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ontinuities in the canopy and short-

The Canopy and
hortest Path in a
elf-Contacting
ractal Tree

his article concerns the fractal trees that are obtained recursively by symmetric bi-

nary branching. A trunk of length 1 divides into two branches of length v, each of

which makes an angle 6 > 0° with the linear extension of the trunk. Each branch

then divides by the same rule. Some basic information on such trees is found in

Chapter 16 of [FGN], on which this article elaborates.

Itis well known that the branch tips of these trees can take
any dimension satisfying 0 < D = 2. Moreover, when 1
D < 2, it is possible for different branches to have tips, but
no other points, in commaon. These trees, to be called “self.
contacting,” include points one cannot access from infi
ity, except by crossing a composite curve called the *hull
In the interesting cases, the hull includes a fractal called the
“canopy.”

the canopy can be characterized in another
way: as the shortest path along the branch tips from the
upper left comer to the upper right corner. The self-con-
tacting branch tips sereen from infinity some other branch
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tips, thus providing shortcuts between parts of the tree, ef-
fectively jumping over the screened regions.

For 6> 80°, the canopy is disconnected because of ad-
ditional screening by branch segments. The shortest path
along branch tips remains a variant of the Koch curve, so
the shortest path and canopy no longer coincide. The frac-
tal dimensions of the canopy, shortest path, and the set of
branch tips are compared in the range 0° < 6 < 180°.

For certain ranges of 6, the canopy, shortest path, and
the set of branch tips are Koch curves. Consequently, the
constructions presented here provide alternative ways to
draw Koch curves

we think of these as topological

The structure of self-avoiding and self-contacting trees
(with their canopies and shortest paths) is instructive and
entertaining. It seems to make the subtle distinction be-
tween denumerable and nondenumerable infinity concrete
and near-palpable.

A Classification of Binary Trees

In the preceding constructiol ch branch is determined
by a finite number of choices of the form “bear left" or
“bear right,” so each branch defines, in obvious fashion, an
“address™ that is a finite sequence of letters L and R.
Therefore, the branches are denumerable. For r = 1, the
outcome of this construction is easily seen to be un-
bounded. For example, LRLRLR... = (LR)* defines a se-
quence in which every R branch is vertical and every L
branch makes an angle 6 with the vertical. Thus, the total
vertical extent of this branch sequence is

1+ rcos(f) + 72 + rd cos(f) + r! + -,

diverging forr = 1. However, if 7 < 1, alimit tree is reached
after an infinite number of branchings; it depends on #and
will be denoted by 9. Each branch tip defines an address
that is an infinite sequence of L and R. A tip's ad-
dress is the same as an infinite sequence
of 0 and 2, hence, in tum, the same
as a point in the classic ternary
Cantor set.
Many geometrical proper-
ties of these trees can be de-
duced from the positions of
branch tips. Denote by A;AsAs .
dress of a branch tip and by d,, the number of
R's minus the number of L’s in 414243 . . . Au
Placing the base of the trunk at the origin, this
branch tip is located at the point with coordinates

x = rsin(d, 6) + r*® sin(dz6) + r* sin(ds6) + -+,

Y + rcos(d,f) + 0s(d0) + r* cos(

When the address is eventually periodic, closed exp:

sions for the coordinates can be found by summing the

appropriate geometric series. For example, the branch

tip with address (LR)*, a point of maximal height of the
°, has y coordinate

To generate pictures of the set of branch tips, the stan-
dard method already used in [FGN] is now [B] referred
to as “iterated function systems® (IFS). The two functions
required are

The tip set is the set of limit points of all finite composi-
tions of By and By, applied to (0,1).

To include the trunk (and all the branches), for
add a third function

r cos

Here, 5 is the reciprocal of the height of the tree, hence the
vertical scaling factor of the trunk. Note that all the IFS
transformations must be contractions, so the trunk can be
generated with Tr(z,) only so long as s < 1; that is, for

However, B and By, will generate the set of
branch tips for all 6. For 6 > 135°, replace Tr with two func-
tions

Try(xy) = Ow2),
() = (0y/2) + (0,172
The wide availability of IFS software makes this area ac-
cessible to computer experime

Selt-Avoldance

When 7 has no double point (i.e.,

no loop), it is said to be self-

avoiding. If so, the branch tips

are distinct points and, like the

points in a Cantor set, are non-

denumerable. They form a self-similar frac-

tal of dimension D = log(2Mog(1/r). That the

scaling of the branch tips is identical to that of

the branches is illustrated by the IFS formulation.

In addition, it can be derived from the addresses of

appropriate branch tips, using the method we de-

seribe in the self-contacting case. For r = '3, 7 is al-

ways self-avoiding, regardless of the value of 6.

However, for ¥z < r < 1, the tree may or may not be self-
avoiding, depending on 6.

Solt-Contact

When the tip of some branch also belongs to some other
branch, the tree is said to se{f-contact. Self-contacts are
of two kinds: a tip may lie on a branch or two tips may
coincide; both kinds can be found on the same tree. Tip-
to-tip self-contact will be seen to involve a generalization
of the familiar fact that in binary representations of the
points of the interval [0, 1], the points corresponding to
001111 . . . and 0.10000 are identical. Here, too, the
dimension of the tip set is log(2)0g(1/r).

Figure 1. The seif-contacting =20’ tree.
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Animation: youtu.be/11NZDHNahJs
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One of the charms of mathematics is that simple rules can generate complex and
fascinating patterns, which raise questions whose answers require profound thought.
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