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• Clustering is widely used: e.g. to discover cell types in 
genetics or to check for gerrymandering in politics 

• In clustering/partitioning, often interested in computing an 
expectation: e.g. a Bayesian estimate of the proportion of 
data in the biggest cluster or co-clustering probability 

• Markov chain Monte Carlo is widely used (e.g. to 
approximate Bayesian inference), but can be slow 

• Naive parallel processing reduces variance but not bias 
• We find naive “coupling” fails, due to “label switching” 
• We develop: “optimal transport couplings” for partition 

models to remove bias at a single processor 
• In the time-limited, highly parallel regime, we show: 

substantial accuracy benefits of our method over naive 
parallelism and naive use of existing coupling ideas

Clustering, many processors, little time

[Prabhakaran et al 2016, DeFord et al 2021]

[Jacob et al 2020, Xu et al 2021]
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⇧

• Let          return proportion of data in the largest cluster 
• Let       be the posterior on     after observing the data 

• Our general goal is to report:

<latexit sha1_base64="sHBEaMPhL2H/10VqFTtrb1lE6+4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJT3vdpuhVa27dnYEsE68gNSjQ7FW/uv2EZTFXyCQ1puO5KQY51SiY5JNKNzM8pWxEB7xjqaIxN0E+O3ZCTqzSJ1GibSkkM/X3RE5jY8ZxaDtjikOz6E3F/7xOhtF1kAuVZsgVmy+KMkkwIdPPSV9ozlCOLaFMC3srYUOqKUObT8WG4C2+vEwez+reZf3i/rzWuCniKMMRHMMpeHAFDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBqNeOmg==</latexit>p⇧
<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)

<latexit sha1_base64="dBhKWYrB9at9TDEXmhm1OCmeaUQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUIEKQ5Ug8ViQKlg6Fok+pCYEx3Faq85DtoNURZ1Z+issDCDEysbGxnfwA7hNB2g5ku2jc+6V7z1uzKiQhvGl5ebmFxaX8suFldW19Q19c6shooRjUscRi3jLRYIwGpK6pJKRVswJClxGmm7vauQ37wkXNApvZD8mdoA6IfUpRlJJjr5bvT2CF9CioYTdklWjhzB21JNRT92OXjTKxhhwlpgTUqwcWNXh3cd3zdE/LS/CSUBCiRkSom0asbRTxCXFjAwKViJIjHAPdUhb0RAFRNjpeJUB3FeKB/2Iq6NGGqu/O1IUCNEPXFUZINkV095I/M9rJ9I/t1MaxokkIc4+8hMGZQRHuUCPcoIl6yuCMKdqVoi7iCMsVXoFFYI5vfIsaRyXzdPyybVZrFyCDHmwA/ZACZjgDFRAFdRAHWDwAB7BM3jRhtqT9qq9ZaU5bdKzDf5Ae/8B3cqblQ==</latexit>

H
⇤ =

R
h(⇧)p⇧(⇧)d⇧

Setup



3

• A partition     assigns the data to 
mutually exclusive & exhaustive groups 

• Example problem: find a Bayesian 
estimate of the largest-cluster proportion

<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

• Let          return proportion of data in the largest cluster 
• Let       be the posterior on     after observing the data 

• Our general goal is to report: 
• We often need to use a (random) approximation      for

<latexit sha1_base64="sHBEaMPhL2H/10VqFTtrb1lE6+4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJT3vdpuhVa27dnYEsE68gNSjQ7FW/uv2EZTFXyCQ1puO5KQY51SiY5JNKNzM8pWxEB7xjqaIxN0E+O3ZCTqzSJ1GibSkkM/X3RE5jY8ZxaDtjikOz6E3F/7xOhtF1kAuVZsgVmy+KMkkwIdPPSV9ozlCOLaFMC3srYUOqKUObT8WG4C2+vEwez+reZf3i/rzWuCniKMMRHMMpeHAFDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBqNeOmg==</latexit>p⇧
<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)

<latexit sha1_base64="+uANeed3xmTxtSwYZTzlLJAprVg=">AAAB6nicbVDJSgNBEK1xjXGLevTSGATxEGbE7Rj0kmNEs0Ayhp5OTdKkp2fo7hHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJIJr47rfztLyyuraem4jv7m1vbNb2Nuv6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwO/YbT6g0j+WDGSboR7QnecgZNVa6rzyedgpFt+ROQBaJNyNFmKHaKXy1uzFLI5SGCap1y3MT42dUGc4EjvLtVGNC2YD2sGWppBFqP5ucOiLHVumSMFa2pCET9fdERiOth1FgOyNq+nreG4v/ea3UhNd+xmWSGpRsuihMBTExGf9NulwhM2JoCWWK21sJ61NFmbHp5G0I3vzLi6R+VvIuSxd358XyzSyOHBzCEZyAB1dQhgpUoQYMevAMr/DmCOfFeXc+pq1LzmzmAP7A+fwBuaCNcg==</latexit>

H
⇤

<latexit sha1_base64="Xk+O9p8YS8DYKO3zbmWDRPKucyY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQS44RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj1cVmp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFqjI+j</latexit>

Ĥ

<latexit sha1_base64="dBhKWYrB9at9TDEXmhm1OCmeaUQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUIEKQ5Ug8ViQKlg6Fok+pCYEx3Faq85DtoNURZ1Z+issDCDEysbGxnfwA7hNB2g5ku2jc+6V7z1uzKiQhvGl5ebmFxaX8suFldW19Q19c6shooRjUscRi3jLRYIwGpK6pJKRVswJClxGmm7vauQ37wkXNApvZD8mdoA6IfUpRlJJjr5bvT2CF9CioYTdklWjhzB21JNRT92OXjTKxhhwlpgTUqwcWNXh3cd3zdE/LS/CSUBCiRkSom0asbRTxCXFjAwKViJIjHAPdUhb0RAFRNjpeJUB3FeKB/2Iq6NGGqu/O1IUCNEPXFUZINkV095I/M9rJ9I/t1MaxokkIc4+8hMGZQRHuUCPcoIl6yuCMKdqVoi7iCMsVXoFFYI5vfIsaRyXzdPyybVZrFyCDHmwA/ZACZjgDFRAFdRAHWDwAB7BM3jRhtqT9qq9ZaU5bdKzDf5Ae/8B3cqblQ==</latexit>

H
⇤ =

R
h(⇧)p⇧(⇧)d⇧

Setup



3

• A partition     assigns the data to 
mutually exclusive & exhaustive groups 

• Example problem: find a Bayesian 
estimate of the largest-cluster proportion

<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

• Let          return proportion of data in the largest cluster 
• Let       be the posterior on     after observing the data 

• Our general goal is to report: 
• We often need to use a (random) approximation      for  
• Mean squared error (of the approx) = bias2 + variance

<latexit sha1_base64="sHBEaMPhL2H/10VqFTtrb1lE6+4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJT3vdpuhVa27dnYEsE68gNSjQ7FW/uv2EZTFXyCQ1puO5KQY51SiY5JNKNzM8pWxEB7xjqaIxN0E+O3ZCTqzSJ1GibSkkM/X3RE5jY8ZxaDtjikOz6E3F/7xOhtF1kAuVZsgVmy+KMkkwIdPPSV9ozlCOLaFMC3srYUOqKUObT8WG4C2+vEwez+reZf3i/rzWuCniKMMRHMMpeHAFDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBqNeOmg==</latexit>p⇧
<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)

<latexit sha1_base64="+uANeed3xmTxtSwYZTzlLJAprVg=">AAAB6nicbVDJSgNBEK1xjXGLevTSGATxEGbE7Rj0kmNEs0Ayhp5OTdKkp2fo7hHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJIJr47rfztLyyuraem4jv7m1vbNb2Nuv6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwO/YbT6g0j+WDGSboR7QnecgZNVa6rzyedgpFt+ROQBaJNyNFmKHaKXy1uzFLI5SGCap1y3MT42dUGc4EjvLtVGNC2YD2sGWppBFqP5ucOiLHVumSMFa2pCET9fdERiOth1FgOyNq+nreG4v/ea3UhNd+xmWSGpRsuihMBTExGf9NulwhM2JoCWWK21sJ61NFmbHp5G0I3vzLi6R+VvIuSxd358XyzSyOHBzCEZyAB1dQhgpUoQYMevAMr/DmCOfFeXc+pq1LzmzmAP7A+fwBuaCNcg==</latexit>

H
⇤

<latexit sha1_base64="Xk+O9p8YS8DYKO3zbmWDRPKucyY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQS44RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj1cVmp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFqjI+j</latexit>

