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Motivation

How many samples do we need to recover f : {—1,1}" — {—1,1} nicely?
> Might be too ambitious to consider arbitrary functions
» Some structures are needed: structures =~ low complexity
» In this talk: low complexity ~ low degree

Same question if we replace f with A € M5(C)®"?



Notation: classical VS quantum

Classical

Quantum

functions {11} =cC

A € M(C)®" = Man(C)

Fourier expansion

F=Yscim F(Sxs
Xs(x) = []es

A= 256{0,1,2,3}” Asos
Os =05, Q- Q0s,

degree-d f(S) =0if|S| >d

|S| :=cardinality of S

As=0if|s| > d
Is|:= [{j : s; # 0}

probability measure uniform

normalized (trace)

Parseval’s identity IFll2 = I1F]l2

1All2 = | All2

(10 (01 ~ /0
0=%o 1)0*7\1 0)27 i

—i\ __(1 0
0/)? \o -1}



Learning: random query model

Our (bounded) functions with low complexity
Fsb={f:{-1,1}" — [-1,1] degree-d} .

Fix e,6 > 0. Let N(F=%, ¢, ) be the least N > 0 such that for any
» function f € F=¢
» i.i.d. random variables X1, ..., Xy uniformly distributed on {—1,1}"

» and queries
(X1, f(X1)), -, (XN, f(XN)),

we can construct a random function h such that
Pr(|[f—hl5<e¢)>1-4.

What is N(F54,¢,8)? How does it depend on the dimension n?
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The LMN algorithm: Parseval + Chernoff

» Linial-Mansour—Nisan (1993) low-degree algorithm

d d
N(Fz?€6) < e log (%) = Ou,e,s(n" logn)
€
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» Linial-Mansour—Nisan (1993) low-degree algorithm
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d
- hig= 3 175)— hs)P < 3 () -mall = O(a) -sma.
j=0

|S|<d



Learning low-degree polynomials

» Linial-Mansour—Nisan (1993) low-degree algorithm
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Learning low-degree polynomials

» Linial-Mansour—Nisan (1993) low-degree algorithm

d 2 d
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El algorithm: LMN + BH

However, we lose too much in the previous estimate. Recall:

ST =111 < IfII% < 1.

Sc[n]:|S|<d
So many of |f(S)|2 < n~% are too small to contribute:

> keep f(5)’s that are influential (e.g. |f(S)| > 1/10)

{S : IF(S)| > 1/10}| < 100 £]|3 < 100
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However, we lose too much in the previous estimate. Recall:

ST =111 < IfII% < 1.

Sc[n]:|S|<d
So many of |f(S)|2 < n~% are too small to contribute:

> keep f(5)’s that are influential (e.g. |f(S)| > 1/10)

I{S : [F(S)| > 1/10}] < 100]| f[|3 < 100

~ ~

> forget about f(S)’s that are non-influential (e.g. | f(S)| < 1/10)

S RSP <107 ST IFS)PE(1/10)> ¢

s:|f(8)1<1/10 s:|f(s)1<1/10

Bohnenblust-Hille inequality for {—1,1}"



BH inequalities for Boolean cubes {—1,1}"

Bohnenblust—Hille inequality for {—1,1}™ (Blei 2001)

Ford > 1, there exists Cy > 0s.t. foralln > 1andall f: {—1,1}" — R of
degree-d we have

d+1

1l 20 = (2 f<s>|f‘ﬁ) < Call flle-

Defant—Mastyto—Pérez (2019)

The best constant satisfies BH{fﬁl} < ¢V4°ed for some universal C' > 0.
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Bits to qubits?

Conjecture/Theorem: qubit BH (Rouzé—Wirth—Z. 2024)
Ford > 1,3C4 > 0s.t. for alln > 1 and all degree-d A € M»(C)®"

4]l 22 < CallAll. (qBH)

Denote the best constant by BH3..

Huang—Chen—Preskill (2023)

(9BH) holds and BH]%I‘Z < d°?D (learning to predict arbitrary quantum processes).

A reduction method: Volberg—Z. (2023)
(9BH) holds and BH3, < C“. In fact, BH3;, < 3'BHEY, ).



