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Disclaimer

Actually | work on black holes, accretion, and variability
doing theory, and ALMA observations...
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Boltzmann equation

dx® of N dp® of
dr ox* dr op?

= eS(XH, p", f)

where  f(x*, p*) s neutrino distribution function,
S(x¥, p*, 1) is collision term,

£ IS heutrino energy,
pt IS momentum,
T Is affine parameter,

a,u =0,1,2,4



Boltzmann equation
dx” 6f “of
{X dr dx“ dT op®
can be rewritten in terms of moments

=S¥, ph, 1) ‘ ‘ X p®...8(hv — e)d°p

M[O] = J'e fxH, p*MYS(hy — e)d’p = E, energy density
M[1] = J' Y fxH, pMS(hy — €)d p = F* flux
d’p 5
M[2] = | p*p” f(x*, p*) S(hy — €)—— = P " pressure tensor
5
d’p
M[N] = J ’ —f(x/“‘,p”) o(hv — €)—
'S



Moment equations
Instead of Boltzmann equation

dx® of dp® of
< |

_|_
dr ox* dr op®

we get an infinite tower of moment equations

Diff Eq (M[O], M[1])
Diff Eq (M[O0], ..., M[2])
Diff Eq (M[O0], ..., M[3])

= eS(xH, ph, f) ‘ ‘ X p%...5(hv — €)d’p

Infinite set

lef Eq (M[O],...,M[N+ 1))



More explicitly and in 1D

These equations look like

0% + ii(rzF " = S[0]
ot r2 or g

aFyr + ii(rzp 7‘7‘) — S[l]
ot r2 or g

Diff Eq (M[O0], ..., M[3])

lef Eq (M[O],...,M[N+ 1])



Truncating the system for M1 scheme
We only keep two equations

aEy + ii(rzF I”) — S[O]
o0 rior "

@Fyr 1 ii(rZP rr) _ S[l]
ot re or g

Diff Eq (M[O], ..., M|3])

Diff Eq (M[0}. . . M{N.+ 1])




Truncating the system for M1 scheme
We only keep two equations

)10,
+ ——(r7F,) = S[0]

or  r? a’” Two equations

oF ' Three unknowns
+—— r SI1
(8,7 = S




Closing the system

0,10,
+——(r F )= S[0]

ot r2 or
dFr
+——r S|1
(AR = Si1)

Need one more equation to close the system. A functionof £, F, P,"" .

We choose It to be
P~ = Function(E ,F,) <«—— Closure



Set of equations for M1 scheme in 1D

@+ ii(r7F ") = S[0]

ot r2 61” Three equations

oF ' Three unknowns
+——(r 5[1]
=R =

._ Functh F ) — Closure




Set of equations for M1 scheme in 1D
(The highest moment we are truly solving for is M1)

), 10,
+ ——(r7F,) = S[0]

ot r2 ar Three equations

oF ' Three unknowns
+—— r SI1
(B, = S

.— Functloc)F ) — Closure

It Is obvious that
the quality of the solution depends on the quality of the closure,
l.e. the quality of the extra equation we supplement the system with.




Common in literature expressions for closure

Kershaw Maximum Entropy Fermi-Dirac (MEFD)
12 1 2 x*(3 — x + 3x°) f
= —+—f* =—+=(1-e)(l —2e)————— = x=
P 3 3f P 3 + 3( e)( e) 3 , A 1 — o
, , ; Janka 1
_ (] 4 — £13064 | 2 041342
p 3( 2f 2f )
Levermore i Janka 2
S+4f I 1.3450 | £5.1717
P=—""""T— p=s0+f 7" +f7)
5+ 24/4 — 3f2 3
Maximum Enztropy (ME) E F/ P
_1 z 3 3£2 Here e = —, f = , P =
P = 3 + E( —f+3f7) 13 F E



Common in literature expressions for closure

1 I I I I I I I I I I I I I I I I I
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Common properties of the closures

1
In 1D: FI/:O —> Py:gEu

F,=1 = P, =F,

In higher dimensions: 3p — 1

I I 1
PV Pthin T Pthick’
) 2 2
where PY. = —FE &Y and
thick 3 v

In thin limit the radiation exerts pressure only along the direction of the
beam (n), i.e. F* = E, F7" = (), and
P =F BEy PY =0ifiorj+#n

thin — U ‘Fg‘ > L ohin T J :




