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Spatial Localisation

[Hill, Bramburger, L., 2024]



Emergence

Swift-Hohenberg equation:
<latexit sha1_base64="u22nP8r+h+hawVlKipr2xwT8840=">AAACFXicbVDLSgMxFM34tr6qLt0Ei1BRy0wVdSOIunBZwWqhMx0yadqGZjJDciOUwZ9w46+4caGIW8Gdf2P6WKj1QHIP59xLck+UCq7Bdb+cicmp6ZnZufncwuLS8kp+de1GJ0ZRVqWJSFQtIpoJLlkVOAhWSxUjcSTYbdQ97/u3d0xpnshr6KUsiElb8hanBKwU5ndNCPgE7xW9Hf+CCSDbjbLBO9iPDR5UaWujjPfsvR/mC27JHQCPE29ECmiESpj/9JsJNTGTQAXRuu65KQQZUcCpYPc532iWEtolbVa3VJKY6SAbbHWPt6zSxK1E2SMBD9SfExmJte7Fke2MCXT0X68v/ufVDbSOg4zL1ACTdPhQywgMCe5HhJtcMQqiZwmhitu/YtohilCwQeZsCN7flcfJTbnkHZYOrw4Kp2ejOObQBtpEReShI3SKLlEFVRFFD+gJvaBX59F5dt6c92HrhDOaWUe/4Hx8A8fkmtg=</latexit>

ut = �(1 +�)2u+ µu+ ⌫u2 � u3

<latexit sha1_base64="mB7tsqYI525t658KoecjNsnE4Q8=">AAAB7nicdVDLSgMxFL3js9ZX1aWbYBFcDZlia2chFN24rGAf0A4lk6ZtaCYzJBmhDP0INy4Ucev3uPNvTB+Cih4IOZxzL/feEyaCa4Pxh7Oyura+sZnbym/v7O7tFw4OmzpOFWUNGotYtUOimeCSNQw3grUTxUgUCtYKx9czv3XPlOaxvDOThAURGUo+4JQYK7W6Mr3Ert8rFLGLS9Uy9hF2S/YrlS0pY8+v+Mhz8RxFWKLeK7x3+zFNIyYNFUTrjocTE2REGU4Fm+a7qWYJoWMyZB1LJYmYDrL5ulN0apU+GsTKPmnQXP3ekZFI60kU2sqImJH+7c3Ev7xOagbVIOMySQ2TdDFokApkYjS7HfW5YtSIiSWEKm53RXREFKHGJpS3IXxdiv4nzZLrVdzK7XmxdrWMIwfHcAJn4MEF1OAG6tAACmN4gCd4dhLn0XlxXhelK86y5wh+wHn7BKzajys=</latexit>

ω = 0.9

[L., Sandstede, Avitabile Champneys 2008]

Aim: Prove emergence



Different Types of Patches

Stripes Hexagons

Off-centre
Hexagons

12-fold 
Quasi-Patterns



Why is this difficult?

• Key maths: problem for patterns on the plane

• Pattern forming instability at μ=0,        critical circle of modes

• No idea: if the emerging pattern is a stripe/square/hexagon etc…

<latexit sha1_base64="tZKvII724T/nGveY126nv56jw3o=">AAACF3icbVDLTgIxFO3gC/GFunTTSEwwhskMIerGhOjGJRp5JAyQTulAQzszaTsaMvAXbvwVNy40xq3u/BsLzELBkzQ5Oeee9N7jhoxKZVnfRmppeWV1Lb2e2djc2t7J7u7VZBAJTKo4YIFouEgSRn1SVVQx0ggFQdxlpO4OriZ+/Z4ISQP/Tg1D0uKo51OPYqS01Mmazi3t9RUSInhwmM51EbyAhbxdGDkcqb7rxYPxqF08bhdPHB51sjnLtKaAi8ROSA4kqHSyX043wBEnvsIMSdm0rVC1YiQUxYyMM04kSYjwAPVIU1MfcSJb8fSuMTzSShd6gdDPV3Cq/k7EiEs55K6enOwq572J+J/XjJR33oqpH0aK+Hj2kRcxqAI4KQl2qSBYsaEmCAuqd4W4jwTCSleZ0SXY8ycvklrRtE/N0k0pV75M6kiDA3AI8sAGZ6AMrkEFVAEGj+AZvII348l4Md6Nj9loykgy++APjM8fYcOezQ==</latexit>