Ĥ

<latexit sha1_base64="dBhKWYrB9at9TDEXmhm1OCmeaUQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUIEKQ5Ug8ViQKlg6Fok+pCYEx3Faq85DtoNURZ1Z+issDCDEysbGxnfwA7hNB2g5ku2jc+6V7z1uzKiQhvGl5ebmFxaX8suFldW19Q19c6shooRjUscRi3jLRYIwGpK6pJKRVswJClxGmm7vauQ37wkXNApvZD8mdoA6IfUpRlJJjr5bvT2CF9CioYTdklWjhzB21JNRT92OXjTKxhhwlpgTUqwcWNXh3cd3zdE/LS/CSUBCiRkSom0asbRTxCXFjAwKViJIjHAPdUhb0RAFRNjpeJUB3FeKB/2Iq6NGGqu/O1IUCNEPXFUZINkV095I/M9rJ9I/t1MaxokkIc4+8hMGZQRHuUCPcoIl6yuCMKdqVoi7iCMsVXoFFYI5vfIsaRyXzdPyybVZrFyCDHmwA/ZACZjgDFRAFdRAHWDwAB7BM3jRhtqT9qq9ZaU5bdKzDf5Ae/8B3cqblQ==</latexit>

H
⇤ =

R
h(⇧)p⇧(⇧)d⇧

<latexit sha1_base64="FAzHuzMVFWZC45nhyjaAcUQnG0s="></latexit>

E[(Ĥ �H
⇤)2] = (EĤ �H

⇤)2 +Var(Ĥ)

Setup



3

• A partition     assigns the data to 
mutually exclusive & exhaustive groups 

• Example problem: find a Bayesian 
estimate of the largest-cluster proportion

<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

• Let          return proportion of data in the largest cluster 
• Let       be the posterior on     after observing the data 

• Our general goal is to report: 
• We often need to use a (random) approximation      for  
• Mean squared error (of the approx) = bias2 + variance

<latexit sha1_base64="sHBEaMPhL2H/10VqFTtrb1lE6+4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJT3vdpuhVa27dnYEsE68gNSjQ7FW/uv2EZTFXyCQ1puO5KQY51SiY5JNKNzM8pWxEB7xjqaIxN0E+O3ZCTqzSJ1GibSkkM/X3RE5jY8ZxaDtjikOz6E3F/7xOhtF1kAuVZsgVmy+KMkkwIdPPSV9ozlCOLaFMC3srYUOqKUObT8WG4C2+vEwez+reZf3i/rzWuCniKMMRHMMpeHAFDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBqNeOmg==</latexit>p⇧
<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)

<latexit sha1_base64="+uANeed3xmTxtSwYZTzlLJAprVg=">AAAB6nicbVDJSgNBEK1xjXGLevTSGATxEGbE7Rj0kmNEs0Ayhp5OTdKkp2fo7hHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJIJr47rfztLyyuraem4jv7m1vbNb2Nuv6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwO/YbT6g0j+WDGSboR7QnecgZNVa6rzyedgpFt+ROQBaJNyNFmKHaKXy1uzFLI5SGCap1y3MT42dUGc4EjvLtVGNC2YD2sGWppBFqP5ucOiLHVumSMFa2pCET9fdERiOth1FgOyNq+nreG4v/ea3UhNd+xmWSGpRsuihMBTExGf9NulwhM2JoCWWK21sJ61NFmbHp5G0I3vzLi6R+VvIuSxd358XyzSyOHBzCEZyAB1dQhgpUoQYMevAMr/DmCOfFeXc+pq1LzmzmAP7A+fwBuaCNcg==</latexit>

H
⇤

<latexit sha1_base64="Xk+O9p8YS8DYKO3zbmWDRPKucyY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQS44RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj1cVmp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFqjI+j</latexit>

Ĥ

<latexit sha1_base64="dBhKWYrB9at9TDEXmhm1OCmeaUQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUIEKQ5Ug8ViQKlg6Fok+pCYEx3Faq85DtoNURZ1Z+issDCDEysbGxnfwA7hNB2g5ku2jc+6V7z1uzKiQhvGl5ebmFxaX8suFldW19Q19c6shooRjUscRi3jLRYIwGpK6pJKRVswJClxGmm7vauQ37wkXNApvZD8mdoA6IfUpRlJJjr5bvT2CF9CioYTdklWjhzB21JNRT92OXjTKxhhwlpgTUqwcWNXh3cd3zdE/LS/CSUBCiRkSom0asbRTxCXFjAwKViJIjHAPdUhb0RAFRNjpeJUB3FeKB/2Iq6NGGqu/O1IUCNEPXFUZINkV095I/M9rJ9I/t1MaxokkIc4+8hMGZQRHuUCPcoIl6yuCMKdqVoi7iCMsVXoFFYI5vfIsaRyXzdPyybVZrFyCDHmwA/ZACZjgDFRAFdRAHWDwAB7BM3jRhtqT9qq9ZaU5bdKzDf5Ae/8B3cqblQ==</latexit>

H
⇤ =

R
h(⇧)p⇧(⇧)d⇧

<latexit sha1_base64="FAzHuzMVFWZC45nhyjaAcUQnG0s="></latexit>

E[(Ĥ �H
⇤)2] = (EĤ �H

⇤)2 +Var(Ĥ)

Setup
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• A partition     assigns the data to 
mutually exclusive & exhaustive groups 

• Example problem: find a Bayesian 
estimate of the largest-cluster proportion

<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

• Let          return proportion of data in the largest cluster 
• Let       be the posterior on     after observing the data 

• Our general goal is to report: 
• We often need to use a (random) approximation      for  
• Mean squared error (of the approx) = bias2 + variance 

• Naive parallelism: replace      with an empirical average 
over many iid replicates → can reduce variance, not bias

<latexit sha1_base64="sHBEaMPhL2H/10VqFTtrb1lE6+4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJT3vdpuhVa27dnYEsE68gNSjQ7FW/uv2EZTFXyCQ1puO5KQY51SiY5JNKNzM8pWxEB7xjqaIxN0E+O3ZCTqzSJ1GibSkkM/X3RE5jY8ZxaDtjikOz6E3F/7xOhtF1kAuVZsgVmy+KMkkwIdPPSV9ozlCOLaFMC3srYUOqKUObT8WG4C2+vEwez+reZf3i/rzWuCniKMMRHMMpeHAFDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBqNeOmg==</latexit>p⇧
<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)

<latexit sha1_base64="+uANeed3xmTxtSwYZTzlLJAprVg=">AAAB6nicbVDJSgNBEK1xjXGLevTSGATxEGbE7Rj0kmNEs0Ayhp5OTdKkp2fo7hHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJIJr47rfztLyyuraem4jv7m1vbNb2Nuv6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwO/YbT6g0j+WDGSboR7QnecgZNVa6rzyedgpFt+ROQBaJNyNFmKHaKXy1uzFLI5SGCap1y3MT42dUGc4EjvLtVGNC2YD2sGWppBFqP5ucOiLHVumSMFa2pCET9fdERiOth1FgOyNq+nreG4v/ea3UhNd+xmWSGpRsuihMBTExGf9NulwhM2JoCWWK21sJ61NFmbHp5G0I3vzLi6R+VvIuSxd358XyzSyOHBzCEZyAB1dQhgpUoQYMevAMr/DmCOfFeXc+pq1LzmzmAP7A+fwBuaCNcg==</latexit>

H
⇤

<latexit sha1_base64="Xk+O9p8YS8DYKO3zbmWDRPKucyY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQS44RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj1cVmp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFqjI+j</latexit>

Ĥ

<latexit sha1_base64="dBhKWYrB9at9TDEXmhm1OCmeaUQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUIEKQ5Ug8ViQKlg6Fok+pCYEx3Faq85DtoNURZ1Z+issDCDEysbGxnfwA7hNB2g5ku2jc+6V7z1uzKiQhvGl5ebmFxaX8suFldW19Q19c6shooRjUscRi3jLRYIwGpK6pJKRVswJClxGmm7vauQ37wkXNApvZD8mdoA6IfUpRlJJjr5bvT2CF9CioYTdklWjhzB21JNRT92OXjTKxhhwlpgTUqwcWNXh3cd3zdE/LS/CSUBCiRkSom0asbRTxCXFjAwKViJIjHAPdUhb0RAFRNjpeJUB3FeKB/2Iq6NGGqu/O1IUCNEPXFUZINkV095I/M9rJ9I/t1MaxokkIc4+8hMGZQRHuUCPcoIl6yuCMKdqVoi7iCMsVXoFFYI5vfIsaRyXzdPyybVZrFyCDHmwA/ZACZjgDFRAFdRAHWDwAB7BM3jRhtqT9qq9ZaU5bdKzDf5Ae/8B3cqblQ==</latexit>

