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THE FLAT TORUSVIA EDGE IDENTIFICATIONS
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ISOMETRIC MAPS

A map between metric spaces is
called an isometry if it preserves
distances between points.

A map is called a local isometry if
every point has a neighborhood to

which the restriction of the map is

an isometry.




FLATNESS
LOCALLY ISOMETRIC TO THE EUCLIDEAN PLANE

Flat Not Flat
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FLAT TORUS USING
ORIGAMI TOPOLOGY

Need extra structure to keep track

of multiply-covered surfaces (see
Demaine & O’Rourke, 2007)




“PAPER DONUTS” (FLAT TORI)

Y

-
el
—a .

el
-

(Diplotorus, Malaga & (Schwartz & Malaga, 30
Lelievre, 2020) min ago)
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. https://www.desmos.com/3d/del 3 | ca2ef



https://www.desmos.com/3d/de131ca2ef
https://www.desmos.com/3d/de131ca2ef
https://www.desmos.com/3d/de131ca2ef

GAUSSIAN
CURVATURE

e Normal curvatures

* The Gaussian curvature at a smooth point
on a surface in R3 is the product of the
maximum and minimum signed normal

curvatures at that point.

¢ Gauss’s Theorema Egregium states that
Gaussian curvature is preserved under smooth

local isometry.



https://c3d.libretexts.org/CalcPlot3D/index.html?type=z;z=x%5E2-2y%5E2;funname=f;visible=true;umin=-2;umax=2;vmin=-2;vmax=2;grid=31;format=normal;alpha=255;hidemyedges=false;constcol=rgb(255,0,0);view=0;contourcolor=red;fixdomain=false;activetrace=false;contourplot=true;showcontourplot=false;firstvalue=-1;stepsize=0.2;numlevels=11;list=;uselist=false;xnum=46;ynum=46;show2d=false;hidesurface=false;hidelabels=true;showprojections=false;surfacecontours=true;projectioncolor=rgba(255,0,0,1);showxygrid=false;showxygridonbox=false;showconstraint=false&type=window;showfunnot=false;hsrmode=0;nomidpts=true;anaglyph=-1;center=5.27970813100089,7.820571567388103,3.3110938390208826,1;focus=0,0,0,1;up=-0.0993715569080012,-0.3303118007959951,0.9386263409539426,1;transparent=true;alpha=140;twoviews=false;unlinkviews=false;axisextension=0.7;shownormals=false;shownormalsatpts=false;xaxislabel=x;yaxislabel=y;zaxislabel=z;edgeson=true;faceson=true;showbox=true;showaxes=true;showticks=true;perspective=true;centerxpercent=0.5;centerypercent=0.5;rotationsteps=30;autospin=true;xygrid=false;yzgrid=false;xzgrid=false;gridsonbox=true;gridplanes=false;gridcolor=rgb(128,128,128);lastaddedsurfaceactive=true;disabletrace=false;activefun=-1;showtraceplane3d=true;xmin=-2;xmax=2;ymin=-2;ymax=2;zmin=-2;zmax=2;xscale=1;yscale=1;zscale=1;zcmin=-2;zcmax=2;xscalefactor=1;yscalefactor=1;zscalefactor=1;showtraceplane=true;tracemode=7;tracepoint=0,0,0,1;dirvector=%3C1,0%3E;keep2d=false;zoom=0.928

EVERY COMPACT
SMOOTH SURFACE
HAS A POSITIVE
CURVATURE POINT

At the farthest point from a fixed
point, the surface has curvature at
least as large as that of the sphere.



BEYOND:WHY STOPWITH THE TORUS!?




A PAPER SPHERE!

An embedded sphere must have at

least 3 non-flat points.

“Three Points of Defect”, Polyplane
(Paul, 2022)




GAUSS-BONNET
THEOREM

The average Gaussian curvature of a
compact surface without boundary

2y )
equals R where y is the Euler

characteristic and A is the area.

— Only the torus and Klein Bottle

admit flat (zero-curvature) metrics.




FLAT KLEIN BOTTLE
WITH CURVED
CREASE ORIGAMI

The image of a piecewise smooth arc
length preserving map from a flat
Klein bottle into Euclidean three

space.
Almost a local isometry!

(Paul, 2021)










CURVED
CREASE
ORIGAMI




A Piecewise Smooth
Isometric Immersion of
a flat Klein Bottle

(Paul, 2025)

Fold patterns




Since no other compact surfaces have genus 0, we can’t hope to make them with flat paper.

THE END???

* Can we make positive Euler characteristic surfaces (sphere, projective plane)
with “spherical paper™?

e Can we make negative Euler characteristic surfaces (double torus...) with
“hyperbolic paper’?




NON-EUCLIDEAN “PAPER”

Hyperbolic Paper (with Aaron
Abrams)

Images from Warped Redlities exhibit at MoMath




Topological Origami

How faithfully can we represent the geometry and
topology of constant curvature surfaces in
Euclidean three space!




CONSTANT CURVATURE
RIGHT-ANGLE HEXAGON

https://www.desmos.com/3d/Opnoky45en



https://www.desmos.com/3d/0pnoky45en
https://www.desmos.com/3d/0pnoky45en
https://www.desmos.com/3d/0pnoky45en

THANKYOU!

Scan for origami fold patterns,
references, other info

Stepan Paul

North Carolina State University

sspaul2@ncsu.edu

www.stepanpaul.com
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