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Introduction: applications of Stokes-Darcy model

» Subsurface flow in Karst aquifers

> Interaction between surface water flows and subsurfaces flows
> Qil reservoir in vuggy porous medium

» Industrial filtrations, field-flow fractionation

» Blood motion in lungs, solid tumors and vessels

» Meshy zone in alloy solidification

» Remediation of soils by means of bacterial colonies

» Topology optimization

» Heat transfer in walls with fibrous insulation

» Spontaneous combustion of coal stockpiles
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Introduction: Stokes-Darcy model

We consider a coupled Stokes-Darcy system on a bounded domain
Q=0pJQs c RY, (d=2,3).

Qg

Figure: A sketch of the porous medium domain Qp, fluid domain Qs,
and the interface T'.



Introduction: Stokes-Darcy model

In Qp, the porous media flow is assumed to satisfy the following
saturated flow model and Darcy’s law.

V-Up = fp,
Up = —KVp,
where
» Up: fluid discharge rate in the porous medium
> ¢p: hydraulic head
» K: hydraulic conductivity tensor

» fp: sink/source term

We consider the second-order form of the Darcy system
- V- (KV¢p) = fp.
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Introduction: Stokes-Darcy model

In Qg, the fluid flow is assumed to satisfy the Stokes equations

—V-T(Us,ps) = s,
V-Us = 0.

where

» Us: fluid velocity

> ps: kinematic pressure

> ?5: external body force

» 1 kinematic viscosity of the fluid
’]1‘(75, ps) = 2uD(75) — psI: stress tensor
D(Us)=1/2(Vis+VTUs): rate of deformation tensor

v

v

~
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Introduction: Stokes-Darcy model

Two interface conditions in the normal direction:

> Continuity of the normal velocity across the interface (conservation
of mass):

Us - s = —dp-7p.
> Balance of force normal to the interface:
~ s (T(Us,ps)-Ts) = g(dp - 2).
where z is the height and g is the gravity constant.

One interface condition in the tangential direction:

> Beavers-Joseph-Saffman-Jones (BJSJ):
-7 (T(ﬁs,ps) : 75) = QaT;- ﬁs.

where 7; (j =1,---,d — 1) denote mutually orthogonal unit
tangential vectors to the interface I'.



Introduction: Survey on DDM for Stokes-Darcy
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Introduction: Survey on DDM for Stokes-Darcy
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Introduction: notations

> Spaces:

Xs {V e [HYQs)]? | V =0o0n dQs\I'},
Qs = L[*(Qs),
Xp = {¢eHYQp) | ¥=00n0Qp\l}.

» Bilinear forms:
ap(¢p,¥) = (KVép,Vi)ap,

35(757 7) 2M(D(75)’ ]D(V))Qs’
bs(V,q) = —(V-V,q)as.

» P, denotes the projection onto the tangent space on T, i.e.,
d—1
P-,—ﬁ = Z(ﬁ . Tj)Tj.
j=1
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Introduction: Multi-physics DDM with Robin conditions

» For the Darcy system, we impose the Robin boundary
condition: given a constant 7, > 0 and given a function 7,
defined on T,

1KVép - A p+gbp =1, on T.
» The corresponding weak formulation for the Darcy system is

given by: for n, € L2(I), find qu € Xp such that

ap( B0 0) + (B224) = (o, )y + ("2, 0), Vb € Xp.
Tp Tp
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Introduction: Multi-physics DDM with Robin conditions

» For the Stokes system, we impose the Robin boundary
conditions: given a constant ¢ > 0 and given functions 7y
defined on T,

s (T(Ts,Ps)- Ts)+ 1 ds-Ts=ns onT,

» The corresponding weak formulation for the Navier-Stokes

system is given by: for ns € L2(), find Ts € Xs and
Ps € Qs such that

as(Ts, V) + bs(V,Ps) — bs(T s, q)
+Vf</7\s "M, V-THs)+ Oé<P7/7\57 P, V)
= (P, V)as + (1, V- Ts), ¥ (V) € Xs x Qs.
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Introduction: Multi-physics DDM with Robin conditions