H
⇤ =

R
h(⇧)p⇧(⇧)d⇧

<latexit sha1_base64="FAzHuzMVFWZC45nhyjaAcUQnG0s="></latexit>

E[(Ĥ �H
⇤)2] = (EĤ �H

⇤)2 +Var(Ĥ)
<latexit sha1_base64="67GMnEjdsTOjM6/qtAGl11Tk0Yk=">AAAB7nicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZwctGLLrpsoK9QDuUTJppQzOZkJwRytCHcONCERdufBP3bsS3Mb0stPWHwMf/n0POOaES3IDnfTu5peWV1bX8uruxubW9U9jdq5sk1ZTVaCIS3QyJYYJLVgMOgjWVZiQOBWuEg5tx3rhn2vBE3sFQsSAmPckjTglYq9HuE8gqo06h6JW8ifAi+DMoXn24l+rty612Cp/tbkLTmEmgghjT8j0FQUY0cCrYyG2nhilCB6THWhYliZkJssm4I3xknS6OEm2fBDxxf3dkJDZmGIe2MibQN/PZ2Pwva6UQXQQZlyoFJun0oygVGBI83h13uWYUxNACoZrbWTHtE00o2Au59gj+/MqLUD8p+Wel01u/WL5GU+XRATpEx8hH56iMKqiKaoiiAXpAT+jZUc6j8+K8TktzzqxnH/2R8/4DymOS4Q==</latexit>

Ĥ

Setup
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• A partition     assigns the data to 
mutually exclusive & exhaustive groups 

• Example problem: find a Bayesian 
estimate of the largest-cluster proportion

<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

• Let          return proportion of data in the largest cluster 
• Let       be the posterior on     after observing the data 

• Our general goal is to report: 
• We often need to use a (random) approximation      for  
• Mean squared error (of the approx) = bias2 + variance 

• Naive parallelism: replace      with an empirical average 
over many iid replicates → can reduce variance, not bias 
• If     unbiased, can reach any small error with more cores

<latexit sha1_base64="sHBEaMPhL2H/10VqFTtrb1lE6+4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJT3vdpuhVa27dnYEsE68gNSjQ7FW/uv2EZTFXyCQ1puO5KQY51SiY5JNKNzM8pWxEB7xjqaIxN0E+O3ZCTqzSJ1GibSkkM/X3RE5jY8ZxaDtjikOz6E3F/7xOhtF1kAuVZsgVmy+KMkkwIdPPSV9ozlCOLaFMC3srYUOqKUObT8WG4C2+vEwez+reZf3i/rzWuCniKMMRHMMpeHAFDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBqNeOmg==</latexit>p⇧
<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)

<latexit sha1_base64="+uANeed3xmTxtSwYZTzlLJAprVg=">AAAB6nicbVDJSgNBEK1xjXGLevTSGATxEGbE7Rj0kmNEs0Ayhp5OTdKkp2fo7hHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJIJr47rfztLyyuraem4jv7m1vbNb2Nuv6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwO/YbT6g0j+WDGSboR7QnecgZNVa6rzyedgpFt+ROQBaJNyNFmKHaKXy1uzFLI5SGCap1y3MT42dUGc4EjvLtVGNC2YD2sGWppBFqP5ucOiLHVumSMFa2pCET9fdERiOth1FgOyNq+nreG4v/ea3UhNd+xmWSGpRsuihMBTExGf9NulwhM2JoCWWK21sJ61NFmbHp5G0I3vzLi6R+VvIuSxd358XyzSyOHBzCEZyAB1dQhgpUoQYMevAMr/DmCOfFeXc+pq1LzmzmAP7A+fwBuaCNcg==</latexit>

H
⇤

<latexit sha1_base64="Xk+O9p8YS8DYKO3zbmWDRPKucyY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQS44RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj1cVmp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFqjI+j</latexit>

Ĥ

<latexit sha1_base64="dBhKWYrB9at9TDEXmhm1OCmeaUQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUIEKQ5Ug8ViQKlg6Fok+pCYEx3Faq85DtoNURZ1Z+issDCDEysbGxnfwA7hNB2g5ku2jc+6V7z1uzKiQhvGl5ebmFxaX8suFldW19Q19c6shooRjUscRi3jLRYIwGpK6pJKRVswJClxGmm7vauQ37wkXNApvZD8mdoA6IfUpRlJJjr5bvT2CF9CioYTdklWjhzB21JNRT92OXjTKxhhwlpgTUqwcWNXh3cd3zdE/LS/CSUBCiRkSom0asbRTxCXFjAwKViJIjHAPdUhb0RAFRNjpeJUB3FeKB/2Iq6NGGqu/O1IUCNEPXFUZINkV095I/M9rJ9I/t1MaxokkIc4+8hMGZQRHuUCPcoIl6yuCMKdqVoi7iCMsVXoFFYI5vfIsaRyXzdPyybVZrFyCDHmwA/ZACZjgDFRAFdRAHWDwAB7BM3jRhtqT9qq9ZaU5bdKzDf5Ae/8B3cqblQ==</latexit>

H
⇤ =

R
h(⇧)p⇧(⇧)d⇧

<latexit sha1_base64="FAzHuzMVFWZC45nhyjaAcUQnG0s="></latexit>

E[(Ĥ �H
⇤)2] = (EĤ �H

⇤)2 +Var(Ĥ)
<latexit sha1_base64="67GMnEjdsTOjM6/qtAGl11Tk0Yk=">AAAB7nicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZwctGLLrpsoK9QDuUTJppQzOZkJwRytCHcONCERdufBP3bsS3Mb0stPWHwMf/n0POOaES3IDnfTu5peWV1bX8uruxubW9U9jdq5sk1ZTVaCIS3QyJYYJLVgMOgjWVZiQOBWuEg5tx3rhn2vBE3sFQsSAmPckjTglYq9HuE8gqo06h6JW8ifAi+DMoXn24l+rty612Cp/tbkLTmEmgghjT8j0FQUY0cCrYyG2nhilCB6THWhYliZkJssm4I3xknS6OEm2fBDxxf3dkJDZmGIe2MibQN/PZ2Pwva6UQXQQZlyoFJun0oygVGBI83h13uWYUxNACoZrbWTHtE00o2Au59gj+/MqLUD8p+Wel01u/WL5GU+XRATpEx8hH56iMKqiKaoiiAXpAT+jZUc6j8+K8TktzzqxnH/2R8/4DymOS4Q==</latexit>

Ĥ

<latexit sha1_base64="Xk+O9p8YS8DYKO3zbmWDRPKucyY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQS44RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj1cVmp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFqjI+j</latexit>

Ĥ

Setup
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• A partition     assigns the data to 
mutually exclusive & exhaustive groups 

• Example problem: find a Bayesian 
estimate of the largest-cluster proportion

<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

• Let          return proportion of data in the largest cluster 
• Let       be the posterior on     after observing the data 

• Our general goal is to report: 
• We often need to use a (random) approximation      for  
• Mean squared error (of the approx) = bias2 + variance 

• Naive parallelism: replace      with an empirical average 
over many iid replicates → can reduce variance, not bias 
• If     unbiased, can reach any small error with more cores

<latexit sha1_base64="sHBEaMPhL2H/10VqFTtrb1lE6+4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cKxhbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFrJT3vdpuhVa27dnYEsE68gNSjQ7FW/uv2EZTFXyCQ1puO5KQY51SiY5JNKNzM8pWxEB7xjqaIxN0E+O3ZCTqzSJ1GibSkkM/X3RE5jY8ZxaDtjikOz6E3F/7xOhtF1kAuVZsgVmy+KMkkwIdPPSV9ozlCOLaFMC3srYUOqKUObT8WG4C2+vEwez+reZf3i/rzWuCniKMMRHMMpeHAFDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBqNeOmg==</latexit>p⇧
<latexit sha1_base64="YSmkYoaXCWf4TGMdJiTLRGMWcis=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7cueuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEiXY23</latexit>

⇧

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)