Properties of the closures
In 1D: Fz/:o —> PV:_EI/

— of
whe oy exertin® o

in th « of Our ch -our€ only along the direction of the

bean| ey are ISSUE S F,7" =0, and
p =g 2ty pi gy, £
thin I/‘FZ‘ ? thm_ | lor] n.
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Closures obtained as fits to simulations

Kershaw Maximum Entropy Fermi-Dirac (MEFD)
I 2 l x*(3 - +32
P—_+— —+ (l—e)(l—Ze) Shat. x) f

Levermore
3 + 4f7
P=—T—F——
5+ 24/4 — 3f2
Maxmijm Ign;cropy (ME) E F/ P
% 3 13 1, E E



Closures obtained as fits to simulations

Levermore
3 + 4f*

5+ 2¢/4 - 3f2

Maximum Entropy (ME)
9) 2

b2 >
p—3+15(3 f+3f)

Maximum Entropy Fermi-Dirac (MEFD)
x*(3—x+ 3x2) f

l+ (1 —e)(]l —2e)——

wild guess
S|mulat|ons

p:




Closures obtained as fits to simulations

Maximum Entropy Fermi-Dirac (MEFD)
x*(3—x+ 3x2) f

l+ (1 —e)(]l —2¢)——

wild guess

S|mulat|ons
Levermore
phyS|CaI
9
p = i reasons
5+ 24/4 — 3f?
Maximum Entropy (ME)
f2

P_§+—(3 —f+3f%)




Levermore
Levermore closure o

TR T

By Levermore 1984

Assumption;

In the rest frame of the fluid, i.e. the brake boosted to where Fy = ()
we have T

Kershaw

P = — 0.8 i Wilson

Levermore




Maximum Entropy Fermi-Dirac

closure A
Assumption: P=37 3(1 — el =2¢) 5

x*(3 — x + 3x?) MIEFD f
— x=
|l —e
: . By Chernohorsky & Bludman 1994
Entropy Is maximized.

Statistics is Fermi-Dirac. T

Kershaw

Bottom limiting curve is 0.8 | Wilson J -

Levermore

maximum packing limit.

Top limiting curve Is where
Fermi-Dirac statistics Is not
Important.

It detents on two parameters.




Maximum Entropy closure e
— 12 (R _ 2
Assumption: P=73+73 B —f+3)

By Minerbo 1978
Entropy Is maximized.

1 L L L e

Boltzmann statistics.

Kershaw
Wilson
Levermore

Top limiting curve of MEFD.




Kershaw closure

Assumption;

Smooth interpolation between — and 1.

Nothing else.
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The purpose of the study was
to test various closures
and determine the best performer.

Setup:
Spherically symmetry (i.e. 1D problem)
Three PNS post bounce configurations, and a uniform sphere.

GR1D with closure (O'Connor et al 2015)

VS
MC neutrino transport code (Abdikamalov et al 2012) as truth



Uniform sphere
Simplest test

Has analytic solution

Neutrinos streaming from the center
of the sphere



Uniform sphere

Fit :
it: p =
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Uniform sphere

Fit

Analytic
Kershaw

Wilson -
Levermore -
ME

MEFD
Janka 1 ]
Janka 2 i
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Protoneutron star

Three models
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Protoneutron star

Closure performances (integrated)

energy density
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Protoneutron star

Closure performances (by flux value)
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Protoneutron star

Closure performances (by flux value)
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Protoneutron star

Closure 160 ms . | 260 ms . - 360 ms B
prescription | M[0] 4fu(r) Odpu(r) opu(f) | MIO] &fu(r) opu(r) opu(f) | MIO] &fu(r) opu(r) dpu(f)

e
Kershaw | 0.074 0.102 0.060 0.069 | 0.061 0.081 0.062 0.079 | 0.052 0.068 0.063 0.086
Wilson | 0.063 0.131 0.054 0.089 | 0.049 0.085 0.038 0.074 | 0.042 0.066 0.029 0.068
Levermore | 0.068 0.112 0.021 0.018 | 0.053 0.089 0.025 0.024 | 0045 0076 0.029 0.031
ME | 0.072 0.118 0.026 0.036 | 0.058 0.092 0.020 0.026 | 0.052 0.078 0.020 0.026
MEFD | 0.071 0.116  0.025 0.038 | 0.056 0.091 0.018 0.028 | 0.047 0.078 0.018 0.026
Janka 1l | 0.084 0.124 0.048 0.062 | 0.075 0.101 0.037 0.053 | 0.072 0.087 0.034 0.052
Janka2 | 0.079 0.115 0.043 0.052 | 0.068 0.098 0.042 0.056 | 0.063 0.087 0.043 0.063

