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Rational Points on Curves

+ Let X be a projective, smooth, and absolutely integral
curve over QQ of genus 2 or greater. What is X(Q)?

« Faltings, 1983: The set of rational points on a curve X/Q

of genus 2 or more is always finite.

« Kim’s nonabelian Chabauty: construct a sequence of

subsets of p-adic points using Selmer varieties and their
iterated p-adic integrals:
X(Qp) 2 X(Qp)1 2 X(Qp)2 2 - 2 X(Q).
Kim’s Conjectures
« For sufficiently large n, the set X(Q,), is finite.
« For sufficiently large n, we have X(Q,), = X(Q).
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« Balakrishnan and Dogra established the finiteness of X(Q,), subject to
r < g — 1+ rank(NS(J)), where J is the Jacobian of X.

+ They define a finite set X(Q,)z C X(Q,), dependent on a choice of correspondence
Z C X x X, that contains X(Qp)..
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« Balakrishnan and Dogra established the finiteness of X(Q,), subject to
r < g — 1+ rank(NS(J)), where J is the Jacobian of X.

+ They define a finite set X(Q,)z C X(Q,), dependent on a choice of correspondence
Z C X x X, that contains X(Qp)..

« We will explicitly describe and compute a finite subset of Q,, €2, and a function p with
p: X(Qp) — Qp such that the set of rational points is contained in this finite set:

A={z€X(Q,): 7l2) € Q).

« Bianchi and Padurariu used this method to compute the set of rational points on

bielliptic curves of genus and rank 2 in the LMFDB.
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« LMFDB (Beta) now has a large database of modular curves, including many of genus
2 and ranks < 2 that are also amenable to these methods.
« Expand the previous methods to perform quadratic Chabauty over number fields K

for modular curves X such that J has rank 1 over QQ but rank 2 over K.
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LMFDB (Beta) now has a large database of modular curves, including many of genus

2 and ranks < 2 that are also amenable to these methods.

Expand the previous methods to perform quadratic Chabauty over number fields K

for modular curves X such that J has rank 1 over QQ but rank 2 over K.

« Compute the quadratic Chabauty loci for these genus 2 modular curves of rank 1 and
2 and study what they look like.

Recall: A:= {z € X(Q,) : p(z) € Q}.

Question

Are there algebraic points among the mock rational points, A\ X(Q)?
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The Bielliptic Setup

Let X be a non-singular genus 2 bielliptic curve
X y2 = agx® + asx* + ax* + a, a; € 7,
and consider the two elliptic curves
E; - y2 = x> 4 apx* + a,agx + aoaé,

E; : y2 = x> + apx® + agapx + asa(z).

We have degree 2 maps ¢; : X — E;:
$1(x, y) = (asx”, asy) $a(x,y) = (aox™?, aoyx)

Any genus 2 curve with a degree 2 map to an elliptic curve has a model of this form.
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« Let log denote the p-adic logarithm extended to Q' by setting log(p) = o.
_ (P d
- For P € Ej(Qp), we let Log(P) = [ 5.
+ Given a prime q, we let ord, denote the g-adic valuation on Qg, normalized to be

surjective onto the integers and let | - | denote the standard absolute value on Q.

Kate Finnerty (Boston University)



« Let log denote the p-adic logarithm extended to Q' by setting log(p) = o.
» For P € E(Qy), we let Log(P) = [, 4.
+ Given a prime q, we let ord, denote the g-adic valuation on Qg, normalized to be

surjective onto the integers and let | - | denote the standard absolute value on Q.

Proposition (Bianchi-Padurariu, 2022)
Let g # p and let E be a minimal model of an elliptic curve. If P € E(Qq) reduces to a
nonsingular point modulo g, then the local height \;(P) = log(max{1, |x(P)|q})

Let WqE be the set of values attained by A, on points in (x, y) € E(Qq) with x, y € Z,.
Then WqE is finite, explicitly computable, and equal to {0} for all but finitely many gq.