<latexit sha1_base64="+uANeed3xmTxtSwYZTzlLJAprVg=">AAAB6nicbVDJSgNBEK1xjXGLevTSGATxEGbE7Rj0kmNEs0Ayhp5OTdKkp2fo7hHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJIJr47rfztLyyuraem4jv7m1vbNb2Nuv6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwO/YbT6g0j+WDGSboR7QnecgZNVa6rzyedgpFt+ROQBaJNyNFmKHaKXy1uzFLI5SGCap1y3MT42dUGc4EjvLtVGNC2YD2sGWppBFqP5ucOiLHVumSMFa2pCET9fdERiOth1FgOyNq+nreG4v/ea3UhNd+xmWSGpRsuihMBTExGf9NulwhM2JoCWWK21sJ61NFmbHp5G0I3vzLi6R+VvIuSxd358XyzSyOHBzCEZyAB1dQhgpUoQYMevAMr/DmCOfFeXc+pq1LzmzmAP7A+fwBuaCNcg==</latexit>

H
⇤

<latexit sha1_base64="Xk+O9p8YS8DYKO3zbmWDRPKucyY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQS44RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj1cVmp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFqjI+j</latexit>

Ĥ

<latexit sha1_base64="dBhKWYrB9at9TDEXmhm1OCmeaUQ=">AAACCnicbVC7TsMwFHXKq5RXgJHFUIEKQ5Ug8ViQKlg6Fok+pCYEx3Faq85DtoNURZ1Z+issDCDEysbGxnfwA7hNB2g5ku2jc+6V7z1uzKiQhvGl5ebmFxaX8suFldW19Q19c6shooRjUscRi3jLRYIwGpK6pJKRVswJClxGmm7vauQ37wkXNApvZD8mdoA6IfUpRlJJjr5bvT2CF9CioYTdklWjhzB21JNRT92OXjTKxhhwlpgTUqwcWNXh3cd3zdE/LS/CSUBCiRkSom0asbRTxCXFjAwKViJIjHAPdUhb0RAFRNjpeJUB3FeKB/2Iq6NGGqu/O1IUCNEPXFUZINkV095I/M9rJ9I/t1MaxokkIc4+8hMGZQRHuUCPcoIl6yuCMKdqVoi7iCMsVXoFFYI5vfIsaRyXzdPyybVZrFyCDHmwA/ZACZjgDFRAFdRAHWDwAB7BM3jRhtqT9qq9ZaU5bdKzDf5Ae/8B3cqblQ==</latexit>

H
⇤ =

R
h(⇧)p⇧(⇧)d⇧

<latexit sha1_base64="FAzHuzMVFWZC45nhyjaAcUQnG0s="></latexit>

E[(Ĥ �H
⇤)2] = (EĤ �H

⇤)2 +Var(Ĥ)
<latexit sha1_base64="67GMnEjdsTOjM6/qtAGl11Tk0Yk=">AAAB7nicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZwctGLLrpsoK9QDuUTJppQzOZkJwRytCHcONCERdufBP3bsS3Mb0stPWHwMf/n0POOaES3IDnfTu5peWV1bX8uruxubW9U9jdq5sk1ZTVaCIS3QyJYYJLVgMOgjWVZiQOBWuEg5tx3rhn2vBE3sFQsSAmPckjTglYq9HuE8gqo06h6JW8ifAi+DMoXn24l+rty612Cp/tbkLTmEmgghjT8j0FQUY0cCrYyG2nhilCB6THWhYliZkJssm4I3xknS6OEm2fBDxxf3dkJDZmGIe2MibQN/PZ2Pwva6UQXQQZlyoFJun0oygVGBI83h13uWYUxNACoZrbWTHtE00o2Au59gj+/MqLUD8p+Wel01u/WL5GU+XRATpEx8hH56iMKqiKaoiiAXpAT+jZUc6j8+K8TktzzqxnH/2R8/4DymOS4Q==</latexit>

Ĥ

<latexit sha1_base64="Xk+O9p8YS8DYKO3zbmWDRPKucyY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQS44RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9zO//cS1EbF6xEnC/YgOlQgFo2ildm9EMatP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn83PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOtnQiUpcsUWi8JUEozJ7HcyEJozlBNLKNPC3krYiGrK0CZUsiF4yy+vktZF1buuXj1cVmp3eRxFOIFTOAcPbqAGdWhAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AFqjI+j</latexit>

Ĥ

Setup

• Historical aside: unbiasedness → bias is fine → unbiasedness
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo:

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo:

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo:

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="tywRMVBuGN30ru1U7BLEc9TJXp4=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c91csXLLN06lh2GVqm67jloqtJsWw5pRK0TWuGQmWv/k6fqy+1Xv61249wEhKuMENSdmwrVl6KhKKYkUmum0gSIzxCA9LRlKOQSC+dRZ3AQ630YRAJXVzBmfp9IkWhlOPQ150hUkP525uKf3mdRAUnXkp5nCjC8XxRkDCoIji9G/apIFixsSYIC6qzQjxEAmGlv5PTT/i6FP5PmkXTPjadul2oVMEcWbAPDsARsIELKuAc1EADYDAAN+AO3BvMuDUejMd5a8b4nNkFP2A8fQC6cZHS</latexit>xt



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo:

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="tywRMVBuGN30ru1U7BLEc9TJXp4=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c91csXLLN06lh2GVqm67jloqtJsWw5pRK0TWuGQmWv/k6fqy+1Xv61249wEhKuMENSdmwrVl6KhKKYkUmum0gSIzxCA9LRlKOQSC+dRZ3AQ630YRAJXVzBmfp9IkWhlOPQ150hUkP525uKf3mdRAUnXkp5nCjC8XxRkDCoIji9G/apIFixsSYIC6qzQjxEAmGlv5PTT/i6FP5PmkXTPjadul2oVMEcWbAPDsARsIELKuAc1EADYDAAN+AO3BvMuDUejMd5a8b4nNkFP2A8fQC6cZHS</latexit>xt



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="tywRMVBuGN30ru1U7BLEc9TJXp4=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c91csXLLN06lh2GVqm67jloqtJsWw5pRK0TWuGQmWv/k6fqy+1Xv61249wEhKuMENSdmwrVl6KhKKYkUmum0gSIzxCA9LRlKOQSC+dRZ3AQ630YRAJXVzBmfp9IkWhlOPQ150hUkP525uKf3mdRAUnXkp5nCjC8XxRkDCoIji9G/apIFixsSYIC6qzQjxEAmGlv5PTT/i6FP5PmkXTPjadul2oVMEcWbAPDsARsIELKuAc1EADYDAAN+AO3BvMuDUejMd5a8b4nNkFP2A8fQC6cZHS</latexit>xt



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0

<latexit sha1_base64="BinAiiO81BddFyhcpz6XCc0WOU4="></latexit>

H
⇤ = limt!1 Eh(xt)



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0

<latexit sha1_base64="hgwrcggzbBfFpWxRUuITdBwjLmg="></latexit>

H
⇤ = Eh(xi) +

P1
t=i+1[Eh(xt)� Eh(xt�1)]
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0

<latexit sha1_base64="hgwrcggzbBfFpWxRUuITdBwjLmg="></latexit>

H
⇤ = Eh(xi) +

P1
t=i+1[Eh(xt)� Eh(xt�1)]



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0

<latexit sha1_base64="0vl+0601Ujvff53UEEwC9n1HNrY="></latexit>

H
⇤ = Eh(xi) +

P1
t=i+1[Eh(xt)� Eh(x0

t�1)]



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0

<latexit sha1_base64="0vl+0601Ujvff53UEEwC9n1HNrY="></latexit>

H
⇤ = Eh(xi) +

P1
t=i+1[Eh(xt)� Eh(x0

t�1)]
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0

<latexit sha1_base64="pSfvzYZKvZGSFjfzlHGLF4bM8Us="></latexit>

H
⇤ = E

�
h(xi) +

P1
t=i+1[h(xt)� h(x0

t�1)]
 



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0

<latexit sha1_base64="pSfvzYZKvZGSFjfzlHGLF4bM8Us="></latexit>

H
⇤ = E

�
h(xi) +

P1
t=i+1[h(xt)� h(x0

t�1)]
 



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0

<latexit sha1_base64="wOw+LANQdRXY+LbIMj8ZRshPSww="></latexit>

H
⇤ = E

�
h(xi) +

P⌧
t=i+1[h(xt)� h(x0

t�1)]
 



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0

<latexit sha1_base64="wOw+LANQdRXY+LbIMj8ZRshPSww="></latexit>

H
⇤ = E

�
h(xi) +

P⌧
t=i+1[h(xt)� h(x0

t�1)]
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0

<latexit sha1_base64="KPphLPZv/4fURllPclL6Mi5x0vo="></latexit>

Ĥ = h(xi) +
P⌧

t=i+1[h(xt)� h(x0
t�1)]



4

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

How can they meet?

