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Geodesic planes in
hyperbolic mflds

of x vol.

Ref. Geodesic planes in hyp 3-mflds

(McMullen-Mohammadi-O. - Inventiones 2017)36p.
·Horocycles in hyp 3-mflds (MMO,

- GAFA 2016
12P

·Geodesic planes in the convex core of an

acylindrical 3-mfld (MMO
- Pukezo22] 31p.

·Geodesic planes in
geom. finite

acylindrical 3-mflds (Benoist-0.
- ETDS 2022)

·Orbitclosures of unip flows
394.

for hyp molds with Fuchsian ends

(Minju Lee-0. To appear G&T)
101p.

*Dynamics for discrete subgps of SL2Q
in Dynamics,Geometry,Number theory (Margulis vor)



dS = dEnc
I

geodesic planes in H=[(x,x2,y)1 y< 0]

In
Isom" (IH) =PSLK

-S03,1

↳ 21 =IR3*}
=$2

I=[(X,0,y) 1y>03

P =g(12) gEPSI2K geodesic planes
B - in 143

24 =g(TR) circles in $2

M =4)
1H3 ↑<PSL2K tof discrete

I↳
P =rc)

geod. planes
in M I



geodesic planes in 1H" =9(x, .., Xue, 1)1 y< 0]

Isom(1H")= S0in, 13

A "

2A*-IBs*}
= In-

I=[(X,:, xx,0,..0,y) (4>03

P =

(Y) ge G geodesicplanes
- in 14

24 =g(TR"-) (K-1) Spheres in $

M =p/H" 4 <CT tof discrete

Is
P P =T(P)

geod.*planes
in M2



question P good e-plane in M=p*
22k (n-1

DescribeI

A) Thm (Rather, Shah-90)

M =pH" finite you

PC M geod k-plane 22Kn-1

=>Iis a good m-plane kmen

(e.g If n =3, p =Por P
=M)

What about Vol(M) = 0?
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M TA" convex cocpt=

P
Int(CoreM) -4):4 <Soin.1)=G,

Zarisk;dense

B Lef M has Fuchsian ends

=I (CoreM) is totally geodesic

=S"- A=VB:BinB, =d
I A round balls

-Tetnce
Hull(X)

Fuchsia %
n
=3
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Sagem3 closed hyp n-mfld 3with properly embedded
codim & goodplanes

Lr⒗
Two types of planes:

P 1 Int(CoreM) =$

S
PM Int(Cone M) =4
=>I C M-Int/CoreM) "Fuch
can use. Rather-Shah to describe P.
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The (McMullen-Mohammadi-O. n =3

Minju Lee - 0. n x4 (

M =pHY: hyp mfld with Fuchsian ends
p c M god b-plane 22k<h-1

PM Int(CoreM) I4

=>I =geod m-plane KIM In

Forn =3, P =P or P =M.

En = 5( < $"/(R,1)sphe

⒗
(e@ ICN?2

for some (m+) sphere
-

=>iC =[DEEn1DCPS3 Sc $nt

Forn =3, FC =PC or FC =x ↑
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() M =pH3 Convex Cocpt

Let M has quasi-Fuchsian ends

E MoMN3 CC with Fuchsian ends

I T is a Quasi-conf. def of to

=5X =WBi ⑤in=0
A
Jordan disks

-

6⑲itis
2 CoreMo=Y,SiQ.I (Mo)=Q.CCB) =TeichS69; -6

-
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The (McMullen-Mohammadi-0.)

M =pH3 quasi-Fuchsian ends

PCM good plane with PMInt(CoveM)F4

=>·P is either closed or dense in Int(CoreM)

i.e., P1 Int(coveM) =P1InA(CoveM)E
Int(Cove M)

Th (Yongquan Zhang)

I PCM sit

P is closed in Int(coreM)
butnotclosed in M.

Amk p forPC Ends of M

is not completely understood. 8



Rmk Analogous results for some

scom, finitehyp 3-mflds
were obtained by Benoist-0.

Open problem

& Apollonian circle packing.0:

(0% =SgEpshe

98 =p3

C
-?is re
Ink,n
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Homogeneous dynamics.

G =Ison(HY)=SO(Q) Q=24Xnt+ZY
q ·* A =[a==(e,..,t)! +eR3Y x2

*m·(n=10,..,0,1)
-⑧

gt-
son, I

11 FrameFCA") =G&At flow gSOCK, 1) SOCE,1)!

orbits

↓

~aGeodesic↑(H) =G/ flow ↓SO(n-1)
↓

coriented)

HH =G/s0(n) gIH*: geodesicR-planes
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9SOCk,1)

.....
FrameFIM)

ING *A= flow (9)SOCK, 1) SOCE,1)!

orbits

~aGeodesic↑(M) =x*/sO(n-1 flow ↓
M =p4/s0cn) FIGIH4):geodesiames

Describe ISSOth,1) in
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-=RFM =Stg3tp/gEeXy
<PtArinY
subset

union of all geodesics connecting 1

it·
Let M =" have Fuchsian ends

The (McMullen-Mohammadi-O. Lee-0.(
n=3 n>,4

W<G coun subgp gen. by unipotent
12 normalized by Al

elts

Any W-orbitclosure is relative homogeneous
ine

Yxe, Wr =xL1
where W<LG 2 xL closed. IR



Moreover, 22k n-1

ISOCK,1) M & =x S0(m,10

where & C CentralizerSO(m, 1)
closed

=SO(n-m)
subgp

-

xSOCK,1) =x S0(m, 1) C 1 &SOCK, 1)

where 2+=359]tp/g
+ex3

If M has empty Fuchsian ends (i.e, Mcpt),
o =x42 this is RatneraShah.
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Thank you I
⑧