Ve
Kershaw | 0.056 0.064 0.061 0.076 | 0.054 0.030 0.066 0.089 | 0.056 0.022 0.066 0.097
Wilson | 0.042 0.120 0.052 0.080 | 0.028 0.052 0.038 0.066 | 0.021 0.030 0.030 0.059
Levermore | 0.045 0.075 0.022 0.024 | 0.033 0.035 0.027 0.035 | 0.034 0.027 0.031 0.043
ME | 0.046 0.086 0.027 0.033 | 0.032 0.047 0.020 0.025 | 0.030 0.038 0.023 0.030
MEFD | 0.048 0.085 0.027 0.034 | 0036 0.046 0.019 0.026 | 0.038 0.040 0.023 0.030
Janka 1 | 0.057 0.095 0.049 0.061 0.044 0.062 0.038 0.051 0.041 0.056 0.038 0.052
Janka2 | 0.055 0.076 0.046 0.059 | 0.043 0.046 0.046 0.066 | 0.043 0.043 0.049 0.075

Ux
Kershaw | 0.067 0.019 0.056 0.075 | 0.057 0.020 0.067 0.091 0.042 0.022 0.071 0.103
Wilson | 0.072  0.027 0.056 0.092 | 0.060 0.019 0.034 0.071 0.039 0.015 0.024 0.068
Levermore | 0.065 0.026 0.019 0.026 | 0.053 0.019 0.027 0.032 | 0.036 0.020 0.032 0.044
ME | 0.067 0.030 0.026 0.040 | 0.053 0.017 0.012 0.016 | 0.034 0016 0.013 0.019
MEFD | 0.064 0.028 0.027 0.041 0.050 0.016 0.011 0.015 | 0.031 0.015 0.012 0.018
Janka 1 | 0.072 0.041 0.048 0.065 | 0.061 0.026 0.029 0.042 | 0.042 0.022 0.022 0.040
Janka 2 | 0.075 0.045 0.038 0.056 | 0.061 0.034 0.036 0.059 | 0.043 0.032 0.036 0.069

Table 3

Protoneutron star. Spectrum weighted deviation of energy density, flux factor, Eddington factors and the closure for the chosen M1 closure prescription from the
values obtained from MC neutrino transport calculations. The averaging is calculated with respect to the radial coordinate, between 30 and 200 km.



Protoneutron star

Closure 160 ms . | 260 ms ) ‘ 360 ms B
prescription | M[0] 4fu(r) opu(r) opu(f) | M[O] &fu(r) Opu(r) opu(f) | M[O] Ofu(r) Opu(r) Odpu(f)
Ve
Kershaw | 0.074 0.102 C0.060> 0.069 [ 0.061 0.052  0.068
Wilson <(m~(mb 0.054 . 0.085 0.038  0.074 0.042>C0.066 > 0.029  0.068
Levermore | 0. 0.053 0.089  0.025 0.045 0076 0.029  0.031
ME | 0.072 o. 118 0.026 0.036 0.058 0.092 0.020 0.026 | 0.052 0078 0.020 <0.026
MEFD | 0.071 0.116 0.025 0.038 | 0.056 0.091 0.028 | 0.047 0.078 C0.018 > 0.026 >
Janka 1CC0.08D 0.124 0.048  0.062 C0.07>C0.10D> 0037 0053 «m»m 0034  0.052
Janka?2 | 0079 0.115 0043 0052 | 0068 0098 0042 0056 0.043  0.063
Kershaw | 0.056 C0.064 ¢ 0.061D 0.07 6
Wilson<_0.042>C0.120> 0.052 0 038 0.066 0.030 0.030 0.059
Levermore | 0.045 0.075 <0.022> (m> . 0.035 0027 0035 | 0034 0027 0031 0043
ME | 0.046 0.086 0.027 0.033 | 0.032 0.047 0.020 <0.025>( 0.030 0.038 C0.023 >C0.030 >
MEFD | 0.048 0.085 0.027 0.034 | 0.036 0.046 C0.019> 0.026 | 0.038 0.040 <0.023 >C0.030>
Janka 1CC0O.05D 0.095 0.049 0061 | 0.044 0062 0.038 0.051 | 0.04] 0.038  0.052
Janka2 | 0.055 0.076 0.046 0.059 | 0.043 0.046 0.046 0.066 | 0.043 0043 0049 0.075
Ux
Kershaw | 0.067 0.020 <Q.0675C0.0915] 0.042 0.022
Wilson | 0.072 0.019 0.034 0.071 |0.039 0015 0024 0.068
Levermore | 0.065 0. . 0.019 0.027 0.032 | 0036 0020 0032 0.044
ME | 0.067 0.030 0.026 0.040 | 0.053 0.017 0.012 0016 |0.034 0016 0013 0.019 _
MEFD{ 0.064> 0.028 0.027  0.041 ¢ 0.0500.016 >C0.011 >C0.015 <> best fit
Jankal | 0.072 0.041 0.048  0.065 ¢0.06T 0. . 0.042 0022 0022 0.040 :
Janka 2¢C0.075X0.045> 0.038  0.056 ¢ 0.059 (004335 0.03D 0036  0.069 > worst it