) � = �(1� |k|2)2 + µ

0 1

<latexit sha1_base64="zXQGcibCpIVh5qhGT7Fm2Ztn+a0="></latexit>

Ut = �(1 +r2)2U + µU, U = e�teik·x + c.c

<latexit sha1_base64="ny/46ph/zNlarw73QeO7fKYpZ3Y=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GjKDre2u6MZlFfuAtpRMmmlDM5MhuaOU0s9w40IRt36NO//G9CGo6IGQwzn3cu89QSKFAUI+nMzK6tr6RnYzt7W9s7uX3z9oGJVqxutMSaVbATVcipjXQYDkrURzGgWSN4PR5cxv3nFthIpvYZzwbkQHsQgFo2CldudGDIZAtVb3vXyBuMQvF0kFE9e3n1+0pEi8SqmCPZfMUUBL1Hr5905fsTTiMTBJjWl7JIHuhGoQTPJprpManlA2ogPetjSmETfdyXzlKT6xSh+HStsXA56r3zsmNDJmHAW2MqIwNL+9mfiX104hLHcnIk5S4DFbDApTiUHh2f24LzRnIMeWUKaF3RWzIdWUgU0pZ0P4uhT/Txq+65Xc0vVZoXqxjCOLjtAxOkUeOkdVdIVqqI4YUugBPaFnB5xH58V5XZRmnGXPIfoB5+0TA8aRxQ==</latexit>→



Approach I

• Polar coordinates: 
<latexit sha1_base64="fFMEuRhcN/Zko+tg5afXGG22GlY=">AAAB8nicdVDLSgMxFM34rPVVdekmWIQKMmQGW9td0Y3LCvYB06Fk0kwbmnmQ3BFK6We4caGIW7/GnX9j+hBU9EDI4Zx7ufeeIJVCAyEf1srq2vrGZm4rv72zu7dfODhs6SRTjDdZIhPVCajmUsS8CQIk76SK0yiQvB2Mrmd++54rLZL4DsYp9yM6iEUoGAUjeVlJnXdhyIGe9QpFYhO3WiY1TGzXfG7ZkDJxapUadmwyRxEt0egV3rv9hGURj4FJqrXnkBT8CVUgmOTTfDfTPKVsRAfcMzSmEdf+ZL7yFJ8apY/DRJkXA56r3zsmNNJ6HAWmMqIw1L+9mfiX52UQVv2JiNMMeMwWg8JMYkjw7H7cF4ozkGNDKFPC7IrZkCrKwKSUNyF8XYr/Jy3Xdip25faiWL9axpFDx+gElZCDLlEd3aAGaiKGEvSAntCzBdaj9WK9LkpXrGXPEfoB6+0T+DqRFg==</latexit>

u(r, ω)

• Finite angular Fourier decomposition N<∞:

• Radial Galerkin system:

• Radial normal form/centre manifold analysis for μ~0

Dm solutions

<latexit sha1_base64="279wKYjFRnyXiEUNkUaOgo7Ly3w="></latexit>

0 = Ln(r)un + Fn (u;µ) , 8n 2 [0, N ]

<latexit sha1_base64="PrEMMwoWJ4l53e27C6A85CIO1+o=">AAACH3icbVDLSgMxFM34rPU16tLNYBEqSpkpUt0Uim5ciYKtQqcOmTS1oUlmSG6EMvRP3PgrblwoIu78G9N2Fr4OBA7nnMvNPXHKmQbf/3RmZufmFxYLS8XlldW1dXdjs6UTowhtkoQn6ibGmnImaRMYcHqTKopFzOl1PDgd+9f3VGmWyCsYprQj8J1kPUYwWClya6asDkLoU8B7dRP5ZbW3Xw21EVEm68Ho9txYMrJqSBJdFjKPRm7Jr/gTeH9JkJMSynERuR9hNyFGUAmEY63bgZ9CJ8MKGOF0VAyNpikmA3xH25ZKLKjuZJP7Rt6uVbpeL1H2SfAm6veJDAuthyK2SYGhr397Y/E/r22gd9zJmEwNUEmmi3qGe5B447K8LlOUAB9agoli9q8e6WOFCdhKi7aE4PfJf0mrWglqleDysNQ4yesooG20g8ooQEeogc7QBWoigh7QE3pBr86j8+y8Oe/T6IyTz2yhH3A+vwAataHQ</latexit>