» Compatibility conditions:
ne = v ds-Hs—gop+ ez,
Mp = 7p75 : 7S + gép.
or equivalent conditions:
nf = anp+ bgop + gz,
m = cne+dus s+ gz
where

a=2, b:_<1+w>’ c=-1, d=9+%.
Yp Yp
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Introduction: Multi-physics DDM with Robin conditions

1. Initial values 7]2 and 7? are guessed. They may be taken to be zero.

2. For k=0,1,2,..., independently solve the Stokes and Darcy
systems with Robin boundary conditions. More precisely, ¢k € Xp
is computed from

k g% .\ _ ’Lg
ap(op, V) + ( ) = (—,¥) + (fo,¥)ay, VY € Xp, (L.1)
Tp Yp

and (7§,p’§) € Xs X Qs are computed from:
35(72’ 7) + b5(7’ Pé) - bS(ﬁga q)
e (TE -5, V- T s) +alP Uk P V) (1.2)
= (. VT s) + (Fs. V)as ¥(V.9) € Xs x Qs.

3. nEtt and nftt are updated in the following manner:

nftt = ang + bgdh + gz,
ngH = nf+ d7§ s+ gz.
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Modal analysis

For modal analysis, we consider:
» The iteration algorithm in continuous context.

» A circular geometric domain

» Simplify the analysis by setting K= K/, g =1 and z=0.
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Modal analysis

In continuous context, the Robin-Robin DDM can be described as

> Give initial guess 770 = (U?,ﬁg)T-

» For k=0,1,2,..., solve Darcy equations
U+ KVpk =0, V- 7 =0 inQp,
{ KV - o+ ok — nk onT, (23)
and Stokes equations
uAﬁk—vpgzo, V-uk=0 in Qs,
W75 =0 o 20
o (T(Tpk)- Hs) + 9Tk Hs—nf onT.
where ' = 0Qp NN and & = 90s \ T.
» Update iteration by
Pt = ( Cmaj/r d+7bko N ) (25)
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Modal analysis

» Define the Darcy operator D : 1, € L2(T) — D, € L?(T) as
Dnp = anp + bop, (2.6)

» Define the Stokes operator S : nf € L2(I') — Snr € L%(T) as
Snr=cns+dUs- s, (2.7)

» The iteration operator A : 1 € (L?(T))? — An € (L%())? can

be written as
0 D
(02 o
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Modal analysis

Proposition
The operator D has the decomposition

~_ wKIm|/Ry — 1

Dy=-1, D,=X1M/M"~-
0 ™ o K|m|/Ry + 1

(m#0),  (29)

where 1, = Zmez Tl el )

Proposition
The operator S has the decomposition Sng =, -7 Smnf,mHm(0)
with

’YpMm/M—Nm
So=-1, Sp=——"7—— 0), 2.10
; L (m#0. (10)

where nf = ZmGZ il )
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Modal analysis

Here 1
Hm(0) = ——e™ 0 € [0,27], me Z,
(9) TS [0, 2]
is the basis functions in L3(I),
Rl(/\271)+hlln/\ |m| =1,
M =
m R\rnHl hm B B
— (W) e (L= ATHY) m > 1,
2 2(lm| = )R,
(2.11)
ml , hm 2
Np=R"+ ——+=Mn, |m>1, (2.12)
R\m\ R:1
1
with
RE(M-1)2+ (X -1) m{ =1
P 2 Ina+(2-1)/2 -
RAImI \2(Im+1) yIml = 114 2722 — 1)(|m| + 1) — 1) m > 1

w1 07— D) (m 1) 71— A |

and A = R2/Ry > 1. Here Ry is the radius of the Darcy domain Qp, R is the

radius of the Stokes-Darcy domain Q.
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Modal analysis

Lemma

Let Mp, and Np, be defined as in (2.11) and (2.12), respectively,
and C,, = A,\/,’—r”n” Then, for |m| > 1, we have

0 Ny 2 |m]?
Cm - Mm Rl | (1 + 0 <)\2m|—2 _ |m2>> : (213)

Remark

When m — oo, we have O (>\2lmllfm72|i\m|2) — 0 with A > 1, hence

l\%n R%\m|. This almost linear dependence is also observed

geometrically in the next plot.



