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Hyperbolic geometry

Hyperbolic plane

> H? = {x+iy:y >0}
» Constant sectional

curvaturg K=-1
> d5H2 = —S(C
y

~L 7N,
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Hyperbolic geometry

Group of isometries

SLy(R) = {(i 2) € Matax2(R) : ad — bc = 1}

Example: A= {a; = diag(et/z, e—t/2)}
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Hyperbolic geometry

Group of isometries
a b
SLy(R) = {(c d) € Matax2(R) : ad — bc = 1}
Example: A = {a; = diag(e'/?,e7%/?)}

G = PSLy(R) ~ H?
a b _Z_aZ—i-b
c d cz+d
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Hyperbolic geometry

Hyperbolic space

> H" = {(x1,x2,...,Xn) : Xn > 0}
» Constant sectional curvature
K=-1

dsgn
» dSHn = R

Xn
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Hyperbolic geometry

Group of isometries

SO(n, 1) = {X S Mat(n+1)x(n+1)(]R) PXUX = J,det(X) = 1}
J =diag(1,1,...,1,-1)
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Hyperbolic geometry

Group of isometries

SO(n, 1) = {X S Mat(,,+1)x(,,+1)(]R) PXUX = J,det(X) = 1}
J = diag(1,1,...,1,-1)

Examples:

K:{<§ 2) :ReSO(n)}
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Hyperbolic geometry

Group of isometries

SO(n, 1) = {X S Mat(,,+1)x(,,+1)(]R) PXUX = J,det(X) = 1}
J = diag(1,1,...,1,-1)

Examples:

K:{<§ 2) :ReSO(n)}
M:{(Ig Z) :RGSO(n—l)}
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Hyperbolic geometry
00000

Group of isometries

SO(FI, 1) = {X S I\/Iat(,,+1)x(,,+1)(]R) PXUX = J,det(X) = 1}
J =diag(1,1,...,1,-1)

Examples:

K:{(Ig Z) :ReSO(n)}
M:{(Ig Z) :RESO(n—l)}

Ih—1 0 0
A=<da;=| 0 cosh(t) sinh(t)|:teR
0 sinh(t) cosh(t)
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Hyperbolic geometry

Group of isometries

SO(n,1) ~ R™
G =S0(n,1)° ~H"
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Hyperbolic geometry

Lattices

» [ < G discrete subgroup
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Hyperbolic geometry

Lattices

» [ < G discrete subgroup

» 1 = G-invariant measure on '\ G induced by Haar measure
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Hyperbolic geometry

Lattices

» [ < G discrete subgroup
» 1 = G-invariant measure on '\ G induced by Haar measure

» [ is said to be a lattice if y is finite, say with mass 1.
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Hyperbolic geometry

Lattices

» [ < G discrete subgroup
» 1 = G-invariant measure on '\ G induced by Haar measure
» [ is said to be a lattice if y is finite, say with mass 1.

» Example: SLo(Z) < SLa(R)
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Hyperbolic geometry
0

Lattices

» [ < G discrete subgroup
» 1 = G-invariant measure on '\ G induced by Haar measure
» [ is said to be a lattice if y is finite, say with mass 1.

» Example: SLo(Z) < SLa(R)

v

X =T\H". If T is a lattice, X has finite volume.
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Hyperbolic geometry

Picture
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Hyperbolic geometry

Unit tangent and frame bundles for H"

F(H")
project to the first basis vector
TH(H")

project to the basepoint

Hn
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Hyperbolic geometry

Unit tangent and frame bundles for H"

F(H") = G
project to the first basis vector
TH(H") = G/M

project to the basepoint

" - G/K
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Unit tangent and frame bundles for X = "\ H"

F(X)
project to the first basis vector
TH(X)

project to the basepoint

Pratyush Sarkar Exponential Mixing of Frame Flows



Unit tangent and frame bundles for X = "\ H"

F(X) = naeG
project to the first basis vector
THX) = NG/m

project to the basepoint

X = MNG/K
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Hyperbolic geometry

Geodesic flow

» Geodesic flow on T1(X): moves a unit tangent vector along a
geodesic through it.