u(r, ✓) = u0(r) + 2
NX

n=1

un(r) cos(mn✓)

[McCalla, Sandstede]
[L., Sandstede]
[Scheel]



Patches: Matching conditions

Thm (Existence): [Hill, Bramburger, L. 2023]

Localised solutions exist for μ∈(0,μ*), fixed 𝞶≠0, where

on r∈[0,r0] and an satisfy the matching condition:

•Matching condition can be solved explicitly for N=1,2,3 for general lattices…

•Matching condition can be solved explicitly for N=4, D6m lattices

•General N for m = 6p, p integer

•Matching condition same for 2-component RD systems
•Predicts only certain types of patches can bifurcate…

<latexit sha1_base64="KVfXONh1+HPiF5DFMBJZ9/eXags="></latexit>

an = 2
N�nX

j=1

cos

✓
m⇡(n� j)

3

◆
ajan+j +

nX

j=0

cos

✓
m⇡(n� 2j)

3

◆
ajan�j

<latexit sha1_base64="nC1UqR1MFdIDT1NjAki08VbCzc8="></latexit>

un(r) = µ
1
2 an(�1)mn

p
3

⌫
Jmn(r) +O(µ)



Matching Condition: N=1
<latexit sha1_base64="e2Ubhigqbc1hXYalDxg27MYKn84="></latexit>

a0 = a20 + Cma21, a1 = Cma1a0, Cm := 2 cos

✓
2m⇡

3

◆

4 Solutions:

m=2 m=4m=3 m=6



General N: D6m case

m=6m0: 

Continuum approx:

Limit N->∞:

Rigorous numerics solution -> exists a solution for arb. large N discrete

<latexit sha1_base64="ThEF7Nt+2MQMughOyWFpxrjtq7k="></latexit>

an = 2
N�nX

j=1

ajan+j +
nX

j=0

ajan�j

<latexit sha1_base64="raptkXRVm951LkXJ2OwofsdYB/0="></latexit>

a (t) = 2

Z 1�t

0
{a (s) a (t+ s)} ds+

Z t

0
{a (s) a (t� s)} ds

[Hill, Bramburger, L. 2023]

<latexit sha1_base64="YguxKAlwI/j43xznQcCZwqonkV8=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9JQ9lsN+3SzSbsToRS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k791hPXRiTqAUcpD2LaVyISjKKVHrEjlO+ee0G3VHYr7gxkmXg5KUOOerf01eklLIu5QiapMb7nphiMqUbBJJ8UO5nhKWVD2ue+pYrG3ATj2cETcmqVHokSbUshmam/J8Y0NmYUh7Yzpjgwi95U/M/zM4yug7FQaYZcsfmiKJMEEzL9nvSE5gzlyBLKtLC3EjagmjK0GRVtCN7iy8ukeVHxLivV+2q5dpPHUYBjOIEz8OAKanAHdWgAgxie4RXeHO28OO/Ox7x1xclnjuAPnM8f1d+PyQ==</latexit>

t 2 [0, 1]

