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Boltzmann equation

dxα

dτ
∂f

∂xα
+

dpα

dτ
∂f

∂pα
= ε S(xμ, pμ, f )

      is neutrino distribution function,

  is collision term,


                  is neutrino energy,

                is momentum,


                  is affine parameter,


f(xμ, pμ)
S(xμ, pμ, f )
ε
pμ

τ
α, μ = 0,1,2,4

where



Boltzmann equation 


can be rewritten in terms of moments

               energy density


           flux


    pressure tensor


…


 


…

M[0] = ∫ ε f(xμ, pμ)δ(hν − ε)d3p = Eν

M[1] = ∫ pα f(xμ, pμ)δ(hν − ε)d3p = Fν
α

M[2] = ∫ pαpβ f(xμ, pμ) δ(hν − ε)
d3p
ε

= Pν
αβ

M[N] = ∫ ε2 pα1

ε
. . .

pαN

ε
f(xμ, pμ) δ(hν − ε)

d3p
ε

dxα

dτ
∂f

∂xα
+

dpα

dτ
∂f

∂pα
= ε S(xμ, pμ, f ) × pα . . . δ(hν − ε)d3p∫ ×



Instead of Boltzmann equation


we get an infinite tower of moment equations

dxα

dτ
∂f

∂xα
+

dpα

dτ
∂f

∂pα
= ε S(xμ, pμ, f ) × pα . . . δ(hν − ε)d3p∫ ×

Moment equations
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Diff Eq               

Diff Eq 

Diff Eq 

…

Diff Eq 

…

(M[0], M[1])
(M[0], . . . , M[2])
(M[0], . . . , M[3])

(M[0], . . . , M[N + 1])



More explicitly and in 1D
These equations look like

              





Diff Eq 

…

Diff Eq 

…

∂Eν

∂t
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1
r2

∂
∂r

(r2Fν
r) = S[0]

∂Fν
r

∂t
+

1
r2

∂
∂r

(r2Pν
rr) = S[1]

(M[0], . . . , M[3])

(M[0], . . . , M[N + 1])



Truncating the system for M1 scheme
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We only keep two equations



Truncating the system for M1 scheme

              

∂Eν
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+

1
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∂Fν
r
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1
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Two equations

Three unknowns

We only keep two equations



Closing the system

              

∂Eν

∂t
+

1
r2

∂
∂r

(r2Fν
r) = S[0]

∂Fν
r

∂t
+

1
r2

∂
∂r

(r2Pν
rr) = S[1]

Need one more equation to close the system. A function of Eν, Fν
r, Pν

rr .
We choose it to be 


                   ClosurePν
rr = Function(Eν, Fν

r)



Set of equations for M1 scheme in 1D
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1
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∂t
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1
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∂
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Pν
rr = Function(Eν, Fν
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Three equations

Three unknowns

Closure



              





∂Eν

∂t
+

1
r2

∂
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(r2Fν
r) = S[0]

∂Fν
r

∂t
+

1
r2

∂
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(r2Pν
rr) = S[1]

Pν
rr = Function(Eν, Fν

r) Closure

Three equations

Three unknowns

Set of equations for M1 scheme in 1D

It is obvious that 

the quality of the solution depends on the quality of the closure,

i.e. the quality of the extra equation we supplement the system with.

(The highest moment we are truly solving for is M1)



Common in literature expressions for closure

p =
1
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3
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p =
1
3
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f + f2

p =
3 + 4f2

5 + 2 4 − 3f 2

p =
1
3

+
2f2

15
(3 − f + 3f2)

p =
1
3

+
2
3

(1 − e)(1 − 2e)
x2(3 − x + 3x2)

5
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f
1 − e

p =
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3
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3
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f 4.1342)
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Common in literature expressions for closure