Modal analysis

Figure: Change of % with respect to m: almost linear performance after
a big enough m.
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Modal analysis

> The iterative operator can be written as A=), AnHn(0),

where
o D, 0 YeK|m|/Ry—1
A = (s ; ) _ <wm/u-wm WKIMURTL) (2,10
m 'Yme//Jf‘f’Nm
Theorem

Let p(Am) be the spectral radius of A, defined in (2.14).
When ~¢ = 7y, we have

p(Ao) =1 and p(An) <1 form+#0.
When ~f # 7p, by choosing vr and ~y, satisfying

YK/ (21) = 1, vpK|m|/Ry + Corye /v > veKIm|/ Ry + Coyp/ 1t

we have |p(Am)| < 1.
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Modal analysis

. Km/Ri—1 Cm/p—1
» Spectral radius: p(vf,vp, m) = ’(3;}(',:?,?1“) (3’;%%“)‘.

» Using C,,' =~ 2/Ry|m|, spectral radius p(7f,7,, m) can be
approximately reduced to

‘ 2am — v, l—ﬁ/ff(m

p(Vf, Vp, M) A (2~ - ) =~ )
pm + f 14+ v,Km
where Ji = 11/R; and K = K/Ry.

» In fact, the above conclusion is consistent with the
corresponding conclusion in the following reference which uses
Fourier analysis based on a geometric assumption of a straight
line:

M. Discacciati, and L. Gerardo-Giorda. Optimized Schwarz

methods for the Stokes-Darcy coupling, IMA J. Numer. Anal.,
38: 1959-1983, 2018.
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Min-Max approach: hyperbolic relation (review)

» M. Discacciati, and L. Gerardo-Giorda. Optimized Schwarz
methods for the Stokes-Darcy coupling, IMA J. Numer. Anal.,
38: 1959-1983, 2018.

» Hyperbolic relation between Robin parameters ¢ and ~,:

2/
VYp = ==
P K

» Min-max problem with hyperbolic relation (M-H):

min_ max_ p(vf,p, M)
’Yf'Yp:% me[mmimmmax
- min2N max {P(’Yfa’Ymmmin);P('Yf?’Ypy mmax)} . (315)

VW=



Min-Max approach: linear relation

> When m = mpin and m = Mmpax, the parameter pairs (7, ,) reach

optima at
1 ~ 1 ~
( ~ ) 2/}Lrnmin) and ( ~ ) 2Mmmax) .
K Mmin K Mmax

> Linear relation between Robin parameters v and ~,:

Yo = (_2ﬁRmminmmax) Yf + 2ﬁ(mmin + mmax)
=pyr+q (3.16)

for any vr € Z¢, where Zr = {~ L L ]

y = .
KMmax ~ KMmin

> Min-max problem with linear relation (M-L):

min max  p(f,Yp, M). (3.17)
V=PV +q ME[Mumin, Mmax]
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Min-Max approach: linear relation

Theorem
Let (vf,,) and (7f,7;) be the solution of (3.15) and (3.17),
respectively. If K tends to zero and Mmax > Mmin, then

max  p(vF,7p,m) > max  p(vF, 75, m). (3.18)

me[mminammax mE[mmimmmax]
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Min-Max approach: spectral comparison

strain
——Hyperbola

0.04 [0.47%116

0.005 5 onenss 0.02
0 005 01 015 02 025 0% 035 0 s0P21870000  1s00 2000 2500 3000 3500

5y N
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Figure: Comparison of the maximum spectral radius with respect to ¢
and the corresponding optimal v,: p =1, K =1 (left) or

p=1le—1 K =1e— 4 (right).
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Expectation approach: hyperbolic relation (review)

> Spectral cluster can improve the convergence of Krylov methods.