In particular, WqE C {0} at all primes of good reduction for the given model of E.
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Defining p and Q2

Theorem (Bianchi-Padurariu, 2022)

Suppose that each of Ey and E; are minimal of rank 1 over Q. Let P; € E;(Q) be a point of

infinite order. Define o; = Lﬁgﬁfﬁ). Then «; is independent of choice of P; and the function

p: X(Qp) \ {P:x(P) € {0,00}} = Qp given by

p(z) = Ap(61(2)) — Ap(@2(2)) — 2log(x(2)) — a1Log(¢1(2)) + 2Log?(¢2(2))
can be continued to a locally analytic function p : X(Qp) — Qp.
Also, for a prime q # p, let

Q, = (—an + WqE2 + {—nlogq: —ordy(as) < n < ordy(ay),n = 0 mod 2})
U(log [aolq — Wfl) U (—log|as|q + sz)

and set @ = {>__ ,qWq : Wq € Qq}. Then Q is finite and contains p(X(Q)).
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The LMFDB (Beta) contains modular curves Xy with det(H) = Z* such that at least one
of the following hold:

1. H has level < 70 or prime-power level < 335.
2. H contains —/ and has genus < 24 and level < 335.
3. H does not contain —/ and has genus < 8 and level < 335.

Total: 209 rank 2 genus 2 curves and 1237 rank 1 genus 2 curves of non-simple Jacobian
with an available model to work with.
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On Choice of Model

A given curve does not have a unique model y? = agx® + a;x* + ayx* + ap. A model with

a larger discriminant will produce a larger set of p-adic points during quadratic Chabauty.
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On Choice of Model

A given curve does not have a unique model y? = agx® + a;x* + ayx* + ap. A model with

a larger discriminant will produce a larger set of p-adic points during quadratic Chabauty.

We can represent transformations that change the discriminant by a factor of
e’(ad — bc)73° with matrices of the form

M(a, b, c,d,e) :=

a o Q9
© o O
Q S o

Proposition (F., 2025)
Let X : y* = agx® + ayx* + a,x* + ao with a; all integers. For M(a, b, c, d, ) to yield an
isomorphic curve of the same form with integer coefficients, there are seven explicit

conditions involving a, b, c, d, e, ay, a,, as, and ag that are necessary and sufficient.
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Analysis - Rank 2

« Consider the 30 unique bielliptic curves up to isomorphism with a known rational
point.

« For each rank 2 bielliptic curve X with J(X) ~ E; x E; and at least one known point
in X(Q), perform quadratic Chabauty using every eligible prime p of good, ordinary
reduction for both E; such that 3 < p < 100.

« Recover the list of mock rational points for each prime.

+ For each mock rational point, check to see if either of the coordinates satisfy

low-degree relations.

« Perform the Mordell-Weil sieve following the methodology of Bianchi and Padurariu.
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Analysis - Rank 1

« Consider the 121 unique bielliptic curves up to isomorphism with a known rational
point.

« For each rank 1 bielliptic curve X with J(X) ~ E; x E; and a known P € X(Q), obtain
the list of eligible primes as in the rank 2 case, with 3 < p < 100.

« For each prime, find the number fields K = Q(v/—D) such that: the rank of each E;
over K is T and p splits in K, and 1 < D < 20 or D € {43,67,163}.

« Recover the list of mock rational points using quadratic Chabauty over K for pairs
(p, D) five times or until no further pairs exist.

« As before, for each mock rational point, check to see if either of the coordinates

satisfy low-degree relations.

+ Perform the Mordell-Weil sieve using built-in MAGMA functionality.
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Generalized Theorem

We need to account for height contributions of primes that divide the discriminant of the
number field K.

More precisely, we can modify the previous theorem which defined p and €.

Theorem (F., 2025)
Suppose that each E; has rank 1 over an imaginary quadratic K/Q. Let P; € E;(Q) be of

infinite order. Define o; = %. Then «; is independent of choice of P; and:

1. The function p : X(Qp) \ {P : x(P) € {0,00}} — Qp, definition unchanged, can be
continued to a locally analytic function p : X(Qp) — Q,.
2. For a prime q # p, let Qg be as before and set Q2 = {}_ s wq : wq € Qq}, where S

consists of the bad primes for each E;, the prime factors of ay and as for X, and the
prime divisors of the discriminant of K. Then Q is finite and contains p(X(Q)).
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Statement of Rank 2 Results

Proposition (F., 2025)

Among the genus 2 Jacobian rank 2 modular curves satisfying conditions for inclusion in
the LMFDB, we provide a complete list of curves with points over the listed number
fields through quadratic Chabauty for some prime 3 < p < 100 of good, ordinary
reduction, along with the smallest prime for which they appear, up to precision O(p*).