0 0.2 0.5 0.8 1
0.2

0.4

0.6

0.8

1

fn

p n

Kershaw
Wilson
Levermore
ME
MEFD
Janka 1
Janka 2

p =
1
3

+
2
3

f 2

p =
1
3

−
1
3

f + f 2

p =
3 + 4f 2

5 + 2 4 − 3f 2

p =
1
3

+
2f 2

15
(3 − f + 3f 2)

p =
1
3

+
2
3

(1 − e)(1 − 2e)
x2(3 − x + 3x2)

5
, x =

f
1 − e

p =
1
3

(1 +
1
2

f 1.3064 +
3
2

f 4.1342)

p =
1
3

(1 + f 1.3450 + f 5.1717)



F⌫ = 0 ) P⌫ =
1

3
E⌫

F⌫ = 1 ) P⌫ = E⌫

Common properties of the closures

In higher dimensions:


In 1D:


Pν
ij =

3p − 1
2

Pij
thin +

3(1 − p)
2

Pij
thick,

where , and 


in thin limit the radiation exerts pressure only along the direction of the 
beam , i.e. , and


 if  or 

Pij
thick =

1
3

Eνδij

(n) Fn
ν = Eν, Fi≠n

ν = 0

Pnn
thin = Eν

Fn
ν Fn

ν

|F2
ν |

, Pij
thin = 0 i j ≠ n .
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Properties of the closures

In higher dimensions:


In 1D:


Pν
ij =

3p − 1
2

Pij
thin +

3(1 − p)
2

Pij
thick,

where , and 


in thin limit the radiation exerts pressure only along the direction of the 
beam , i.e. , and


 if  or 

Pij
thick =

1
3

Eνδij

(n) Fn
ν = Eν, Fi≠n

ν = 0

Pnn
thin = Eν

Fn
ν Fn

ν

|F2
ν |

, Pij
thin = 0 i j ≠ n .

Inability of M1 to describe colliding beams,


or exerting pressure along the beam only


               
     are not the issues of M1 scheme. 


They are issues of our choices of closures. 



Closures obtained as fits to simulations
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Assumption:

Levermore closure
p =

3 + 4f2

5 + 2 4 − 3f 2

Levermore

In the rest frame of the fluid, i.e. the brake boosted to where 

we have

Fν = 0

Pν =
1
3
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Assumption: p =
1
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(1 − e)(1 − 2e)
x2(3 − x + 3x2)

5
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MEFD
Maximum Entropy Fermi-Dirac  
closure

Entropy is maximized.

Statistics is Fermi-Dirac.


Bottom limiting curve is 

maximum  packing limit.
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Assumption:

Maximum Entropy closure
p =

1
3

+
2f2

15
(3 − f + 3f2)

Maximum Entropy (ME)

Entropy is maximized.


Boltzmann statistics.


Top limiting curve of MEFD.
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Assumption:

Kershaw closure
p =

1
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+
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Kershaw

Smooth interpolation between  and .


Nothing else.
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The purpose of the study was  
to test various closures  
and determine the best performer.
Setup:


Spherically symmetry (i.e. 1D problem)

Three PNS post bounce configurations, and a uniform sphere.


GR1D with closure (O’Connor et al 2015) 

vs

MC neutrino transport code (Abdikamalov et al 2012) as truth




R=1

Uniform sphere

thin


thick


Neutrinos streaming from the center

of the sphere

Has analytic solution 
Simplest test
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To quantify the quality of fits 




pressureenergy density flux

Spectrum weighted deviations

Protoneutron star
Closure performances (integrated)



Protoneutron star
Closure performances (by flux value)

energy



Protoneutron star
Closure performances (by flux value)

flux

Diffusive TransparentSemi-transparent



50 100 150 200
0.0

0.5

1.0

1.5

e n
(e

rg
cm

°
3

M
eV
°

1)

£1025

50 100 150 200
Radius (km)

0.0

0.5

1.0

1.5

2.0 £1025

50 100 150 200
0.0

0.5

1.0

1.5

2.0
£1025

0 50 100 150 200
0.0

0.2

0.4

0.6

0.8

1.0

f n

160 ms

0 50 100 150 200
Radius (km)