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0

<latexit sha1_base64="KPphLPZv/4fURllPclL6Mi5x0vo="></latexit>

Ĥ = h(xi) +
P⌧

t=i+1[h(xt)� h(x0
t�1)]
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• Monte Carlo: unbiased but infeasible 
• Markov chain Monte Carlo: biased in finite time 
• Coupling [Jacob et al 2020]: make two MCMC chains; set up 

joint dynamics so chains meet exactly & quickly; then 
subtract out the bias of one using the other

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

+ bells and whistles

Coupling for removing bias

[Glynn, Rhee 2014]

<latexit sha1_base64="XxSukRfwr3sJGQCWa10prLF/cSI=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm6FFqAglEbwsg25cVrBtoA1lMp20o5NJmJkIIfQdXOhCEbe+j7u+jdPLQlt/GPj4/3OYc06QcKa0bY+twsrq2vpGcbO0tb2zu1feP2ipOJWENknMY+kFWFHOBG1qpjn1EklxFHDaDh5vJnn7iUrFYnGvs4T6ER4IFjKCtbFaSc+reSe9ctWu21OhZXDmUHUr3dOXsZs1euXvbj8maUSFJhwr1XHsRPs5lpoRTkelbqpogskjHtCOQYEjqvx8Ou0IHRunj8JYmic0mrq/O3IcKZVFgamMsB6qxWxi/pd1Uh1e+TkTSaqpILOPwpQjHaPJ6qjPJCWaZwYwkczMisgQS0y0OVDJHMFZXHkZWmd156J+fudU3WuYqQhHUIEaOHAJLtxCA5pA4AGe4Q3erdh6tT6sz1lpwZr3HMIfWV8/y+ORnA==</latexit>

pX(X)

<latexit sha1_base64="5hidfzC1OVnY52zOdbJVRoUjy38="></latexit>

Ĥ = 1
T

PT
t=1 h(xt)

<latexit sha1_base64="Lo1icme7NcyOQahWWeFmbR1jUP0=">AAAB6nicdVC7SgNBFJ2NrxhfUcHGZjAIVstsknW1C7GxTNA8IFnC7GQ2GTL7YGZWDEs+wcZCEVtb/8IvsLPxW5wkCip64MLhnHu5514v5kwqhN6MzMLi0vJKdjW3tr6xuZXf3mnKKBGENkjEI9H2sKSchbShmOK0HQuKA4/Tljc6m/qtKyoki8JLNY6pG+BByHxGsNLSxXUP9fIFZJZObWSVITId2ykXHU2KZWSXStAy0QyFyl79nT1XX2q9/Gu3H5EkoKEiHEvZsVCs3BQLxQink1w3kTTGZIQHtKNpiAMq3XQWdQIPtdKHfiR0hQrO1O8TKQ6kHAee7gywGsrf3lT8y+skyj9xUxbGiaIhmS/yEw5VBKd3wz4TlCg+1gQTwXRWSIZYYKL0d3L6CV+Xwv9Js2hax6ZdtwqVKpgjC/bBATgCFnBABZyDGmgAAgbgBtyBe4Mbt8aD8ThvzRifM7vgB4ynD1NhkY4=</latexit>x0

<latexit sha1_base64="GoTrK/L+6TooZUVHy5EnC55yvDc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9u5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBU5ZGP</latexit>x1

<latexit sha1_base64="ddytkM4KBx1ltQqQjGwZjIM60Ho=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9e9Yi9fsMzSqWPZZWiZruOWi64mxbLllErQNq0ZCpW9+jt9rr7UevnXbj/CSUi4wgxJ2bGtWHkpEopiRia5biJJjPAIDUhHU45CIr10FnUCD7XSh0EkdHEFZ+r3iRSFUo5DX3eGSA3lb28q/uV1EhWceCnlcaIIx/NFQcKgiuD0btingmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRZN+9h06nahUgVzZME+OABHwAYuqIBzUAMNgMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFWaZGQ</latexit>x2

<latexit sha1_base64="GWLM4gsvB94MZOeE8lduybAM4GU=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkaYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsEzn1LXsErRMz/VKRU+TYslyHQfapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFX7ZGR</latexit>x3

<latexit sha1_base64="xGGpee7T0kutRqWG/j0O4+7+fmE=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkTYzuSt24bNE+oA1lMp22QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPfcGMaNSWdabkVlYXFpeya7m1tY3Nrfy2zsNGSUCkzqOWCRaAZKEUU7qiipGWrEgKAwYaQajs6nfvCJC0ohfqnFM/BANOO1TjJSWLq67TjdfsMzSqWvZDrRMz/WcoqdJ0bHcUgnapjVDobxXe6fPlZdqN//a6UU4CQlXmCEp27YVKz9FQlHMyCTXSSSJER6hAWlrylFIpJ/Ook7goVZ6sB8JXVzBmfp9IkWhlOMw0J0hUkP525uKf3ntRPVP/JTyOFGE4/mifsKgiuD0btijgmDFxpogLKjOCvEQCYSV/k5OP+HrUvg/aRRN+9h0a3ahXAFzZME+OABHwAYeKINzUAV1gMEA3IA7cG8w49Z4MB7nrRnjc2YX/IDx9AFZcZGS</latexit>x4

<latexit sha1_base64="uVxmyjei4zSU5x0dAw7yfhU7zEc=">AAAB6nicdVDLSsNAFJ3UV62vquDGzWARXIWkbYzuSt24bNE+oA1lMp20QyeTMDMRS+gnuHGhiFu3/oVf4M6N3+K0VVDRAxcO59zLPff6MaNSWdabkVlYXFpeya7m1tY3Nrfy2ztNGSUCkwaOWCTaPpKEUU4aiipG2rEgKPQZafmjs6nfuiJC0ohfqnFMvBANOA0oRkpLF9c9p5cvWGbp1LHsMrRM13HLRVeTYtlySiVom9YMhcpe/Z0+V19qvfxrtx/hJCRcYYak7NhWrLwUCUUxI5NcN5EkRniEBqSjKUchkV46izqBh1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyenn/B1KfyfNIumfWw6dbtQqYI5smAfHIAjYAMXVMA5qIEGwGAAbsAduDeYcWs8GI/z1ozxObMLfsB4+gBa9ZGT</latexit>x5

<latexit sha1_base64="NDWhngk0/dvO4hhUkGeybSOIHno=">AAAB6nicdVDLSsNAFJ34rPVVFdy4GSyCq5C0TaO7UjcuW7QPaEOZTCft0MkkzEzEEvoJblwo4tatf+EXuHPjtzhtFVT0wIXDOfdyz71+zKhUlvVmLCwuLa+sZtay6xubW9u5nd2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzR2dRvXREhacQv1TgmXogGnAYUI6Wli+teuZfLW2bx1LHsErRM13FLBVeTQslyikVom9YM+cp+/Z0+V19qvdxrtx/hJCRcYYak7NhWrLwUCUUxI5NsN5EkRniEBqSjKUchkV46izqBR1rpwyASuriCM/X7RIpCKcehrztDpIbytzcV//I6iQpOvJTyOFGE4/miIGFQRXB6N+xTQbBiY00QFlRnhXiIBMJKfyern/B1KfyfNAumXTadup2vVMEcGXAADsExsIELKuAc1EADYDAAN+AO3BvMuDUejMd564LxObMHfsB4+gBceZGU</latexit>x6
<latexit sha1_base64="DA7dsiqwp/YtaOpGlFhJ1JT6mxA=">AAAB7XicdVDLSgMxFM3UV62vapduQovoxmGi9oUIRTcuK9gHtEPJpJk2NpMZkoxYSv/BjQtF3Po3Ltz5Ie5NWwUVPXDhcM693HOvF3GmtOO8WYm5+YXFpeRyamV1bX0jvblVV2EsCa2RkIey6WFFORO0ppnmtBlJigOP04Y3OJv4jWsqFQvFpR5G1A1wTzCfEayNVD+BN7udfCedc+wyKpVRGTp2vnBYKjmGOOgIoSJEtjNFrpI93hcvmfdqJ/3a7oYkDqjQhGOlWsiJtDvCUjPC6TjVjhWNMBngHm0ZKnBAlTuaph3DHaN0oR9KU0LDqfp9YoQDpYaBZzoDrPvqtzcR//JasfZL7oiJKNZUkNkiP+ZQh3ByOuwySYnmQ0MwkcxkhaSPJSbaPChlnvB1Kfyf1A9sVLDzFyhXOQUzJME2yII9gEARVMA5qIIaIOAK3IJ78GCF1p31aD3NWhPW50wG/ID1/AHcppGs</latexit>