» Define A = {’Yf > 0: p(ve, vp, )|

YEYp=

S ].7 Vm S [mmim mmax]}-

= z‘w'g’}

> Expectation minimization problem with hyperbolic relation (E-H):

H/rfnetr\\t E(ve,vp) == _min E(~f), (3.19)
’Yf’Yp:%

where

1 Mmax
E(v) = ﬁ/ p(ves Yp, m)dm

_ %K (V7K +21)°
2/”’ 2/7K(2ljmmax + ’Yf)(2/jmmin + ’Yf)
(Vi K + 1) n <2ﬁmmax + Wf) .
2ﬁ2(mmax — mmin) 2ﬁmmin + vf
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Expectation approach: linear relation

> Expectation minimization problem with linear relation (E-L):

min  E(7vr,7), (3.20)
YFEZLf
Yp=p¥ftaq
where
1 Mmax
E(vfsvp) = ——————— / p(vfs Yp, m)dm
Mmax — Mmin J Myin
1 mic my¢ Mmax
— ([T o midm [ g, midm [ (g, p, mhdm
Mmax — Mpin Mmin mic m2c

(v +vp) (27 + K2) N <<R7pmmax+1> (R'ypm15+1>2)

R’Ys(mmax — Mmin) ('Yf'YpR - Qﬁ) KypMmin + 1 Kypmae +1

=2 ~ ~
(’Yr’ + ’Yp) (2# + K’Yf) n ((’yf —+ 2/meax> <'yf + 2pmyc >2)

27i(Mmax — Mmin) (A/,e'ypf( — 2;7) VF + 2[iMmin v + 2fmyc

2(myc — m
Lo [y Ame —ma) )
Tp Mmax — Mmin
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Expectation approach: spectral comparison
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Figure: Comparison of the maximum spectral radius with respect to ¢
and the corresponding optimal v,: p =1, K =1 (left) or
p=1le—1 K =1e— 4 (right).
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Robin-Robin Orthodir DDM

» Algebraic system of Stokes equation (1.2): Aju; = by + h.
» Algebraic system of Darcy equation (1.1): Axup = by + h.
» The Robin-Robin DDM is a Jacobian iteration of the problem

An =,

or _ N
An = (I = A)n = go,

where An := {An|h =0, = 0}, go := {An|by = 0, b = 0}.
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Robin-Robin Orthodir DDM

Algorithm 1 Robin-Robin Orthodir DDM for Stoke-Darcy problem

1: Initialize n° = 0.
2: Solve go = An° with by =0 and b, = 0.
3: Set r® = p? = g.
4 for j=0,1,...do
5: Compute .Ap’ by solving Ap’ with 1 = 0 and hL = 0, and then set
Ap =p — Ap’ Compute A2p/ using the same routine but with Ap/
instead of pi
6 o _ (P AP
(Apl, Apl)
7 Xt =X 4+ oz’,vpj
8: Al = — a; Ap.
9: for i=0,...,j do
3 T
D )
(Ap', Ap')
11: end for _ '
12 P = A+ Y By
13: end for
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Numerical example 1: straight interface

» Domain: 2 =(0,1)
Qs =(0,1) x (1,2) and interface ' = (0,1) x {1}

» Parameters: o = ag\/pu/K, ap =1, g=1and z=0.

» Exact solution:

¢p = (—aox(y — 1)+ y3/3—y? +y)/K + 2pux,
U= (VK apx),
ps =2u(x +y —1)+1/(3K).

x (0,2) where Qp = (0,1) x (0,1),
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Numerical example 1: straight interface

102 102
Sk 1=LE =13 —¥—M-L
—e—r=L5 =102, O MH
10° ’ 1 10° ——EL | A
—4—r=15r =r,
LI ——E-H
#r':l.s,vpzzr'
102 r':1,5.rp:3r' 102
10% 10
*
- %%% " %&
. & R\
10 + b % 10°® hav:s
10-10 1 1 1 10»10 1 1 L
0 20 40 60 80 0 5 10 15 20

Figure: Orthodir DDM with different Robin parameters for
u=1K=10"2and h=1/32. Left: nonoptimized Robin parameters;
Right: optimal Robin parameters obtained from the four different optimal
approaches.
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Numerical example 1: straight interface

Table: The optimal parameter pairs (v, 7,) and the number of iterations
with four optimal approaches: M-L, M-H, E-L, and E-H.

