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Packing by spherical caps

If unit spheres kiss the unit sphere S,
then the set of kissing points is the ar-
rangement on S such that the angular
distance between any two points is at
least 60°. Thus, the kissing number
is the maximal number of nonoverlap-
ping spherical caps of radius 30° on S.
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Packing spheres by spherical caps: Methods

|. Area inequalities. L. Fejes Téth (1943); for d > 3 Coxeter (1963) and
Boroczky (1978)

Il. Contact and distance graphs. Schiitte — van der Waerden (1951);
Danzer (1963); Leech (1956);...

lIl. LP bounds. Delsarte et al (1977); Kabatiansky and Levenshtein
(1978); Odlyzko & Sloane (1979), ...

IV. SDP bounds. 3—point SDP: Bachoc and Vallentin (2008); k—point
SDP: M. (2007, 2014); ...
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Two-point-homogeneous space

Let M be a metric space with distance function d. M is said to be a
two-point homogeneous space if for any two pairs (p, g) and (p’, q') of
points in M, satisfying the condition d(p, q) = d(p’, ¢’), there is an
isometry F of M, such that F(p) = p’ and F(q) =4’

Let M be a compact connected two—point homogeneous spaces

(Riemannian symmetric spaces of rank one). Then
M =S", RP",CP", QP", CayP? [Wang, 1952]
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Zonal spherical functions

With any compact 2-point-homogeneous space M are associated the zonal
spherical functions ®,(t), k =0,1,2,..., and the distance function
7(x,y), where x,y € M.

For all continuous compact M and for all currently known finite cases:
®(t) is a polynomial of degree k.

If M = Hamming space, then ®(t) is the Krawtchouk polynomial
Kk(t, n).

If M = unit sphere S"~! C R", then the corresponding zonal spherical
function ®(t) is the Gegenbauer (or ultraspherical) polynomial G,E")(t).
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The main property for zonal spherical functions is called “positive-definite
degenerate kernels” or p.d.k. This property first was discovered by Bochner
(general spaces) and independently for spherical spaces by Schoenberg:

Let M be a 2-point-homogeneous space. Then for any integer k > 0 and
for any finite C = {x;} C M the matrix (®«(7(xi, x;))) is positive
semidefinite.
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LP and SDP bounds for spherical codes

f(1,1,1) +3(N - 1)B

N2 <
- fo

2 f(1LL,1)+3(N-1)B+3Nh(n T,g)

N
fo

£(1,1,1,1,1,1) + 4(N — 1)B; + 3(N — 1)B, + 6(N — 1)(N — 2) B

N3 <
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Uniqueness of the max kissing arrangement in 4 dim?

David de Laat, Nando M. Leijenhorst, Willem H. H. de Muinck Keizer:
“Optimality and uniqueness of the D, root system”

arXiv:2404.18794

£(1,1,1,1,1,1) + 4(N — 1)By + 3(N — 1)B, + 6(N — 1)(N — 2) B

N3 <
- fo
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Kissing numbers
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Status 2024: Kissing numbers

The only exact values of kissing numbers known:

n lattice regular polytope
k(1) =2 A1

k(2) =6 Az hexagon
k(3) =12 Hs icosahedron
k(4) =24 7Dy 724-cell
k(8) = 240 Es

k(24) =196,560 A
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The 24—cell

n = 4: There are 24 vectors with two zero components and two
components equal to +1; they all have length v/2 and a minimum distance
of v/2. Properly rescaled (that is, multiplied by v/2), they yield the centers
for a kissing configuration of unit spheres and imply that k(4) > 24. The
convex hull of the 24 points yields a famous 4-dimensional regular
polytope, the “24-cell”, discovered in 1842 by Ludwig Schlafli. Its facets
are 24 regular octahedra.
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(Graphics: Michael Joswig/polymake [13])
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The four dimensional lattice packing D,

The checkerboard lattice D, := {(x1,...,%n) € Z" : x1 + ... + x, even}

Dj = Dy

The Voronoi cell of Dy is the regular 24-cell

The density A4 = 72/16 = 0.6169...

The densest packing by unit spheres in four dimensions is
conjectured to be the D,

The center density=A/B:

CD4 = 0.12500;

Cohn—Elkies bound = 0.13126;

de Laat — de Oliveira Filho — Vallentin = 0.130587
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The 24—cell conjecture

Consider the Voronoi decomposition of any given packing P of unit
spheres in R*. The minimal volume of any cell in the resulting Voronoi
decomposition of P is at least as large as the volume of a regular 24—cell
circumscribed to a unit sphere.
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Delsarte's method

Ph. Delsarte (1972); V. M. Sidelnikov (1974)
Delsarte, Goethals and Seidel (1975, 1977)
G.A. Kabatiansky and V.l. Levenshtein (1978)

Theorem (Delsarte et al)
If

d
f(t) =" a6 (t)
k=0

is nonnegative combination of Gegenbauer polynomials, with ¢, > 0 and

co >0, and if f(t) < 0 holds for all t € [-1, 3], then the kissing number
in n dimensions is bounded by

f(1)
k(n) < o
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K(8)=240; k(24)=196560

G.A. Kabatiansky and V.l. Levenshtein (1978):

20.2075n(1+o(1)) < k(n) < 20.401n(1+o(1))
In 1979: V. I. Levenshtein and independently A. Odlyzko and N.J.A.
Sloane using Delsarte’s method have proved that k(8) = 240, and
k(24) = 196560.