Idea of proving qubit BH via reduction

Goal: for any degree-d A € Mo (C)®™,

Al 20 < CallAJl-

d+1

Idea: find degree-d fa : {—1,1}™ — C with some m > 0 such that
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Idea of proving qubit BH via reduction

Goal: for any degree-d A € Mo (C)®™,

Al 20 < CallAJl-

d+1

Idea: find degree-d fa : {—1,1}™ — C with some m > 0 such that

nﬂflj%|muﬂ T 1Al l|A
? BH for {—1,1}™

| £4(8) = 1 Ap(@)]
key: 005 + 00; = 2051

In fact, we may choose m = 3n and each p(¢€) is an explicit density matrix.



Key density matrices

The density matrices p(€) are defined as follows

€= (eﬁl), .. .,6;1),...,6,(,11)76(12),...765-2),...,6512)76(13),.“,653), .. .,6,(13)> € {:i:l}Sn

|s

p(&) :=p1(E) @ - @ p;j(O) @ ® pa(€) € Ma(CT)®",
where foreach1 < j <mn

w 1 3)
(g‘) *P(l) Jr3P(2) 3P(3)

(

and P. ” is the eigen-projection of o; corresponding to eigenvalue +1.



Key observation: o;0; + ojo; = 20;;1

Since
0i0j = —0;0i, 1<i#5<3,

we have _
(0, P8) =0, 1<i#j<s.

Sofor1 <i<3

Lo, 1o, 1om 1 (@ 1
<Ji7§P51 +§P€2 +§P63 :§<Ui7pei >:§€1

Thus

<...®1®0K1®1®...®1®0M®1®...’p(g)>_3lez(;m),..ei_lnz)
i1-th it

~+ one-one correspondence: As ~q fa(S) ~ | Allp ~a || Fallp.
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Learning qudit quantum observables?

2 x 2 matrices ~ K x K matrices?

Qudit system: Heisenberg—Weyl basis
Let K > 3and wx = ¢’k . The Heisenberg—Weyl basis of Mk (C) is given by

xtzm, 1<¢{,m<K,
with (shift & clock matrices)
Xe; = ejt1, Zej :w;{ej, j € Zk.
In particular, X* = Z¥ =1 and ZX = wx X Z.

Question: do we have qudit BH and the reduction?



Reduction from qudit systems to cyclic groups

Qx = {l,wk,...,wk'}: the multiplicative cyclic group of order K.

Reduction: Slote—Volberg—Z. (2023, 2024)

Suppose that K > 3 is prime. For any A € Mx (C)®™ of degree d, we can
find f4 : Q™ — C of degree d such that

20 Sgx Mallze S,k falle

]

Works for non-prime case as well but looks more ugly.

A Al

—— A
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[[All
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]
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—— A

Warning: no cyclic BH was known when 2 < K <

While the proofs for Q; = {—1,1} and Q. = T are similar, they do not work
for 2 < K < oo due to an obstacle.



The obstacle: dimension-free approximation/discretization

If you recap K = 2, oo proof: for analytic f : Q% — C of degree d

?

~

Hf”% Sd,K ||f||L°°(conv(QK)") Sd,K ||f||L°°(Q;L()

with conv(Q2k ) being the convex hull of Q. Is it true that



The obstacle: dimension-free approximation/discretization

If you recap K = 2, oo proof: for analytic f : Q% — C of degree d

?

~

”f”% 5d,K ||f||L°°(conv(QK)") Sd,K ||f||L°°(Q;L()

with conv(Q2k ) being the convex hull of Q. Is it true that

?
> X oo X > S ° X oooe X °
° °

This is trivial when K = 2 since f is multi-affine

JE— X oo X —— = (o) (o) X e X o o

and when K = oo because of maximum module principle:

. - . = e ()
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Good news

Slote—Volberg—Z. (2023, 2024)

We do have the dimension-free estimate for low-degree ' polynomials

> X e X > S 6 X=X °
(o] (o]

As consequences:

"both the total degree and individual degree are small
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Good news

Slote—Volberg—Z. (2023, 2024)

We do have the dimension-free estimate for low-degree ' polynomials

(o] (o]

S

As conseqguences: ~» BH for cyclic groups
~» BH for qudit systems
~+ low-degree learning in qudit systems

"both the total degree and individual degree are small



More recent work

Becker—Klein—Slote—\Volberg—Z. (2024)

More is true

o
. X"'X . 5 ’ X...X
(e} o

See the next talk by Joseph Slote.
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Thank you for your attention!
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