14 K f Yp Pmax E(vf,7p)  Iter
0.2703 36.6256  0.0060 0.0041 7 (M-L)
1 1 0.1618 12.3606 0.0116 0.0089 8 (M-H)
0.1014 143.3135 0.0324 0.0008 6 (E-L)
0.0363 55.1120 0.0393 0.0009 7 (E-H)
5.6434e+04 171.6983 0.0024 0.0014 18 (M-L)
1 le6 1.9245e+04 103.9255 0.0048 0.0016 21 (M-H)
5.6434e4+04 171.6983 0.0024 0.0014 18  (E-L)
1.9245e+04 103.9255 0.0048 0.0016 21 (E-H)
595.3315 16.9741  0.0222 0.0129 31  (M-L)
lel led 207.9411 9.6181  0.0457 0.0145 33 (M-H)
533.3490 17.3656  0.0260 0.0129 31 (E-L)
192.4455 10.3926 0.0474 0.0143 33 (E-H)
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Numerical example 1: straight interface

i =le-0; K =le-2 ji=le-1; K =le-2

Figure: Contour distribution of the number of iterations and the optimal
(v¢,7p) pairs: blue circle (M-L), blue diamond (E-L), red circle (M-H)
and red diamond (E-L), respectively.
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Numerical example 2: curved interface

» Domain: Q = (—1.5,1.5) x (—1.5,1.5) where interface
N={y = —0.5sin(m(x + 1.5)), —1.5 < x < 1.5}, Stokes and
Darcy regions are the top and bottom parts, respectively.

» Parameters: « = /u/K, g =1and z=0.

» Stokes boundary condition: Us = (0,x* — 4).

» Darcy boundary condition: KV¢p - T =0 on the left and
right boundaries; ¢p = 0 on the bottom boundary.

» Source terms: ?5 =0, fp =0.
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Numerical example2: curved interface

Table: The optimal parameter pairs (v, 7,) and the numbers of
iterations with four optimal approaches: M-L, M-H, E-L, and E-H.

h=1/8 h=1/128

(1, K) ola Ve Iter 0l Yo Iter
2.44e-01 1.80e+01 12 | 2.66e-01 1.39e+02 10 | (M-L)
(11) 1.77e-01  1.13e+01 12 | 1.58e-01 1.27e+01 10 | (M-H)
' 1.57e-01  3.17e+01 12 | 5.01e-02  6.84e+02 10 | (E-L)
0.44e-02  2.12e+01 12 | 1.20e-02 1.67e+02 10 | (E-H)
1.91e+01 2.64e+01 24 | 2.28e+01 2.35e+02 24 | (M-L)
(11e2) 1.22e4+01 1.63e+01 25 | 9.29e+00 2.15e+01 22 | (M-H)
: 1.42¢+01 3.41e+01 22 | 5.96e+00 6.60e+02 24 | (E-L)
8.74e+00 2.29e+01 23 | 1.52e+00 1.32e+02 30 | (E-H)
1.15e+01  3.83e-01 35 | 8.34e+00 6.00e+00 35 | (M-L)
(1e2.16.2) 7.20e+00 2.78¢-01 35 | 1.68e4+00 1.19e+00 31 | (M-H)
' 1.14e4+01  3.86e-01 35 | 2.31e+00 7.52¢e+00 40 | (E-L)
7.20e+00 2.78e-01 35 | 8.84e-01 2.26e+00 38 | (E-H)
1.13e+05 3.88e-05 9 | 5.49e+04 6.72¢-04 11 | (M-L)
(1e-6,1e-6) 7.06e+-04 2.83e-05 9 5.66e+03 3.53e-04 11 (M-H)
’ 1.13e+05 3.88e-05 9 | 8.66e+04 5.92e-04 11 | (E-L)
7.06e+-04 2.83e-05 9 5.66e+03 3.53e-04 11 (E-H)




Numerical example2: curved interface

Figure: Stokes velocity field (left), Darcy velocity field (middle) and
pressure (right) with (u, K) = (1,1072).
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Ongoing & future work

Modal analysis and optimized DDM with Orthodir algorithm for

> Stokes-Darcy model with Beavers-Joseph interface condition

v

Navier-Stokes-Darcy model

v

Dual-Porosity-Navier-Stokes model

v

Helmholtz equation

Phase field models

v

45 /45



	Introduction: Stokes-Darcy model and multi-physics DDM
	Modal analysis for the Robin-Robin DDM
	Optimized parameters for the Robin-Robin DDM
	Orthodir algorithm for the Robin-Robin DDM
	Numerical examples