» Geodesic flow: TY(X) =T\G/M ~ A (by matrix
multiplication).

Pratyush Sarkar Exponential Mixing of Frame Flows



Hyperbolic geometry
0000

Frame flow

» Frame flow on F(X): moves a frame (positively oriented
orthonormal basis) by parallel transport along a geodesic
through, say, the first basis vector.

» Frame flow: F(X)=T\G ~ A (by matrix multiplication).
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Historical results
08000

Theorem (Howe—Moore '79)

Let X = T'\H" be of finite volume. The frame flow on
F(X) =T\G is mixing:

Vo, € L?(T\G), we have

Jim - d0xa)p(x) du(x) = w(@) - w(¥)-

neG
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Can we say something stronger? More precisely, what is the rate
of mixing?
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Historical results
00000

Theorem (Ratner, Moore '87)

Let X = T\H" be of finite volume. The frame flow on
F(X) = I'\G is exponentially mixing:

3C > 0,1 > 0 such that V¢,v € C1(I'\G), we have

‘ g 200000 di) = (9) - (W) < C e Il
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Can we prove similar theorems for infinite volume hyperbolic
manifolds?
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Nonlattices

Limit set

» The limit set A is the set of limit points of any orbit I - o in
OH".
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Nonlattices

Limit set

» The limit set A is the set of limit points of any orbit I - o in
OH".

> If #£A > 2, then I is said to be non-elementary.
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Limit set

» The limit set A is the set of limit points of any orbit [ - o0 in
OH".

> If #£A > 2, then I is said to be non-elementary.

» The critical exponent dr is the abscissa of convergence of
P(s) = X er > 07,
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Nonlattices

Convex cocompact, geometrically finite

» Hull(A) = convex hull of A
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Nonlattices

Convex cocompact, geometrically finite

» Hull(A) = convex hull of A

» Core(X) =T\ Hull(A) C X
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Nonlattices

Convex cocompact, geometrically finite

» Hull(A) = convex hull of A
» Core(X) =T\ Hull(A) C X

» If Core(X) is compact, then I and X are said to be convex
cocompact.
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Nonlattices
0000

Convex cocompact, geometrically finite

» Hull(A) = convex hull of A
» Core(X) =T\ Hull(A) C X

» If Core(X) is compact, then I and X are said to be convex
cocompact.

» If Core(X)e for any € > 0 has finite volume, then ' and X are
said to be geometrically finite.
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Nonlattices

BMS measure

» The Bowen—Margulis—Sullivan measure v is the measure of
maximal entropy, say with mass 1.
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Nonlattices

BMS measure

» The Bowen—Margulis—Sullivan measure v is the measure of
maximal entropy, say with mass 1.

> supp(r) = {f € F(X) : f* € A} (projects onto the convex
core).
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Nonlattices
000e

BMS measure

» The Bowen—Margulis—Sullivan measure v is the measure of
maximal entropy, say with mass 1.

> supp(v) = {f € F(X) : f= € A} (projects onto the convex
core).

» The Patterson—-Sullivan measure vFS is the weak” limit of

% 2yer esdlong,
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Nonlattices
000e

BMS measure

» The Bowen—Margulis—Sullivan measure v is the measure of
maximal entropy, say with mass 1.

> supp(v) = {f € F(X) : f= € A} (projects onto the convex
core).