Table 3

Protoneutron star. Spectrum weighted deviation of energy density, flux factor, Eddington factors and the closure for the chosen M1 closure prescription from the
values obtained from MC neutrino transport calculations. The averaging is calculated with respect to the radial coordinate, between 30 and 200 km.



Crossing out
closures with
worst fits

Protoneutron star

Closure . 160 ms . . 260 ms . . 360 ms .
prescription | M[0] dfu(r) Opu(r) opu(f) | M[O] Ofu(r) opu(r) opu(f) | M[O] ofu(r) dpu(r) dpu(f)
4
N N N 10 0 0TS N NELO N ‘mmanm; N NNEQ  ZTYNETSE N\ NOLN
e e - ded e - - ‘? R —
a9 ‘Ww ' ; am ‘;Ai‘;.”: ) ;' l'. ' l 0 -y ;W’W J .U ".
Levermore | 0.068 m[)(mb Z0.018D>| 0.053 0.089  0.025 - 0.045 0076 0029 0.031
ME | 0.072 0.118 0.026 0.036 | 0058 0.092 0.020 0.026 | 0052 0078 0.020 <C0.026>
MEFD | 0.071 0.116 0.025 0.038 | 0.056 0. 091 0.018 0.028 | 0.047 0.078 C0.018 > 0.026 >
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Protoneutron star. Spectrum weighted deviation of energy density, flux factor, Eddington factors and the closure for the chosen M1 closure prescription from the
values obtained from MC neutrino transport calculations. The averaging is calculated with respect to the radial coordinate, between 30 and 200 km.

<> best fit
< > worst fit



Protoneutron star

Closure 160 ms . 260 ms . 360 ms .
prescription | M[0] d8fu(r) dpu(r) dpu(f) | MIO] &fu(r) dpu(r) opu(f) | M[O] &fu(r) dpul(r) dpu(f)
2
0 07/ N 107 0 0N 0 0eC ALY ‘“WM“; 0053 0068 D 02N 0 N0ON

SO 0063 O D005 o089 00490665 T LU U2 0000 o U028 Av

Levermore | 0.068 qm;(mbm» 0.053  0.089 0025 - 0.045 0076 0029 0.031
ME | 0.072 0.118 0.026 0036 | 0058 0.092 0.020 0.026 | 0.052 0078 0.020 <0.026>

/ I MEFD | 0.071 0.116 0.025 0.038 | 0.056 0.091 C0.018 > 0.028 | 0.047 0.078 C0.018 > 0.026 >

Only the

_ T N NO AN ry 4 aWa¥ le a¥Wa T N NS N 101 N a¥Wa a¥Wa T N NI N NOTT N a¥Wa ! a¥Wa
ree \ L ) - Wie - - s - o WAW = o L o s ~ - L ‘w’w " "
AWAY: i\ NOT N AWAY AWAY:
" - w " " -
physical 2
W= TN N A SN N 1N ™ m;mmm ‘h‘A mwmw._

T 0 NANNETD 1NN v . ava lll lll AaWat<a
WM. \ .\ s » s \J WIRBAYAS AW A v -» ‘_w' "

CIOSU reS —_ I Levermoe 0.04 0033 0.035 0027 0035 0.034 0.027 0.031 0.043

: ME | 0046 0086 0027 0033 | 0032 0047 0.020 C0.0255 0030 0038 C0.023 >C0.030 >
Survive MEFD | 0048 0085 0027 0034 | 0.036 0.046 - 0026 | 0038 0040 C0023>C0030>