Odlyzko & Sloane: upper bounds on k(n) for n =4, 5, 6, 7, and 8 are 25,
46, 82, 140, and 240, respectively.
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The bound for kissing numbers (M., 2003, 2008)

Let f(x) = 2 fG"(x), £ >0, f > 0

f(x) <O0forall xe[-1,1/2]\ T.

Then A

f(1)+ h(n, T,f)
0 :

N <

n=4; T=[-1,-0.6058], fp =1, N < 24.865
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The kissing problem in four dimensions

fa(t) = 53.76t°—107.52t7 +-70.56t°+16.38t* —9.83t3—4.12t>+0.434t —0.016

Lemma

Let P = {p1,...,pm} be unit vectors in R* (i.e. points on the unit sphere
S3). Then

S(P) =Y falpi - pr) > m”.
¥4

Lemma

| N

Let P = {p1,...,pm} be a kissing arrangement on the unit sphere S* (i.e.
P+ pe < 3). Then

S(P) =Y falpx - pr) < 25m.
k.l
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The graph of y = f(t)

—
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Bachoc—Vallentin SDP bound

D := {(X,y,z):—lgx,y,z§1/2, 1—|—2xyz—x2—y2—2220}.

BV(I],f()) = {F : F(X,y,Z) = Z <Fk7 SE(X7Y7 Z)>7 Fx =0, Fo—foEo = O}

Suppose

(1) F € BV(n,fp),

(2) F(x,x,1) < B for all x € [-1,1/2],
(3) F(x,y,z) <0 forall (x,y,z) € D,
Then

2 < FLLD) +3(V—1)B
- fo
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dim=4: uniqueness of the maximal kissing arrangement

LP bound [Odlyzko & Sloane; Arestov & Babenko] = 25.558...
M. (2003): k(4) < 24.865

C. Bachoc & F. Vallentin (2008): S7(4) = 24.5797...

H. D. Mittelmann & F. Vallentin (2010)

S11(4) = 24.10550859...

S12(4) = 24.09098111...

(
S13(4) = 24.07519774...
S14(4) = 24.06628391...

F.C. Machado & F.M. de Oliveira Filho (2018)
Si5(4) = 24.062758...
S16(4) = 24.056903...
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g7(x) = g(x) for x € T and g7(x) = 0 otherwise.

Definition
For given n, fy, T C [-1,1), g: T — R, B and 6 denote by

F(n,fo, T,g,B,0) the class of symmetric polynomials F(x,y.z) that
satisfy the following properties:

Q@ F € BV(n,f),
Q@ F(x,x,1) < B+ 6g7(x) for all x € [-1,cosb],
o F(X,y,Z) < gT(X) +gT(.y) +gT(Z) for all (X,y,Z) € D(e)

Theorem (M., 2019)

Let F € F(n,fo, T,g,B,0). Then an (N, n,0) spherical code satisfies the
following inequality

F(1,1,1)4+3(N —1)B+3Nh(n,0, T,g)
- :

N? <

A\
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Distance distribution

Let C be an (N, n, 0) spherical code. The distance distribution of C is the
system of numbers {A; : =1 <t < 1}.

Av) =|{veC:v-u=t}, A= %ZAt(u).

ueC
A =0for s:=cosf <t <1, > Ar=N-1
—1<t<s
AT):= > A, Tcl-L1]
teT:A:>0
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SDP bounds for distance distribution

Theorem (M., 2019)

Let F € F(n,fo, T,g,B,0). Suppose T C [-1,cosf] and g(t) < —a <0
for all t € T. Then for every (N, n,0) spherical code C we have

_ F(1,1,1) + 3(N —1)B — fN?
— o :

AT < 1Rl Q:

Theorem (M., 2019)

Let F € F(n,fy, T,g,B,0). Let a> 0. Suppose T C [—1,cosf] and
g(t) <aforallt e T. Then for every (N, n,0) spherical code C we have

_ RN?—F(1,1,1) - 3(N - 1)B
— o :

A(T)z%[RL R
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Distance distribution of the 24—cell

Kissing arrangement in four dimensions:
A{-1}) =1, A({-1/2}) =8, A({0})=6, A({1/2})=38

Ar=0 forall t+#{—1,-1/2,0,1/2, 1}
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SDP bounds on (24,4, 7/3) — spherical code

Theorem (Dostert—Kolpakov—Moustrou-M.)
Let C be a (24,4,7/3) — spherical code. Then

A([-1,-0.45]) < 9; A(]-1,0.35]) < 15,

A([-0.73,0.35]) < 14, A([—0.05,0.5] < 14,
A([-1,-0.73]) > 1, A([0.35,0.5]) > 8
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General bounds for spherical codes

Let C be an N—element subset of the unit sphere S™1 C R".