» The Patterson—-Sullivan measure vFS is the weak” limit of

% 2yer esdlong,

» On F(H"), the BMS measure is
du(f) = P+ (0h) rBe=(0F) gy PS(£+) dvPS(£~) dt dm
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Theorem (Babillot '02, Winter '15)

Let T < G = Isom™ (HZE) be geometrically finite and Zariski dense.
The frame flow on H(X) = '\ G is mixing with respect to the BMS
measure:

Vo, € C(I'\G), we have

lim [ $(xar)(x) du(x) = v(6) - v(¥).

t——+o0 G
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Recent results

Theorem (Mohammadi—Oh '15)

Let ' < G be geometrically finite and Zariski dense with
or > max{”gl, n— 2}. The frame flow on F(X) =T\G is
exponentially mixing with respect to the BMS measure:

3C > 0,7 >0, and ¢ € N such that V¢, € C°(I'\G), we have

< Cegllse - [ldllse-

' [ #lxa)il) dulx) = v(9) - v()
neG
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Recent results

Theorem (S.—Winter '21)

Let T < G be convex cocompact and Zariski dense. The frame

flow on F(X) = I'\G is exponentially mixing with respect to the
BMS measure:

3C > 0,7 > 0 such that V¢,v € CX(T\G), we have

‘ [ et i) - v() - v(w)
ne

< Ce "ol cr - [Pl ca-
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Recent results

Theorem (Chow-S. '22)

Let T < G = Isom™ (HZ) be convex cocompact and Zariski dense.
The frame flow on H(X) = '\ G is exponentially mixing with
respect to the BMS measure:

3C > 0,m > 0 such that Vo,v € CL(I'\G), we have

< Ce |9l et - Y]] -

[ 9@l dulx) = v(9) - v(w)
rG
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Recent results

Theorem (Li-Pan-S. '23)

Let ' < G be geometrically finite and Zariski dense. The frame

flow on F(X) = I'\G is exponentially mixing with respect to the
BMS measure:

3C > 0,7 > 0 such that V¢,v € CH(\G), we have

‘ [ autx) i) - v(g) - v(w)
ne

< Ce "|gllcr - [Pl ca-
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Recent results

Applications

» Counting orbit points, counting geodesics

Pratyush Sarkar Exponential Mixing of Frame Flows



Recent results

Applications

» Counting orbit points, counting geodesics

» Equidistribution of holonomy, equidistribution of horospheres
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Recent results

Applications

» Counting orbit points, counting geodesics
» Equidistribution of holonomy, equidistribution of horospheres

» Spectral gaps
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Proof ideas
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Framework

» Use countably infinite coding developed by Li—Pan.
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Framework

» Use countably infinite coding developed by Li—Pan.

» Follow the frame flow version of Dolgopyat's method.
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Framework

» Use countably infinite coding developed by Li—Pan.
» Follow the frame flow version of Dolgopyat's method.

» Local non-integrability condition (LNIC)
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Proof ideas
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Framework

» Use countably infinite coding developed by Li—Pan.
» Follow the frame flow version of Dolgopyat's method.
» Local non-integrability condition (LNIC)

» Non-concentration property (NCP)
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Proof ideas
00000

Framework

» Use countably infinite coding developed by Li—Pan.
» Follow the frame flow version of Dolgopyat's method.
» Local non-integrability condition (LNIC)

» Non-concentration property (NCP)

» Large deviation property (LDP)
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LNIC

We need a strong form of non-integrability when dealing with the
frame flow:

[t n]=adm.

Integrability would be [nT,n"] = 0.
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Proof ideas

NCP

Not all frames accessible due to fractal nature of supp(v). To deal
with this, we need the non-concentration property:

36 > 0 such that Vx € A, € > 0, and direction w, Jy € AN B(x)
such that |[(y — x,w)| > €.

True when I is convex cocompact. Not true when [ is
geometricaly finite with cusps! Replace A with a certain large
subset A, C A.
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LDP

When T is geometricaly finite with cusps, we need a large
deviation property which ensures that under a certain random
walk, we are mostly in A¢:

Jk € (0,1) such that Ve > 0 and n € N, we have
VWSIx e Ng: #{j €N:j<n Ti(x) € A} < kn} < e "n.
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