Table 4: Rank 2 Non-Weierstrass Points

Label Model Prime Number Field Points
14.48.2.g.1 | y® = —2% 4+ 832" — 192 +1 |37 Q(vV-3,Vv21) (£33, £842)
15.60.2.d.1 | y2 = —452% + 752% — 1522 +1 | 19 Q(V5) (&, 1)
16.48.2.a.1 |y? =2 — 52t — 522 41 11 Q(V-2) (£1, ﬂf
18.72.2.£.1 | 42 — 992" + 2722 — 1 7 Q(vV=3) (£33, 4838
28.48.2.j.1 | y? = a® — 8321 + 1922 — 1 19 Q(V=3,V7) (i>C iﬂ)
36.72.2.d.1 | y? = —925 + 9921 — 2722 13 Q(V=3,v3) (if i*‘f)
48.48.2.dk.1 ,,2 = 122% 4 542 + 4822 + 12 73 Q(V3) (0, ﬂ\[
48.48.2.dm.1 | y? = —242% + 5421 — 2422 +3 | 73 Q(V3) (0,+v/3)
48.48.2.dw.1 ,,2:27. — 7224 + 5422 —8 | 73 Q(v6) (8, +2)
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Statement of Rank 1 Results

Proposition (F., 2025)

Among the genus 2 Jacobian rank 1 modular curves satisfying satisfying conditions for
inclusion in the LMFDB, the listed curves in the same paper have points over the listed
number fields through quadratic Chabauty for some prime 3 < p < 100 of good,
ordinary reduction up to precision O(p®).

Table 5: Rank 1 Non-Weierstrass Points

Label Model (D,p) | Number Field Points
11.66.2.a.1) | 4% = 11a® + 112" — 7a% + 1 [7,23] | Q(v=7) (1,10
16.24.2.f.1 | y® =425 + 62" + 422 + 1 [6,5] Q(i) (i, i)
16.24.2.£.1 | y? =425+ 62 + 42 + 1 7,37 | Qv=7) (£27, +545T)
16.48.2.bm.1 | y? =825 + 162" + 92 + 1 [5,41] | Q(v/=5) (£3=2, 182
16.48.2.bx.1| | y? = —a° + 72t — 72? +1 1,5 | Qi) (iti4
16.48.2.bx.1 | y? = —a6 + T2t — 722 17,7 | Q(v=17) (£V/=17,484)
16.48.2.c.1 | y? = —a® — 5z +u‘+1 [7.11] | Q(vV=7) (£V=T7,48)
16.48.2.c.1 | y? = —ab — 5z +m‘+1 1,17 | Q(,v2) (i, £2/-2)
16.48.2.c.2 | y? = —225 — 102" + 1022 [19,11] | Q(v=19) (£2/19 4 680/19)
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Conjecture

Let X be a bielliptic modular curve of genus 2 and level N. If Jac(X) is of rank 2 over Q
and X has a mock rational point over Q(v/D) then D must be a divisor of N.

Conjecture
Let X be a bielliptic modular curve of genus 2 and level N. If Jac(X) is of rank 1 and X
has a mock rational point over Q(+/D) arise through quadratic Chabauty when
computing over Q(v/D’), then at least one of the following must hold:

1. D divides N.

2. Ddivides D'.

3. D=10.
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A Rank 2 Example

We highlight points found on the rank 2 modular curve X (15).

The model we use is y? = —45x°® + 75x* — 15x% + 1.

. . . # mock rational
prime | # rational points . )
p-adic points
19 14 284
31 14 404
61 14 780

Among these mock rational points, we find four quadratic points: {(:I:é, :I:g)}.
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A Rank 1 Example

We now highlight points over different number fields found on the rank 1 modular curve
with LMFDB label 16.24.2.f.1.

The model we use is y? = 4x° + 6x* + 4x% + 1.

) number | # mock rational ) )
prime ) o Algebraic points
field p-adic points
5 Q(v/—6) | 66 (£i,£i)
37 Q(v/=7) | 566 (i, i), (£ 24T, £3VT)

Each analysis also recovered the two known rational points for 16.24.2.f.1.
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« All points found were over quadratic or biquadratic fields. Does this generalize to
modular curves of different genus or ranks of the Jacobian, or to other hyperelliptic
curves in general?

« It is also the case that upon observing one algebraic point, we always find the other

points in its Galois orbit. Once again, how does this generalize?

+ Could some of the algebraic points found be linearly equivalent to those in the
Mordell-Weil group of the Jacobian over the base field? If they have the same heights

away from p, could this explain their appearance in the analysis?
« If we find algebraic points over number fields for a given curve, how does the

Mordell-Weil group change when computed over these fields or their compositum
versus the rationals?
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