= x0
5

<latexit sha1_base64="AI3wZk7Ok1Q4GjN4KtHX2vkBnAk=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEy0jyluim5cVrAPaIeSSdM2NJMZkoxYSn/BjQtF3Po7Ltz5Ie7NtAoqeuDC4Zx7uedeP+JMacd5sxYWl5ZXVlNr6fWNza3tzM5uQ4WxJLROQh7Klo8V5UzQumaa01YkKQ58Tpv+6Dzxm9dUKhaKKz2OqBfggWB9RrBOpJuDbqGbyTt2BbkVVIGOXSyduK5jiIMKCJUhsp0Z8tXc6ZF4yb7XupnXTi8kcUCFJhwr1UZOpL0JlpoRTqfpTqxohMkID2jbUIEDqrzJLOsU7hulB/uhNCU0nKnfJyY4UGoc+KYzwHqofnuJ+JfXjnXf9SZMRLGmgswX9WMOdQiTw2GPSUo0HxuCiWQmKyRDLDHR5j1p84SvS+H/pHFso5JdvET56hmYIwX2QA4cAgTKoAouQA3UAQFDcAvuwYMVWHfWo/U0b12wPmey4Aes5w8Cp5E6</latexit>

x0
4

<latexit sha1_base64="QmYzVzyidXKSsaw8a3Apa7Ut4g0=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEysbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drFUcF3HEAedIFSGyHZmyFdzp0fiJfte62ZeO72QxAEVmnCsVBs5kfYmWGpGOJ2mO7GiESYjPKBtQwUOqPIms6xTuG+UHuyH0pTQcKZ+n5jgQKlx4JvOAOuh+u0l4l9eO9Z915swEcWaCjJf1I851CFMDoc9JinRfGwIJpKZrJAMscREm/ekzRO+LoX/k8axjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8AASOROQ==</latexit>

x0
3

<latexit sha1_base64="fGlZZzXMneeXceF6k8TMYf9qqQo=">AAAB63icdVDLSgMxFM34rPVV7dJNaBHdOEyqbae4KbpxWcE+oB1KJk3b0ExmSDJiKf0FNy4UcevvuHDnh7g30yqo6IELh3Pu5Z57/YgzpR3nzVpYXFpeWU2tpdc3Nre2Mzu7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36o/PEb15TqVgorvQ4ol6AB4L1GcE6kW4OuoVuJu/YFeRWUAU6drF07LqOIQ46QagMke3MkK/mTo/ES/a91s28dnohiQMqNOFYqTZyIu1NsNSMcDpNd2JFI0xGeEDbhgocUOVNZlmncN8oPdgPpSmh4Uz9PjHBgVLjwDedAdZD9dtLxL+8dqz7rjdhIoo1FWS+qB9zqEOYHA57TFKi+dgQTCQzWSEZYomJNu9Jmyd8XQr/J42CjUp28RLlq2dgjhTYAzlwCBAogyq4ADVQBwQMwS24Bw9WYN1Zj9bTvHXB+pzJgh+wnj8A/5CROA==</latexit>

x0
2

<latexit sha1_base64="lwQoeuMwC57vpSEVk06RZqpD0kU=">AAAB63icdVDLSgMxFM3UV62vapduQovoxmGi9oWbohuXFewD2qFk0kwbmskMSUYspb/gxoUibv0dF+78EPdmWgUVPXDhcM693HOvF3GmtOO8WamFxaXllfRqZm19Y3Mru73TVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3Ok/81jWVioXiSo8j6gZ4IJjPCNaJdLPfQ71swbGrqFJFVejYxdJxpeIY4qAThMoQ2c4MhVr+9FC85N7rvexrtx+SOKBCE46V6iAn0u4ES80Ip9NMN1Y0wmSEB7RjqMABVe5klnUK94zSh34oTQkNZ+r3iQkOlBoHnukMsB6q314i/uV1Yu1X3AkTUaypIPNFfsyhDmFyOOwzSYnmY0MwkcxkhWSIJSbavCdjnvB1KfyfNI9sVLKLl6hQOwNzpMEuyIMDgEAZ1MAFqIMGIGAIbsE9eLAC6856tJ7mrSnrcyYHfsB6/gD+DJE3</latexit>

x0
1

<latexit sha1_base64="mYOVIc3d3zWcZf88YkvnVphluzE=">AAAB63icdVDLSgMxFM3UV62vapduQovoxiFR+8JN0Y3LCvYBbSmZNG1DM5khyYil9BfcuFDErb/jwp0f4t5Mq6CiBy4czrmXe+71QsG1QejNSSwsLi2vJFdTa+sbm1vp7Z26DiJFWY0GIlBNj2gmuGQ1w41gzVAx4nuCNbzReew3rpnSPJBXZhyyjk8Gkvc5JSaWbva7qJvOIbeMS2VchsjNF45LJWQJwicYFyF20Qy5Svb0UL5k3qvd9Gu7F9DIZ9JQQbRuYRSazoQow6lg01Q70iwkdEQGrGWpJD7Tncks6xTuWaUH+4GyJQ2cqd8nJsTXeux7ttMnZqh/e7H4l9eKTL/UmXAZRoZJOl/UjwQ0AYwPhz2uGDVibAmhituskA6JItTY96TsE74uhf+T+pGLC27+EucqZ2COJNgFWXAAMCiCCrgAVVADFAzBLbgHD47v3DmPztO8NeF8zmTADzjPH/yIkTY=</latexit>

x0
0

<latexit sha1_base64="KPphLPZv/4fURllPclL6Mi5x0vo="></latexit>

Ĥ = h(xi) +
P⌧

t=i+1[h(xt)� h(x0
t�1)]



5

• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX



5

Coupling for partitions: the challenge
• Want: quickly compute unbiased  

• Our case:            & e.g.         is largest-cluster proportion
<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX



5

Coupling for partitions: the challenge
• Want: quickly compute unbiased  

• Our case:            & e.g.         is largest-cluster proportion 
• Coupling for partitions for unbiased MCMC approximation: 

not done in past work

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX



5

Coupling for partitions: the challenge
• Want: quickly compute unbiased  
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• Note: to switch labels, all the 
cluster assignments have to 
flip too
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h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

Coupling for partitions: our proposal
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• We propose to work directly in the partition space 
• Given current partition, next is distributed: 

• 1st chain:

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

<latexit sha1_base64="D8YZdeNg3O7rWlZy4Sqbrje61fA=">AAACCnicbVC7SsRAFJ34XOMramkzuixYLYngoxEWbQSbFdwHbGKYTCa7QyYPZibCElLb+At+go2FIrZ+gY36IfbOPgrd9cCFwzn3cu89XsqokKb5pc3Mzs0vLJaW9OWV1bV1Y2OzKZKMY9LACUt420OCMBqThqSSkXbKCYo8RlpeeDbwWzeEC5rEV7KfEidC3ZgGFCOpJNfYsUUWuXl4YhXX+UUBkRtC2ydMIje3U+qGhWuUzao5BJwm1piUa5Xvz497vVt3jXfbT3AWkVhihoToWGYqnRxxSTEjhW5ngqQIh6hLOorGKCLCyYevFLCiFB8GCVcVSzhUf0/kKBKiH3mqM0KyJya9gfif18lkcOzkNE4zSWI8WhRkDMoEDnKBPuUES9ZXBGFO1a0Q9xBHWKr0dBWCNfnyNGnuV63D6sGlVa6dghFKYBvsgj1ggSNQA+egDhoAg1vwAJ7As3anPWov2uuodUYbz2yBP9DefgDH6p68</latexit>PK
k=1 ak�⇡k

Coupling for partitions: our proposal
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• We propose to work directly in the partition space 
• Given current partition, next is distributed: 

• 1st chain:

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

<latexit sha1_base64="D8YZdeNg3O7rWlZy4Sqbrje61fA=">AAACCnicbVC7SsRAFJ34XOMramkzuixYLYngoxEWbQSbFdwHbGKYTCa7QyYPZibCElLb+At+go2FIrZ+gY36IfbOPgrd9cCFwzn3cu89XsqokKb5pc3Mzs0vLJaW9OWV1bV1Y2OzKZKMY9LACUt420OCMBqThqSSkXbKCYo8RlpeeDbwWzeEC5rEV7KfEidC3ZgGFCOpJNfYsUUWuXl4YhXX+UUBkRtC2ydMIje3U+qGhWuUzao5BJwm1piUa5Xvz497vVt3jXfbT3AWkVhihoToWGYqnRxxSTEjhW5ngqQIh6hLOorGKCLCyYevFLCiFB8GCVcVSzhUf0/kKBKiH3mqM0KyJya9gfif18lkcOzkNE4zSWI8WhRkDMoEDnKBPuUES9ZXBGFO1a0Q9xBHWKr0dBWCNfnyNGnuV63D6sGlVa6dghFKYBvsgj1ggSNQA+egDhoAg1vwAJ7As3anPWov2uuodUYbz2yBP9DefgDH6p68</latexit>PK
k=1 ak�⇡k • 2nd chain:

