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Randomized Neural Network:

• A subset of NN parameters is assigned to random values and fixed (not-

trainable);

• Only the rest of NN parameters are adjustable/trainable.
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Strategy Underlying Randomized NNs:

• Full set of NN parameters extremely hard and costly to train;

• Randomized NN can make the optimization task of NN training simpler,
(hopefully) without severely sacrificing achievable approximation capacity.



ELM: One Type of 
Randomized NN
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Feed-forward NN
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Extreme Learning Machine (ELM): (Huang et al, 2006)

• All hidden-layer coe�cients are randomly assigned and fixed (non-trainable);

• Only the output-layer coe�cients are trainable.

Also known as: 
RVFL (Random Vector Functional Link Network, Pao et al. 1994)
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ELM – Extreme Learning Machine



Randomized Neural Networks 
Are Universal Function Approximators

ØUniversal approximation theorem (Igelnik & Pao, 1995; 
Huang et al, 2006)
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Theorem (Huang et al 2006): Given any bounded non-constant piecewise
continuous function g : R ! R, for any continuous target function f , there exists
a sequence of single-hidden-layer feedforward neural networks with g as the
activation function, with its hidden-layer coe�cients randomly generated, and
with its output-layer coe�cients appropriately chosen, such that limn!1 kf �
fnk = 0, where n is the number of hidden-layer nodes and fn is the output of
the neural network.

Hidden-layer coefficients randomly set (not trained); 
Output-layer coefficients trainable/adjustable



What Are Inverse PDE Problems?

5

Sparse measurement 
of concentration data 
at certain points 

Diffusion coefficient, 
and concentration field 
in space/time

Given: Want:



Inverse Parametric PDE Problem

6

<latexit sha1_base64="T2lcPX82RF3Kds/BLp6MgRz7/CY="></latexit>

Known: measurement data S(⇠), source terms, BC
Unknown: ↵i (1 6 i 6 n), u(x)

<latexit sha1_base64="egqj5VE8RsG0GBHigHI6JkJIa58="></latexit>

↵1L1(u) + ↵2L2(u) + · · ·+ ↵nLn(u) + F(u) = f(x), x 2 ⌦,

Bu(x) = g(x), x 2 @⌦,

Mu(⇠) = S(⇠), ⇠ 2 ⌦s ⇢ ⌦.

Unknown (inverse) 
parameters

(PDE)
(BC)

(measurement)

Random sparse 
measurement points

Measurement 
data (noisy)

Unknown solution field

Measured 
variable



Why Inverse PDE 
Problems

7

Direct current resistivity method
Ground penetrating radar

Seismic method
<latexit sha1_base64="q6IbLdbZn6wr7r0o43Es0/x8hG0="></latexit>

• widespread in environmental, medical,
and geological applications

(Knodel et al. 2007)



NN-Related Works on Inverse PDEs

ØBongard & Lipton (2007); Schmidt & Lipton (2009)
ØBrunton et al (2016); Rudy et al (2017,2019); Schaeffer (2017); 

Zhang & Lin (2018);
ØRaissi & Karniadakis (2018, 2020);
ØRaissi et al (2019);
ØBerg & Nystrom (2018, 2019); Long et al (2019); Both et al (2021)
ØJagtap & Karniadakis (2020); Jagtap et al (2020, 2022);
ØKarniadakis et al (2021)   ß (Review Article)
ØLu et al (2021); Mao et al (2020); Chen et al (2020); Meng & 

Karniadakis (2020); Yang et al (2021); Cai et al (2021); 
ØTartakovsky et al (2020); Li et al (2020); Mathews et al (2020);
ØPatel et al (2022); Dwivedi et al (2021); Yuan et al (2022);
Ø… …

8
(Incomplete list of contributions)



LocELM / ELM for Forward PDEs

ØSpectral accuracy (exponential convergence w.r.t. number of 
collocation points and number of training parameters)

ØOutperform traditional numerical methods (classical and high-
order FEM) in terms of accuracy and computational cost (network 
training time)

9
(Dong & Li, CMAME, 2021; Dong & Yang, JCP, 2022)

<latexit sha1_base64="ebB1lc87GW8Q/JgDYS8ZukPC0XA="></latexit>

LocELM Method:

• Based on ELM (randomized NN);

• Combines domain decomposition, Ck continuity conditions, and local neu-
ral networks;

• Network training by linear or nonlinear least squares methods (not by
gradient-descent type algorithms);

• For forward PDE problems (linear or nonlinear).