0.0

0.2

0.4

0.6

0.8

1.0

260 ms

0 50 100 150 200
0.0

0.2

0.4

0.6

0.8

1.0

360 ms

MC
Kershaw
Wilson
Levermore
ME
MEFD
Janka 1
Janka 2

0 50 100 150 200
0.2

0.4

0.6

0.8

1.0

p n

0 50 100 150 200
Radius (km)

0.2

0.4

0.6

0.8

1.0

0 50 100 150 200
0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0
0.2

0.4

0.6

0.8

1.0

p n

0.0 0.2 0.4 0.6 0.8 1.0
fn

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0
0.2

0.4

0.6

0.8

1.0
160ms 260ms 360ms

Protoneutron star



50 100 150 200
0.0

0.5

1.0

1.5

e n
(e

rg
cm

°
3

M
eV
°

1)

£1025

50 100 150 200
Radius (km)

0.0

0.5

1.0

1.5

2.0 £1025

50 100 150 200
0.0

0.5

1.0

1.5

2.0
£1025

0 50 100 150 200
0.0

0.2

0.4

0.6

0.8

1.0

f n

160 ms

0 50 100 150 200
Radius (km)

0.0

0.2

0.4

0.6

0.8

1.0

260 ms

0 50 100 150 200
0.0

0.2

0.4

0.6

0.8

1.0

360 ms

MC
Kershaw
Wilson
Levermore
ME
MEFD
Janka 1
Janka 2

0 50 100 150 200
0.2

0.4

0.6

0.8

1.0

p n

0 50 100 150 200
Radius (km)

0.2

0.4

0.6

0.8

1.0

0 50 100 150 200
0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0
0.2

0.4

0.6

0.8

1.0

p n

0.0 0.2 0.4 0.6 0.8 1.0
fn

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0
0.2

0.4

0.6

0.8

1.0
160ms 260ms 360ms

0 0.2 0.5 0.8 1
0.2

0.4

0.6

0.8

1

Kershaw
Wilson
Levermore
ME
MEFD
Janka 1
Janka 2

0 0.2 0.5 0.8 1
0.2

0.4

0.6

0.8

1

Kershaw
Wilson
Levermore
ME
MEFD
Janka 1
Janka 2

0 0.2 0.5 0.8 1
0.2

0.4

0.6

0.8

1

Kershaw
Wilson
Levermore
ME
MEFD
Janka 1
Janka 2

Protoneutron star



Protoneutron star



Protoneutron star
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Protoneutron star

best fit
worst fit

Crossing out 
closures with 
worst fits



Protoneutron star

Only the 
three 

physical 

closures

survive
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Protoneutron star

Physics likes to be 

respected

best fit
worst fit

Only the 
three 
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There is no single best closure.

Best closure is a function of neutrino type, neutrino energy and 
neutrino specie.

One may want to choose the closure depending on what quantity they 
want to estimate with the highest accuracy.

It  useful to obtain closure from MC calculations and then feeding the 
result to M1 code. However this may not be worth for small corrections 
especially in spectral case. It is only clearly when deviation of closure 
from the previously estimated is getting large.

Conclusions

Deviations of energy, flux, pressure, and closure are non-linear. 
Sometimes the worst fitting closure produces the best fitting flux.



Thank you!
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Instead of Boltzmann equation


we get an infinite tower of moment equations

Diff Eq               

Diff Eq 

Diff Eq 

…

Diff Eq 

…

(M[0], M[1], M[2])
(M[0], . . . , M[2], M[3])
(M[0], . . . , M[3], M[4])

(M[0], . . . , M[N + 1], M[N + 2])

dxα

dτ
∂f

∂xα
+

dpα

dτ
∂f

∂pα
= ε S(xμ, pμ, f ) × pα . . . δ(hν − ε)d3p∫ ×

Well… Actually

We’d need two closures

             (See e.g. Richers, at al Phys Rev D (2020))


But we will ignore this here. 