Coupling for partitions: our proposal

<latexit sha1_base64="LNUE2ocRAy1ETMKKxRRb0gxQ+/k="></latexit>PK0

k0=1 bk0�⌫k0
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• We propose to work directly in the partition space 
• Given current partition, next is distributed: 

• 1st chain: 
• Let coupling                                          have marginals:

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

<latexit sha1_base64="D8YZdeNg3O7rWlZy4Sqbrje61fA=">AAACCnicbVC7SsRAFJ34XOMramkzuixYLYngoxEWbQSbFdwHbGKYTCa7QyYPZibCElLb+At+go2FIrZ+gY36IfbOPgrd9cCFwzn3cu89XsqokKb5pc3Mzs0vLJaW9OWV1bV1Y2OzKZKMY9LACUt420OCMBqThqSSkXbKCYo8RlpeeDbwWzeEC5rEV7KfEidC3ZgGFCOpJNfYsUUWuXl4YhXX+UUBkRtC2ydMIje3U+qGhWuUzao5BJwm1piUa5Xvz497vVt3jXfbT3AWkVhihoToWGYqnRxxSTEjhW5ngqQIh6hLOorGKCLCyYevFLCiFB8GCVcVSzhUf0/kKBKiH3mqM0KyJya9gfif18lkcOzkNE4zSWI8WhRkDMoEDnKBPuUES9ZXBGFO1a0Q9xBHWKr0dBWCNfnyNGnuV63D6sGlVa6dghFKYBvsgj1ggSNQA+egDhoAg1vwAJ7As3anPWov2uuodUYbz2yBP9DefgDH6p68</latexit>PK
k=1 ak�⇡k • 2nd chain:

<latexit sha1_base64="HyycBlbbOzS3JdfTclCqyOvpCIM="></latexit>

� =
P

k

P
k0 uk,k0�(⇡k,⌫k0 )

<latexit sha1_base64="J+xA9TEff9zXtolpx/sgQudM0jM=">AAACA3icbZC7SgNBFIZn4y2ut1U7bQZDiIWEXcFLIwRtLCOYCyTLMjuZTYbMXpiLEJYFGx/D1sZCEVtfwkZ9EHsnl0ITD8zw8f/nMHN+P2FUSNv+MnJz8wuLS/llc2V1bX3D2tyqi1hxTGo4ZjFv+kgQRiNSk1Qy0kw4QaHPSMPvXwz9xg3hgsbRtRwkxA1RN6IBxUhqybN22kKFXtrPoNL3Qb+UwTPoayxlnlWwy/ao4Cw4EyhUit+fH/dmt+pZ7+1OjFVIIokZEqLl2Il0U8QlxYxkZlsJkiDcR13S0hihkAg3He2QwaJWOjCIuT6RhCP190SKQiEGoa87QyR7Ytobiv95LSWDUzelUaIkifD4oUAxKGM4DAR2KCdYsoEGhDnVf4W4hzjCUsdm6hCc6ZVnoX5Ydo7LR1dOoXIOxpUHu2AP7AMHnIAKuARVUAMY3IIH8ASejTvj0XgxXsetOWMysw3+lPH2A2Lumx0=</latexit>P
k uk,k0 = bk0

<latexit sha1_base64="8e5pE22A0PmoKiCCJq4b+tHWzT4=">AAACA3icbZBNS8MwGMdTX2d9q3rTS3AMPchoBV8uwtCLxwnuBbZS0izdwpK2JKkwSsGLH8OrFw+KePVLeFE/iHfTbQfdfCDkx///PCTP348Zlcq2v4yZ2bn5hcXCkrm8srq2bm1s1mWUCExqOGKRaPpIEkZDUlNUMdKMBUHcZ6Th9y9yv3FDhKRReK0GMXE56oY0oBgpLXnWdlsm3Ev7exlM9HWQwxlEGjPPKtple1hwGpwxFCul78+Pe7Nb9az3difCCSehwgxJ2XLsWLkpEopiRjKznUgSI9xHXdLSGCJOpJsOd8hgSSsdGERCn1DBofp7IkVcygH3dSdHqicnvVz8z2slKjh1UxrGiSIhHj0UJAyqCOaBwA4VBCs20ICwoPqvEPeQQFjp2EwdgjO58jTUD8vOcfnoyilWzsGoCmAH7IJ94IATUAGXoApqAINb8ACewLNxZzwaL8brqHXGGM9sgT9lvP0AXkebHA==</latexit>P
k0 uk,k0 = ak&

Coupling for partitions: our proposal

<latexit sha1_base64="LNUE2ocRAy1ETMKKxRRb0gxQ+/k="></latexit>PK0

k0=1 bk0�⌫k0
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• We propose to work directly in the partition space 
• Given current partition, next is distributed: 

• 1st chain: 
• Let coupling                                          have marginals: 

• For a metric d on partitions, we choose the “best” (optimal 
transport) coupling for this step of the joint chain

<latexit sha1_base64="DJKA2mWb9GSgwvF5fqEQBO2v910=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAYhXsKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmaFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7woQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNYeVbp2d9tyyV/VmQMvEz0kZctR77le3L0kaU2EIx1p3fC8xQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI/uLLy6R5VvUvqxf35+XaTR5HEY7gGCrgwxXU4A7q0AACj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8ArUuOjg==</latexit>

h(⇧)
<latexit sha1_base64="7UU8vY+eNkL1IJFL+17xCkewBTI=">AAAB7HicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJ4GVTLLpxGcG0hTaUyXTSDp1MwsxEKKHP4MaFIq4EX8W9G/FtnF4W2vrDwMf/n8Occ8KUM6Ud59sqLC2vrK4V1+2Nza3tndLuXl0lmSTUJwlPZDPEinImqK+Z5rSZSorjkNNGOLge5417KhVLxJ0epjSIcU+wiBGsjeU3q22PdUplp+JMhBbBnUH58sOupm9fttcpfba7CcliKjThWKmW66Q6yLHUjHA6stuZoikmA9yjLYMCx1QF+WTYEToyThdFiTRPaDRxf3fkOFZqGIemMsa6r+azsflf1sp0dBHkTKSZpoJMP4oyjnSCxpujLpOUaD40gIlkZlZE+lhios19bHMEd37lRaifVNyzyumtW65dwVRFOIBDOAYXzqEGN+CBDwQYPMATPFvCerRerNdpacGa9ezDH1nvP7AAkZ4=</latexit>

X = ⇧

<latexit sha1_base64="DsalMTE9ryNkas8U2kER0s96naQ="></latexit>

Ĥ ⇡ H
⇤ =

R
h(X)pX(X)dX

<latexit sha1_base64="D8YZdeNg3O7rWlZy4Sqbrje61fA=">AAACCnicbVC7SsRAFJ34XOMramkzuixYLYngoxEWbQSbFdwHbGKYTCa7QyYPZibCElLb+At+go2FIrZ+gY36IfbOPgrd9cCFwzn3cu89XsqokKb5pc3Mzs0vLJaW9OWV1bV1Y2OzKZKMY9LACUt420OCMBqThqSSkXbKCYo8RlpeeDbwWzeEC5rEV7KfEidC3ZgGFCOpJNfYsUUWuXl4YhXX+UUBkRtC2ydMIje3U+qGhWuUzao5BJwm1piUa5Xvz497vVt3jXfbT3AWkVhihoToWGYqnRxxSTEjhW5ngqQIh6hLOorGKCLCyYevFLCiFB8GCVcVSzhUf0/kKBKiH3mqM0KyJya9gfif18lkcOzkNE4zSWI8WhRkDMoEDnKBPuUES9ZXBGFO1a0Q9xBHWKr0dBWCNfnyNGnuV63D6sGlVa6dghFKYBvsgj1ggSNQA+egDhoAg1vwAJ7As3anPWov2uuodUYbz2yBP9DefgDH6p68</latexit>PK
k=1 ak�⇡k • 2nd chain:

<latexit sha1_base64="HyycBlbbOzS3JdfTclCqyOvpCIM="></latexit>

� =
P

k

P
k0 uk,k0�(⇡k,⌫k0 )