T N avWa'a aWavia a¥a 4 4 AvWaY NN N NNGC a¥a

Ny, W+ o) 7 e L wrRw e L S LU ~ v A A

Ux
I avar: N N10 0 NS LN N (Y] a¥a aVaala ‘mm avay ava Z NOTLN0 10N
~—p amp e T T ~ A T L - gy =g - TIATATE S o LTI e T - gy Y L P N
ST YAV wr @w T. 000 AU AVAL YAVZ YAVAR) YAV VAV ZA- YAV

Levermore | 0.065 0.026 € 0.019>C0.026>| 0.053 0.019 0.027 0.032 | 0.036 0.020 0032 0.044
ME | 0.067 0.030 0.026 0040 | 0053 0.017 0.012 0016 | 0.034 0016 0013 0.019

MEFDJ0.060> 0.028  0.027 am;nm)m; <> bestfit
i ' ;;;1 > worst fit

Table 3

Protoneutron star. Spectrum weighted deviation of energy density, flux factor, Eddington factors and the closure for the chosen M1 closure prescription from the
values obtained from MC neutrino transport calculations. The averaging is calculated with respect to the radial coordinate, between 30 and 200 km.



Protoneutron star

Closure . 160 ms . . 260 ms . . 360 ms .
prescription | M[0] dfu(r) Opu(r) opu(f) | M[O] Ofu(r) opu(r) opu(f) | M[O] ofu(r) dpu(r) dpu(f)
L/
a¥a N . ‘NlV:Ien AYATH av¥a ‘N’T!;nﬂ;‘ﬁﬁn; Q.05 0068 ‘.!mvv
T Y ‘Ww - ; - ‘QAQ&;Z.’: ; ;'- II: ;; : ;; - ;‘M":"
Levermore | 0.068 am»«m»m 0053 0.089 0.025 C0.024> 0&
Only the ME | 0072 0.118 0026 0036 | 0.058 0092 0.020_ -+ b
/ MEFD | 0.071 0.116 0.025 0.038 | 0.056 0. 091 -

three

physical N
closures I Cevermore T 0.0
T

. ME | 0.044
Survive

MEFD

\ ;
. ava Par aWaala ‘mm avaY ava Z NI ILNN LS
o e ) ] — | e T e =
U v . A W J. UV ey v 'l - ll Y v J. U UL TAVIS s
Levermore | 0.065 0. —0.019 > 0.026>| 0.053 0.019 0.027 0.032 | 0.036 0.020 0.032 0.044
ME | 0.067 0.030 0.026 0.040 | 0.053 0.017 0.012 0.016 | 0.034 0.016 0.013 0.019
MEFD 0.028  0.027 (mmm)m» 0.018
L W Ew  art W N : :—:
TINC U T S V.U YAV YAVLS

Table 3

<> best fit
< > worst fit

Protoneutron star. Spectrum weighted deviation of energy density, flux factor, Eddington factors and the closure for the chosen M1 closure prescription from the
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Conclusions

There is no single best closure.

Best closure is a function of neutrino type, neutrino energy and
neutrino specie.

Deviations of energy, flux, pressure, and closure are non-linear.
Sometimes the worst fitting closure produces the best fitting flux.

One may want to choose the closure depending on what quantity they
want to estimate with the highest accuracy.

It useful to obtain closure from MC calculations and then feeding the
result to M1 code. However this may not be worth for small corrections
especially in spectral case. It is only clearly when deviation of closure

from the previously estimated is getting large.



Thank you!






Well... Actually

Instead of Boltzmann equation

[X ‘ ‘CZC: di]; +%= eS(xH, p¥, 1) ‘ ‘ X p%...5(hv — €)d’p

we get an infinite tower of moment equations

Diff Eq (M[O], M[1])
Diff Eq (M[O0], ..., M[2])
Diff Eq (M[O0], ..., M[3])

lef Eq (M[O],...,M[N+ 1))



Well... Actually
Instead of Boltzmann equation
{ dx® of dp® of
x| +
dr ox* | dr op®
we get an infinite tower of moment equations

Diff Eq (M[0], M[1], M[2])
Diff Eq (M[0], ..., M[2], M[3])
Diff Eq (M[0], ..., M[3], M[4])

= eS(xH, ph, f) ‘ ‘ X p%...5(hv — €)d’p

Diff Eq (M[O]. ... .. M[N + 11. M[N + 2])