<latexit sha1_base64="uWfRY+yRfAMtr0Vy+fAh5WSXk1w=">AAACF3icbZDLSsNAFIYnXmu9VV26CRahbkqioi6LblxJBXuBJpST6aQdOrkwcyKWkLdw46u4caGIW935Nk7aLrT1h4Gf75zDmfN7seAKLevbWFhcWl5ZLawV1zc2t7ZLO7tNFSWSsgaNRCTbHigmeMgayFGwdiwZBJ5gLW94lddb90wqHoV3OIqZG0A/5D6ngBp1S1XocgfiWEYPji+BpnaW3mTgCOZjZUJ4ThzJ+wM86pbKVtUay5w39tSUyVT1bunL6UU0CViIVIBSHduK0U1BIqeCZUUnUSwGOoQ+62gbQsCUm47vysxDTXqmH0n9QjTH9PdECoFSo8DTnQHgQM3WcvhfrZOgf+GmPIwTZCGdLPITYWJk5iGZPS4ZRTHSBqjk+q8mHYAOA3WURR2CPXvyvGkeV+2z6sntabl2OY2jQPbJAakQm5yTGrkmddIglDySZ/JK3own48V4Nz4mrQvGdGaP/JHx+QOhFaDX</latexit>

ai ⇡
1

N
a

✓
i

N

◆



D6m Patches: large N

Thm (Existence): [Hill, Bramburger, L. 2023]

Fix m = 6m0, then there exists an ε > 0 such that for all N > Nε

Where            is a positive, continuous solution of

Proof:
1. Rigorous numerics (Newton–Kantorovich thm) on space of regulated functions:        

(Closure of space of real-valued step functions on [0,1] with respect to the sup norm)

2.   Newton-Kantorovich argument on

<latexit sha1_base64="hPZ56BGFekdtp86Pk/W1s0ANb6M="></latexit>

sup
n2[0,N ]

����an � 1

N + 1
↵⇤

✓
n

N + 1

◆���� < "

<latexit sha1_base64="KNuTJ+vw27lcxVUokRJgFXDZm3c=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIToYZjJ4sRbwIvHCGaByRh6Oj1Jk56F7hohDPkMLx4U8erXePNv7CyCij4oeLxXRVU9PxFcgWV9GCura+sbm7mt/PbO7t5+4eCwreJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/vpr5nXsmFY+jW5gkzAvJMOIBpwS05PaISEbk7rwEZ/1C0TJtx7l0KtgyKxWnXrM0qdXL1YqFbdOao4iWaPYL771BTNOQRUAFUcq1rQS8jEjgVLBpvpcqlhA6JkPmahqRkCkvm588xadaGeAglroiwHP1+0RGQqUmoa87QwIj9dubiX95bgpB3ct4lKTAIrpYFKQCQ4xn/+MBl4yCmGhCqOT6VkxHRBIKOqW8DuHrU/w/aZdN+8Ks3lSLjeoyjhw6RieohGzkoAa6Rk3UQhTF6AE9oWcDjEfjxXhdtK4Yy5kj9APG2yfBopDk</latexit>

↵⇤(t)
<latexit sha1_base64="3rAZcpoGy9G/MfBwe2HFMhI3HbY="></latexit>

↵(t)� 2

Z 1�t

0
↵(s)↵(s+ t)ds�

Z t

0
↵(s)↵(t� s)ds = 0

<latexit sha1_base64="Bct0/mVH8AyRlLnT1VTmsZuMOsM="></latexit>

FN (a)n = an � 2

N + 1

N�nX

j=1

ajan+j �
1

N + 1

nX

j=0

ajan�j , n = 0, 1, . . . , N.

<latexit sha1_base64="FRL2RVlJFV8LhyhRTBdd9T3/uNM=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyWRouKqIIirUsU+oIllMp20QyeTMDMRSsg/uPFX3LhQxK0bd/6NkzaL2npg4Mw593LvPV7EqFSW9WMUlpZXVteK66WNza3tHXN3ryXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3SV+e1HIiQN+b0aR8QN0IBTn2KktNQzT5wAqaHnJ9dpr345/XjJXfpQh44K4azQM8tWxZoALhI7J2WQo9Ezv51+iOOAcIUZkrJrW5FyEyQUxYykJSeWJEJ4hAakqylHAZFuMrkphUda6UM/FPpxBSfqbEeCAinHgacrsx3lvJeJ/3ndWPkXbkJ5FCvC8XSQHzOor80Cgn0qCFZsrAnCgupdIR4igbDSMZZ0CPb8yYukdVqxzyrV22q5Vs3jKIIDcAiOgQ3OQQ3cgAZoAgyewAt4A+/Gs/FqfBif09KCkffsgz8wvn4BDwSePA==</latexit>