<latexit sha1_base64="J+xA9TEff9zXtolpx/sgQudM0jM=">AAACA3icbZC7SgNBFIZn4y2ut1U7bQZDiIWEXcFLIwRtLCOYCyTLMjuZTYbMXpiLEJYFGx/D1sZCEVtfwkZ9EHsnl0ITD8zw8f/nMHN+P2FUSNv+MnJz8wuLS/llc2V1bX3D2tyqi1hxTGo4ZjFv+kgQRiNSk1Qy0kw4QaHPSMPvXwz9xg3hgsbRtRwkxA1RN6IBxUhqybN22kKFXtrPoNL3Qb+UwTPoayxlnlWwy/ao4Cw4EyhUit+fH/dmt+pZ7+1OjFVIIokZEqLl2Il0U8QlxYxkZlsJkiDcR13S0hihkAg3He2QwaJWOjCIuT6RhCP190SKQiEGoa87QyR7Ytobiv95LSWDUzelUaIkifD4oUAxKGM4DAR2KCdYsoEGhDnVf4W4hzjCUsdm6hCc6ZVnoX5Ydo7LR1dOoXIOxpUHu2AP7AMHnIAKuARVUAMY3IIH8ASejTvj0XgxXsetOWMysw3+lPH2A2Lumx0=</latexit>P
k uk,k0 = bk0

<latexit sha1_base64="8e5pE22A0PmoKiCCJq4b+tHWzT4=">AAACA3icbZBNS8MwGMdTX2d9q3rTS3AMPchoBV8uwtCLxwnuBbZS0izdwpK2JKkwSsGLH8OrFw+KePVLeFE/iHfTbQfdfCDkx///PCTP348Zlcq2v4yZ2bn5hcXCkrm8srq2bm1s1mWUCExqOGKRaPpIEkZDUlNUMdKMBUHcZ6Th9y9yv3FDhKRReK0GMXE56oY0oBgpLXnWdlsm3Ev7exlM9HWQwxlEGjPPKtple1hwGpwxFCul78+Pe7Nb9az3difCCSehwgxJ2XLsWLkpEopiRjKznUgSI9xHXdLSGCJOpJsOd8hgSSsdGERCn1DBofp7IkVcygH3dSdHqicnvVz8z2slKjh1UxrGiSIhHj0UJAyqCOaBwA4VBCs20ICwoPqvEPeQQFjp2EwdgjO58jTUD8vOcfnoyilWzsGoCmAH7IJ94IATUAGXoApqAINb8ACewLNxZzwaL8brqHXGGM9sgT9lvP0AXkebHA==</latexit>P
k0 uk,k0 = ak&

Coupling for partitions: our proposal

<latexit sha1_base64="CIk/g5ghFvGhr8bKJYBR84IJQ+o="></latexit>

�OT = argmin
couplings �

P
k

P
k0 uk,k0d(⇡k, ⌫k0)

<latexit sha1_base64="LNUE2ocRAy1ETMKKxRRb0gxQ+/k="></latexit>PK0

k0=1 bk0�⌫k0
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• We propose to work directly in the partition space 
• Given current partition, next is distributed: 

• 1st chain: 
• Let coupling                                          have marginals: 

• For a metric d on partitions, we choose the “best” (optimal 
transport) coupling for this step of the joint chain
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k
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Coupling for partitions: our proposal
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�OT = argmin
couplings �

P
k

P
k0 uk,k0d(⇡k, ⌫k0)
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d(⇡, ⌫) =
P

A2⇡ |A|2 +
P

B2⌫ |B|2 � 2
P

A2⇡,B2⌫ |A \B|2

with

[Mirkin, Chernyi 1970; Rand 1971]
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• Want: quickly compute unbiased  
• Our case:            & e.g.         is largest-cluster proportion 

• We propose to work directly in the partition space 
• Given current partition, next is distributed: 

• 1st chain: 
• Let coupling                                          have marginals: 

• For a metric d on partitions, we choose the “best” (optimal 
transport) coupling for this step of the joint chain
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Coupling for partitions: our proposal
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�OT = argmin
couplings �
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d(⇡, ⌫) =
P

A2⇡ |A|2 +
P

B2⌫ |B|2 � 2
P

A2⇡,B2⌫ |A \B|2

with

• We use: network simplex method in Python Optimal Transport 
[Flamary et al 2021]

[Mirkin, Chernyi 1970; Rand 1971]
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• We focus on a Bayesian model: Dirichlet process (DP) 
mixture prior on the partition and Gaussian components 

• We focus on Gibbs sampling (and variants like split-merge) 
• Theorem sketch (unbiasedness). The estimator      that 

arises from our optimal transport coupling is unbiased for 
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mixture prior on the partition and Gaussian components 

• We focus on Gibbs sampling (and variants like split-merge) 
• Theorem sketch (unbiasedness). The estimator      that 

arises from our optimal transport coupling is unbiased for  
• Proof sketch. Check conditions from Jacob et al 2020: 

joint sampler is valid, meeting time has subgeometric 
tails, chains are faithful once they meet
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• We focus on a Bayesian model: Dirichlet process (DP) 
mixture prior on the partition and Gaussian components 

• We focus on Gibbs sampling (and variants like split-merge) 
• Theorem sketch (unbiasedness). The estimator      that 

arises from our optimal transport coupling is unbiased for  
• Proof sketch. Check conditions from Jacob et al 2020: 

joint sampler is valid, meeting time has subgeometric 
tails, chains are faithful once they meet 

• Take N = data cardinality, D = data dimension, K = largest 
number of partition components encountered
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• We focus on a Bayesian model: Dirichlet process (DP) 
mixture prior on the partition and Gaussian components 

• We focus on Gibbs sampling (and variants like split-merge) 
• Theorem sketch (unbiasedness). The estimator      that 

arises from our optimal transport coupling is unbiased for  
• Proof sketch. Check conditions from Jacob et al 2020: 

joint sampler is valid, meeting time has subgeometric 
tails, chains are faithful once they meet 

• Take N = data cardinality, D = data dimension, K = largest 
number of partition components encountered 

• Theorem sketch (time cost). A standard Gibbs step is 
O(ND+KD3). Computing our coupling costs 2 times a 
Gibbs step + optimal transport cost O(K3logK) (or K2 or K5) 
• In DP, we expect # clusters = O(logN)
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• We focus on a Bayesian model: Dirichlet process (DP) 
mixture prior on the partition and Gaussian components 

• We focus on Gibbs sampling (and variants like split-merge) 
• Theorem sketch (unbiasedness). The estimator      that 

arises from our optimal transport coupling is unbiased for  
• Proof sketch. Check conditions from Jacob et al 2020: 

joint sampler is valid, meeting time has subgeometric 
tails, chains are faithful once they meet 

• Take N = data cardinality, D = data dimension, K = largest 
number of partition components encountered 

• Theorem sketch (time cost). A standard Gibbs step is 
O(ND+KD3). Computing our coupling costs 2 times a 
Gibbs step + optimal transport cost O(K3logK) (or K2 or K5) 
• In DP, we expect # clusters = O(logN)
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same 
behavior in 
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seed, and 
synthetic 

<latexit sha1_base64="nE5kJwJb8Sg23bb6OMfI99vlv0s=">AAACAHicbVDJSgNBEO2JW4zbqAcPXpoEISKEGcHlJINePEYwC2SG0NPpJE16FrprxDDMxW/wD7x4UMSrn+Etf2NnOWjig4LHe1VU1fNjwRVY1sjILS2vrK7l1wsbm1vbO+buXl1FiaSsRiMRyaZPFBM8ZDXgIFgzlowEvmANf3Az9hsPTCoehfcwjJkXkF7Iu5wS0FLbPHCBPYIM0qqM/KzsAknwFYbjtlmyKtYEeJHYM1Jyiu7J88gZVtvmt9uJaBKwEKggSrVsKwYvJRI4FSwruIliMaED0mMtTUMSMOWlkwcyfKSVDu5GUlcIeKL+nkhJoNQw8HVnQKCv5r2x+J/XSqB76aU8jBNgIZ0u6iYCQ4THaeAOl4yCGGpCqOT6Vkz7RBIKOrOCDsGef3mR1E8r9nnl7M4uOddoijw6REVURja6QA66RVVUQxRl6AW9oXfjyXg1PozPaWvOmM3soz8wvn4AK9KZGw==</latexit> P
ro
b
(⌧

>
t)

MCMC 
step t

gene graph

our method
naive parallel
ground truth

our method



• We provide an optimal transport coupling for partitions 
• In the highly parallel regime, we show our coupling can 

provide accurate estimates with limited wall time 
• Paper: Nguyen, Trippe, Broderick “Many Processors, Little 

Time: MCMC for Partitions via Optimal Transport 
Couplings” AISTATS 2022. 

• Code: https://github.com/tinnguyen96/
partition-coupling
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