maybe some comments on the CFL condition?

Proof. In this proof we follow the notations from Lemma 3.5. Denote

Gn

U
=

Z
G(Un

N
, . . . , Un+q�1

N
) dx, Gn

W
=

Z
G(Wn

N
, . . . ,Wn+q�1

N
) dx,

An

W
=

Z
A(Wn+1

N
, . . . ,Wn+q�1

N
) dx.

(3.41)

Multiplying the first equation of (3.27) by (Un+q

N
�
P

q�1
i=1 ⌘iU

n+i

N
) and integrating in x gives

0 =Gn+1
U

�Gn

U
+ d1

�����U
n+q

N
�

q�1X

i=1

⌘iU
n+i

N
� d2

q�1X

i=0

�iU
n+i

N

�����

2

+ b�t

Z  
Un+q

N
�

q�1X

i=1

⌘iU
n+i

N

!
@x

q�1X

i=0

�iU
n+i

N
dx

+�t

Z  
Un+q

N
�

q�1X

i=1

⌘iU
n+i

N

!
@x

q�1X

i=0

�iW
n+i

N
dx

=Gn+1
U

�Gn

U
+ d1

�����U
n+q

N
�

q�1X

i=1

⌘iU
n+i

N
� d2

q�1X

i=0

�iU
n+i

N

�����

2

+ b�t

Z  
Un+q

N
�

q�1X

i=1

⌘iU
n+i

N
� d2

q�1X

i=0

�iU
n+i

N

!
@x

q�1X

i=0

�iU
n+i

N
dx

+�t

Z  
Un+q

N
�

q�1X

i=1

⌘iU
n+i

N
� d2

q�1X

i=0

�iU
n+i

N

!
@x

q�1X

i=0

�iW
n+i

N
dx

+ d2�t

Z q�1X

i=0

�iU
n+i

N
@x

q�1X

i=0

�iW
n+i

N
dx.

(3.42) GU

3In fact, the smallest eigenvalue of A is approximately

�1(A) ⇡ 0.78260015292507185414401336030175

12

~v

null space of A
(related to the L-stability)



An IMEX-RK with third order uniform accuracy

• S. Boscarino-G. Russo 09’: third order IMEX-RK of type CK, ISA


• Third order uniform accuracy is observed

0 0 0 0 0 0 0 0 0 0 0
0.8717 0.8717 0 0 0 0 0.4359 0.4359 0 0 0
0.8717 0.4359 0.4359 0 0 0 0.4359 0 0.4359 0 0
1.5000 0.2095 0 1.2905 0 0 0.5236 0 0.5405 0.4359 0
1.0000 0.3177 -0.3629 1.1960 -0.1508 0 0.3694 0 0.3629 -0.1681 0.4359

0.3694 0 0.3629 -0.1681 0.4359 0.3694 0 0.3629 -0.1681 0.4359

stage order 1
stage order 2

the ‘less accurate’ stage

is not used directly
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Third order uniform accuracy
• Theorem (J. Hu-RS 25’): further assume


    1. Usual third order conditions              2. Stages (3)-(s) have stage order 2


    3. 


    Then we have third order uniform accuracy 


b̃2 = 0 ai,2 = 0, i = 3, 4, . . . , s

ku(tn)� Un
Nk2 + kw(tn)�Wn

Nk2  C(T )
⇣
�t6 +

1

N12

⌘



Proof of stability

• Vector form


• Use a multiplier to do energy estimate?

~U = U (1)~e��tÃ(b@x~U + @x ~W )

~W = W (1)~e��tÃ((1� b2)@x~U � b@x ~W )� �t

"
A ~W

U (i) = Un ��t
i�1X

j=1

ãij(b@xU
(j) + @xW

(j))

W (i) = Wn ��t
i�1X

j=1

ãij((1� b2)@xU
(j) � b@xW

(j))� �t

"

iX

j=1

aijW
(j)



Proof of stability

• Requirements on the multiplier matrix M:


                       ,                  are semi-positive-definite 


• For all the previously mentioned schemes, we can construct such M

~U = U (1)~e��tÃ(b@x~U + @x ~W )

~W = W (1)~e��tÃ((1� b2)@x~U � b@x ~W )� �t

"
A ~W

~U>M⇥

~W>M⇥

(W (s))2 = (Wn)2 � ~W>M⇤ ~W � �t

"
~W>MA ~W ��t ~W>MÃ((1� b2)@x~U � b@x ~W )

good terms (hopefully)

~W>M⇤ ~W ~W>MA ~W

M⇤ := M

0

BBBB@

0 0 0 · · · 0
�1 1 0 · · · 0
�1 0 1 · · · 0
· · · · · · · · · · · · · · ·
�1 0 0 · · · 1

1

CCCCA
+

0

BBBB@

1 0 0 · · · 0
0 0 0 · · · 0
0 0 0 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · �1

1

CCCCA



Proof of accuracy
• Proof of accuracy is NOT obvious because the stage order is lower than 

the desired uniform accuracy order


• Say, to prove second order uniform accuracy, the evolution of error is


• Directly applying multiplier, local truncation error (L.T.E.) will pollute the 
estimate and only gives first order uniform accuracy

~Ue = U (1)
e ~e��tÃ(b@x~Ue + @x ~We) + ~EU

~We = W (1)
e ~e��tÃ((1� b2)@x~Ue � b@x ~We)�

�t

"
A ~We + ~EW

L.T.E.,             for some stages O(�t
2)



Proof of accuracy

• Use a change of variables to absorb the L.T.E.


• Notice that now the L.T.E. terms has a factor        on it!

~Ue = U (1)
e ~e��tÃ(b@x~Ue + @x ~We) + ~EU

~We = W (1)
e ~e��tÃ((1� b2)@x~Ue � b@x ~We)�

�t

"
A ~We + ~EW

~Ue⇤ = U (1)
e ~e��tÃ(b@x~Ue⇤ + @x ~We⇤)��tÃ~FU

~We⇤ = W (1)
e ~e��tÃ((1� b2)@x~Ue⇤ � b@x ~We⇤)�

�t

"
A ~We⇤ ��tÃ~FW

some linear combination of L.T.E. 

�t

~Ue⇤ := ~Ue � ~EU ,
⇣
I +

�t

"
A
⌘
~We⇤ :=

⇣
I +

�t

"
A
⌘
~We � ~EW



Proof of accuracy
• Then the multiplier techniques work as before. But finally we need to change back 

to the original variables…


• Then one needs a careful study of the matrix 


• This gives second order uniform accuracy by some energy estimate


• For third order, one needs to do the change of variables twice…


• Generalized to linear hyperbolic systems by Z. Ma-J. Huang 25’

Un+1
e = U (s)

e⇤ ��t(~̃b> � Ãs)(b@x~Ue⇤ + @x ~We⇤)��t(~̃b> � Ãs)~FU + En+1
U

Wn+1
e = W (s)

e⇤ ��t(~̃b> � Ãs)((1� b2)@x~Ue⇤ � b@x ~We⇤)��t(~̃b> � Ãs)~FW � �t

"
As(I +

�t

"
A)�1 ~EW + En+1

W

all the difficulties are here 
�t

"
A(I +

�t

"
A)�1