FN : RN ! RN



Rings: Matching conditions

Thm (Existence): [Hill, Bramburger, L. 2024]

Localised solutions exist for μ∈(0,μ*), fixed 𝞶>√(27/38), where

on r∈[0,r0] and an satisfy the matching condition:

and q(s) solves 

<latexit sha1_base64="CifhYQR4yNVBpEn7aqbBdHqloV8="></latexit>

un = 2µ3/4anq0

r
⇡

2
rJmn+1 +O(µ)

<latexit sha1_base64="faoueZjyHwNUrQZhxJhB3ppes8Q="></latexit>

an =
X

i+j+k=n

(�1)
m(|i|+|j|�|k|�n)

2 a|i|a|j|a|k|, n = 0, 1, . . . , N, �N  i, j, k  N

<latexit sha1_base64="f0i+ySiqJNlC+XVHZ2RTdVjEMZw="></latexit>✓
ds +

1

2s

◆2

q(s) = c0q(s) + c3q(s)
3, q(s) =

⇢
q0s

1
2 +O(s

3
2 ), s ! 0,

(q+ +O(e�
p
c0s)s�

1
2 e�

p
c0s, s ! 1

•Matching condition can be solved explicitly for N=1,2,3 for general lattices…

•Matching condition can be solved explicitly for N=4, D2m lattices

•General N for m = 2p, p integer

• Matching condition same for 2-component RD systems
• Predicts only certain types of rings can bifurcate…



Matching Condition: N=3



General N: Even case

m=2m0: 

Continuum approx:

Limit N->∞:

<latexit sha1_base64="uWfRY+yRfAMtr0Vy+fAh5WSXk1w=">AAACF3icbZDLSsNAFIYnXmu9VV26CRahbkqioi6LblxJBXuBJpST6aQdOrkwcyKWkLdw46u4caGIW935Nk7aLrT1h4Gf75zDmfN7seAKLevbWFhcWl5ZLawV1zc2t7ZLO7tNFSWSsgaNRCTbHigmeMgayFGwdiwZBJ5gLW94lddb90wqHoV3OIqZG0A/5D6ngBp1S1XocgfiWEYPji+BpnaW3mTgCOZjZUJ4ThzJ+wM86pbKVtUay5w39tSUyVT1bunL6UU0CViIVIBSHduK0U1BIqeCZUUnUSwGOoQ+62gbQsCUm47vysxDTXqmH0n9QjTH9PdECoFSo8DTnQHgQM3WcvhfrZOgf+GmPIwTZCGdLPITYWJk5iGZPS4ZRTHSBqjk+q8mHYAOA3WURR2CPXvyvGkeV+2z6sntabl2OY2jQPbJAakQm5yTGrkmddIglDySZ/JK3own48V4Nz4mrQvGdGaP/JHx+QOhFaDX</latexit>

ai ⇡
1

N
a

✓
i

N

◆

[Hill, Bramburger, L. 2024]

<latexit sha1_base64="YguxKAlwI/j43xznQcCZwqonkV8=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9JQ9lsN+3SzSbsToRS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k791hPXRiTqAUcpD2LaVyISjKKVHrEjlO+ee0G3VHYr7gxkmXg5KUOOerf01eklLIu5QiapMb7nphiMqUbBJJ8UO5nhKWVD2ue+pYrG3ATj2cETcmqVHokSbUshmam/J8Y0NmYUh7Yzpjgwi95U/M/zM4yug7FQaYZcsfmiKJMEEzL9nvSE5gzlyBLKtLC3EjagmjK0GRVtCN7iy8ukeVHxLivV+2q5dpPHUYBjOIEz8OAKanAHdWgAgxie4RXeHO28OO/Ox7x1xclnjuAPnM8f1d+PyQ==</latexit>

t 2 [0, 1]