I(C):={t=x-y|x,y€ C&x#y}.

Let T C [-1,1). We say that C is an (N, n, T) spherical code if
I(C)CT.

Let g be a real function on /(C). Define

E(C):= > glx-y)

(x,y)€C? x#y

Se(C):= > glx-y)=Eg(C)+ Ng(1)
(x,y)ec?
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General 2-point (Delsarte — Yudin) bound

Theorem

Let C be an (N, n, T) spherical code. Suppose g : T — R,
f:[-1,1] - R and fy € R are such that

Q f(t)<g((t) forallte T.
Q@ 5¢:(C) > KN
Then
foN? < Nf(1) + E4(C)
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General 3-point bound

D3(T) := {(t,u,v):t,u,ve T&1+2tuv—t2—u2—v220}.

Theorem

Let C be an (N, n, T) spherical code and F : [~1,1]* — R be a symmetric
function. Suppose f : T — R and g: T — R, are such that

QO F(l,t,t) <f(t)forallte T,
Q F(t,u,v)<g(t)+g(u)+g(v) forall (t,u,v) e D3(T).
If

Se(C) = Z F(x-y,x-z,y-z)> FoN3,
(x,y,z)eC3

where Fy € R, then

FoN3 < NF(1,1,1) + 3E(C) + (3N — 6)Eg(C).

Oleg R. Musin The SDP and LP bounds for optimal spherica 30/40



General 3-point bound

Corollary

Under the assumptions of Theorem let f(t) = B + 2g(t) — q(t) with
qg:[-1,1] = R. Ifg(C) > 0, then

E(C) = ZAtg(t) > rg,
teT

Py %(/ro/v2 ~F(1,1,1)) — q(1) — (N — 1)B.

Let p be a Gegenbauer polynomial G;. Then S5,(C) >0, i.e.

EAC) =Y Aep(t) = 15 1p = —Np(1)
teT
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General 3-point bound: SDP program

Corollary

Let ap,...,aq4 >0, Fo,...,Fqg =0, TC[—l,l),g: T—>R, MeR,
Fu,v,t) =3, <Fk,5k"(u, v, t)>. If

ao +d...+ad+F(1,1,1) <M-1, (1)
> akGP(u) +3F(u,u,1) < —1+6g(u) foru e T, (2)
k=0

F(u,v,t) < g(u) +g(v) + &(t) for (u,v,t) € D3(T).  (3)
Then for every (N, n, T) spherical code, we have
N—-M
Aig(t) >

teT
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Polynomial gy

The following polynomial gives a sharp lower bound in [-1,—0.73], a =
1/50 and M= 22.645212490128051

22
k=0

where [co, ..., co2] = [0.222, 0.8648, 1.8875, 3.1425, 4.5059, 5.7052,
6.5739, 6.9286, 6.7119, 6.0157, 4.9575, 3.7767, 2.6446, 1.6914, 0.9947,
0.5249, 0.2524, 0.1097, 0.0409, 0.0153, 0.0042, 0.001, 0.0002].

Let g1 = k p2, where k = 100/p1(—1). Then gi(—1) = 100. Let
T =[—1,0.5]. The Corollary yields

> Awgi(t) > Bi(24) ~ 95 > —52.2431 = LP(24).

teT
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Example: gSDP
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Since

Z Atgl(t) > 95

te[—1,0.5]

we have

A([-1,-0.73]) > 1
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Polynomial p,

22
p(x) =Y a6 (%),
k=0

[co, ..., Coo]= [-0.5438, -2.0024, -3.8887, -5.6414, -6.7025, -6.8508,
-6.0698, -4.6566, -3.0047, -1.4686, -0.3226, 0.3704, 0.6521, 0.6486,
0.5104, 0.3361, 0.1911, 0.0963, 0.0411, 0.0157, 0.0056, 0.001, 0.0004].

The SDP bound in the Corollary gives M = M, := 22.5689,
B>(25) = 0.0324 and B,(24) = 0.0199.
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Short proof: k(4) =24

Theorem 1 (M., 2008) yields that
1
k(4) < ? max{ho, hl, ceey h“, }
0
Let C be an (25,4, 7/3) spherical code,

Ry = Z Atgl(t)

Since g»(t) < 0 for all t € [~v/2/2,1/2], we have tg = —/2/2 and y = 4.
Then we consider s 4 =0,1,2,3,4 to find the maximum of R».

This maximum is achieved at ;4 = 2 and is 0.0266, i.e. R, < 0.0266. On
the other side we have R> > B»(25) = 0.0324, a contradiction.
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Polynomial g3

c(0: 17] =[3.2313 34.6000 97.5893 137.3081 119.9142 74.1812 36.5605
15.0065 4.2796 0.0946 -0.7087 -0.4672 -0.1755 -0.0283 0.0097 0.0070
0.0016 0.0001]

> Acwgs(t) > R3 =7.93
te[—1,0.5]
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Polynomial g3
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Thank you
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