<latexit sha1_base64="IZhyke4y2dwn4sCGgSmYkUFMGKg=">AAACEnicbVDLSsNAFJ34rPUVdelmsAhKoSRS1E2h4MZlBfuANoTJdNJOO5mEmYlQ0nyDG3/FjQtF3Lpy5984TbPQ1gPDPZxzL3fu8SJGpbKsb2NldW19Y7OwVdze2d3bNw8OWzKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2xjczv/1AhKQhv1eTiDgBGnDqU4yUllzzHLkc1mBPxoGb0PKoPK7xFLnJlE6zMpqX8TR1zZJVsTLAZWLnpARyNFzzq9cPcRwQrjBDUnZtK1JOgoSimJG02IsliRAeowHpaspRQKSTZCel8FQrfeiHQj+uYKb+nkhQIOUk8HRngNRQLnoz8T+vGyv/2kkoj2JFOJ4v8mMGVQhn+cA+FQQrNtEEYUH1XyEeIoGw0ikWdQj24snLpHVRsS8r1btqqV7N4yiAY3ACzoANrkAd3IIGaAIMHsEzeAVvxpPxYrwbH/PWFSOfOQJ/YHz+AEO3noA=</latexit>

an =
X

i+j+k=n

a|i|a|j|a|k|

<latexit sha1_base64="Grw9vUDSfO4UDU3ZEYq6RcXqyxo="></latexit>

↵(t) = 2

Z 1�t

0

Z 1�s

0
↵(t+ s)↵(x)↵(s+ x) dx ds+ 2

Z 1�t

0

Z 1�(s+t)

0
↵(s)↵(x)↵((s+ t) + x) dx ds

+

Z 1�t

0

Z s

0
↵(t+ s)↵(x)↵(s� x) dx ds+

Z 1�t

0

Z (s+t)

0
↵(s)↵(x)↵((s+ t)� x) dx ds

+ 2

Z t

0

Z 1�s

0
↵(t� s)↵(x)↵(s+ x) dx ds+

Z t

0

Z s

0
↵(t� s)↵(x)↵(s� x) dx ds

+

Z t

0

Z 1�s

0
↵(s+ 1� t)↵(x+ s)↵(1� x) dx ds,



Problems with Approach I

• Validity of existence region goes to zero as N goes to infinity…

• Guess is that patch = 2D cellular pattern X radial envelope

• Technical derivation



Approach II

• Find an approximation: 2D Pattern X radial envelope

• Fourier polar decomposition:
<latexit sha1_base64="o8z9S86MJyD4DKWkhUxesaBjtNQ="></latexit>

u(t, x, y) = u(t, r, ω) =
∑

n→Z
un(t, r)e

inω

<latexit sha1_base64="AKqw1cZDHglpCxBTLutP3xPXy1k="></latexit>

ωtun = →(1 +!n)
2un → µun + ε

∑

i+j=n

uiuj →
∑

i+j+k=n

uiujuk

<latexit sha1_base64="RgRYJpPJPNRjaX3cL8zFSAsxBxA="></latexit>

!n = ω2
r +

1

r
ωr →

n2

r2

• Projected Swift-Hohenberg equation:

• Aim:

[Hill, L., 2024]

<latexit sha1_base64="vOM+xfBeoWBlKCC/0cOLsDmQn0Q="></latexit>

µ = ω2µ̂, (T,R) = (ω2t, ωr)

<latexit sha1_base64="CZujqf80M3746aLcVw+dzK3nuhE="></latexit>

un(t, r) = ω (A(T,R)anJn(r) +A(T,R)anJ→n(r)) +O(ω2),



Radial Differential Operators

• Problem with Bessel functions:
<latexit sha1_base64="t5dELT60uFfIFqWUNu3ANqWeNe0="></latexit>

ωrJn(r) =
1

2
(Jn→1(r)→ Jn+1(r)) = Jn→1(r)→

n

r
Jn(r) = →Jn+1(r) +

n

r
Jn(r)

<latexit sha1_base64="mxXsjaR39/Tlo7kGuL9nfXgE3y0="></latexit>

Dn := ωr +
n

r
, n → Z

<latexit sha1_base64="MZcNw0Cv+lN+CF6MW3yaaSWBuPQ="></latexit>

DnJn(r) = Jn→1(r), D→nJn(r) = →Jn+1(r)

• Solution - Bessel Differential operators:

[Hill, L., 2024]

<latexit sha1_base64="bvKz0iR7xRhccl6GkAyK/sIkYNc="></latexit>

Dn→1Dn = ω2
r +

1

r
ωr →

n2

r2
= !n

[Hill, Groves, 2024]



Radial Differential Operators II

• Multiple scales expansion:
<latexit sha1_base64="8DGH1Dpcyv2w7XM2SJ1kEn4R0ho="></latexit>

un = un(r,R), R = ωr

<latexit sha1_base64="AFtYloNQUEeCftQ/lJBfDabYloI="></latexit>

D̂±n := ωR ± n

R
, !̂n := D̂1→nD̂n

<latexit sha1_base64="YFMNaFgirMwBZ+9dI06nFUIRVEU="></latexit>

!nun = D1→nDnun + ω(Dn +D→n)D̂0un + ω2D̂1D̂0un

<latexit sha1_base64="5SS1sxJjAF+cRwHPqw5xFDmamDs="></latexit>

(1 +!n)
2un = (1 +!n)

2un + ω[4εr(1 +!n)εRun] + ω2[2(1 +!n)!̂0un + 4!nε
2
Run] +O(ω2)

• Slow scale Bessel operators:

• Expand Laplacian:

• Expand Laplacian:

[Hill, L., 2024]



Bessel Convolutions

• Projecting on to each Bessel function mode

<latexit sha1_base64="iilpMMApC1tuD7S6R6HS3pfbjOg="></latexit> ∑

i+j+k=n

Ji(ar)Jj(br)J±k(cr) = Jn((a+ b± c)r)

<latexit sha1_base64="BaWHPysgl5z0qzS4dxStiFSDnUo="></latexit>

eirei4re→3ir = e2ir →
∑

i+j+k=n

Ji(r)Jj(4r)J→k(3r) = Jn(2r)

• General result provided 
<latexit sha1_base64="2zJmQ5oY+dVuF4nRMe+HJxIsqvo=">AAAB9XicdVBLSwMxGMz6rPVV9eglWARPS3axtb0VvXisYB/YXUs2zbah2eySZJWy9H948aCIV/+LN/+N2baCig6EDDPfRyYTJJwpjdCHtbS8srq2Xtgobm5t7+yW9vbbKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnGF7nfuaNSsVhc60lC/QgPBQsZwdpIt8JjwouwHgVBdjPtl8rIRm6tguoQ2a653IohFeTUq3Xo2GiGMlig2S+9e4OYpBEVmnCsVM9BifYzLDUjnE6LXqpogskYD2nPUIEjqvxslnoKj40ygGEszREaztTvGxmOlJpEgZnME6rfXi7+5fVSHdb8jIkk1VSQ+UNhyqGOYV4BHDBJieYTQzCRzGSFZIQlJtoUVTQlfP0U/k/aru1U7erVablxvqijAA7BETgBDjgDDXAJmqAFCJDgATyBZ+veerRerNf56JK12DkAP2C9fQJa/JMb</latexit>

n → Z

[Hill, L., 2024]



Radial Amplitude equation

Expansion
<latexit sha1_base64="MhQ81hdVOa7IWgMbEzQrR+9zf5s="></latexit>

un = ωv(0)n (T, r,R) + ω2v(1)n (T, r,R) + ω3v(2)n (T, r,R) +O(ω4)

<latexit sha1_base64="EYKIGFEVWpxj5gsx42cfis89Mvw="></latexit>

O(ω1) 0 = → (1 +!n)
2 v(0)n

O(ω2) 0 = → (1 +!n)
2 v(1)n → 4εr (1 +!n) εRv

(0)
n + ϑ

∑

i+j=n

v(0)i v(0)j

O(ω3) εT v
(0)
n = → (1 +!n)

2 v(2)n → 4εr (1 +!n) εRv
(1)
n → 2 (1 +!n) !̂0v

(0)
n

→ 4!n ε
2
Rv

(0)
n → µ̂v(0)n + 2ϑ

∑

i+j=n

v(0)i v(1)j →

∑

i+j+k=n

v(0)i v(0)j v(0)k

Collect at orders of epsilon 

Choice of         leads to different amplitude equations
<latexit sha1_base64="84QJVf70Uy64aQaChybFemXB03A="></latexit>

v(0)n = A(T,R)Jn(r) +A(T,R)J→n(r)
<latexit sha1_base64="Nt6D09HyyAY/bRcPP7HCFWn/gsA="></latexit>

v(0)3n = A(T,R)J3n(r) +A(T,R)J→3n(r)
<latexit sha1_base64="tKr0mjYIVOL3SH8rR2OeB0kxxXw="></latexit>

v(0)n = 3A(T,R)Jn(r) + 3A(T,R)J→n(r)

<latexit sha1_base64="VrYhj+WUK/vrAaiYJoHDDG5jqCs=">AAAB83icdVDLSgMxFM3UV62vqks3wSLUzZAZbG13RTcuK9gHtGPJpJk2NJMZkkyhDPMbblwo4tafceffmD4EFT1wuYdz7iU3x485UxqhDyu3tr6xuZXfLuzs7u0fFA+P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJ9dzvzOlUrFI3OlZTL0QjwQLGMHaSP3pIBXZfVpG5xkcFEvIRm6tguoQ2a5pbsWQCnLq1Tp0bLRACazQHBTf+8OIJCEVmnCsVM9BsfZSLDUjnGaFfqJojMkEj2jPUIFDqrx0cXMGz4wyhEEkTQkNF+r3jRSHSs1C30yGWI/Vb28u/uX1Eh3UvJSJONFUkOVDQcKhjuA8ADhkkhLNZ4ZgIpm5FZIxlphoE1PBhPD1U/g/abu2U7WrtxelxtUqjjw4AaegDBxwCRrgBjRBCxAQgwfwBJ6txHq0XqzX5WjOWu0cgx+w3j4Br/+RfA==</latexit>

v(0)n

Stripes:

Hexagons:

Rhomboids:



Amplitude Equations

• Localised hexagons/rhomboids:

• Localised Stripes:

• Localised quasi-patterns 12 fold 

<latexit sha1_base64="wWh/nkQM1LvWGaXDEjUZ09MDQ3M="></latexit>

AT = 4ARR → µ̂A+ 4

(
19ω2

18
→ 3

4

)
|A|2A

<latexit sha1_base64="IsseRw/5vp7jakBd5AvR4wJlvBQ="></latexit>

AT = 4ARR → µ̂A+ 2ω̂A
2 → 15|A|2A

<latexit sha1_base64="S7gxblS6q/ka3Ve1E9bVOvdrpc8="></latexit>

AT = 4ARR → µ̂A+ 2ω̂A
2 → 33|A|2A

[Hill, L., 2024]



Going 3D…

• Spherical harmonic expansion

<latexit sha1_base64="sFgK7lDf4XfSe3BHR6P+Y75+3+4="></latexit>

u(t, r,ω, ε) =
∑

(ω,m)→I1

uω,m(t, r)iωY m
ω (ε,ω), uω,m = (→1)ω↑muω,↑m

<latexit sha1_base64="cACcVzGMFSDM8kH5HZOjZXQtif8="></latexit>

Id = {(p,q) → Nd
0 ↑ Zd : |qi| ↓ pi, i = 1, . . . , d}

• Look for simple cubic, face-centred cubic, body centred-cubic 

• Extend Approach I and II…

[Subramanian, Archer, Knobloch, Rucklidge]

[Hill, Bramburger, L. In prep]



Conclusions

• Can get a long way with just approximations…

• Extensions

• 3D in progress…

• Spatial heterogeneity

• Different differential operators and special functions

• Turing-Hopf bifurcation

• Approach II 

• Formal multiple scales method

• Rigorous validity (Hill and Groves)

• Exponential asymptotics extension?

• Gronwall estimates?

• Approach I 

• Based on numerical method

• Small truncations most useful