10

<latexit sha1_base64="yIKc2WgUg/0uR6p6/5jiq3ibvx8="></latexit>

• Can we extend this approach to inverse PDE
problems to gain similar performance benefits
(high accuracy, competitive computational cost)?



Main Complication

11

<latexit sha1_base64="NRYdA6HS4o69f4FUmXU8Z+oLb1o="></latexit>

↵1L1(u) + ↵2L2(u) + · · ·+ ↵nLn(u) + F(u) = f(x)

<latexit sha1_base64="fyXI4cYeMFhqui53GYcp0XYIcck="></latexit>

• Unknown PDE parameters and unknown solution field are coupled;

• Problem is fully nonlinear.



12

VarPro-F1

<latexit sha1_base64="eTDJrdf5qbuwGtsQaUZgp1nIXUA="></latexit>

• Eliminate ↵i from original problem using variable
projection (VarPro) =) Reduced problem about u only.

• Solve reduced problem for u by NLLSQ-perturb.

• Compute ↵i by linear least squares method.

VarPro-F2

<latexit sha1_base64="hXAUow0/8fQZKQE+Sragi2TjUHo="></latexit>

• Eliminate solution field u from original problem
using VarPro =) Reduced problem about ↵i only.

• Solve reduced problem for ↵i by NLLSQ-perturb.

• Compute u based on ↵i.

Three Algorithms: 
(training NN, solving inverse problem)

NLLSQ
<latexit sha1_base64="pLV0gLwJxbiG7q/Ck4wPrabblWo="></latexit>

• Solve ↵i and solution field u altogether by nonlinear least
squares method with perturbations (NLLSQ-perturb).



NLLSQ Algorithm

(nonlinear least squares algorithm)

13



Main Procedure

14

Given: PDE, BC, 
Measurement data

<latexit sha1_base64="/Tj+QyFEvsVTKnCb7niAa4lnerk="></latexit>

Procedure:

• Represent solution field u by local ELM (locELM) representation;

• Formulate residual function in terms of local ELM representation;

• Enforce residual function to be zero on training collocation points and
random measurement points
=) nonlinear algebraic system about ↵i and ELM training parameters.

• Seek least squares solution to algebraic system, and solve this system by
nonlinear least squares method with perturbations (NLLSQ-perturb).

• Set ELM training parameters by the least squares solution.



Local ELM Representation 
of Functions

15

… …

<latexit sha1_base64="JAu09ZBtP9D6nViMwzzD+tLiHj4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1mu1C9K1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOiDjQM=</latexit>x
<latexit sha1_base64="MQkf23rN0GaILHijsIVdYozX+Fc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6geNBA==</latexit>y

<latexit sha1_base64="7rNJGiLg4slFw3anF8YfQULoQjc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9Va86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4/eNAA==</latexit>u

<latexit sha1_base64="JAu09ZBtP9D6nViMwzzD+tLiHj4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1mu1C9K1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOiDjQM=</latexit>x
<latexit sha1_base64="MQkf23rN0GaILHijsIVdYozX+Fc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6geNBA==</latexit>y

<latexit sha1_base64="7rNJGiLg4slFw3anF8YfQULoQjc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9Va86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4/eNAA==</latexit>u

<latexit sha1_base64="MM5T/dIXLcI/tnsEd1KxQqA24dU=">AAAB9XicbVA9T8MwEL3wWcpXgZHFIkJioUo6AGMFC2OR6IfUhspxnNaqY0e2A6qi/g8WBhBi5b+w8W9w2wzQ8qSTnt670929MOVMG8/7dlZW19Y3Nktb5e2d3b39ysFhS8tMEdokkkvVCbGmnAnaNMxw2kkVxUnIaTsc3Uz99iNVmklxb8YpDRI8ECxmBBsrPegsPI9kgplAPdfvV1yv6s2AlolfEBcKNPqVr14kSZZQYQjHWnd9LzVBjpVhhNNJuZdpmmIywgPatVTghOogn109QadWiVAslS1h0Ez9PZHjROtxEtrOBJuhXvSm4n9eNzPxVZAzkWaGCjJfFGccGYmmEaCIKUoMH1uCiWL2VkSGWGFibFBlG4K/+PIyadWq/kW1dldz69dFHCU4hhM4Ax8uoQ630IAmEFDwDK/w5jw5L8678zFvXXGKmSP4A+fzB2a+kco=</latexit>

sub-domain #1

<latexit sha1_base64="JAu09ZBtP9D6nViMwzzD+tLiHj4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1mu1C9K1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOiDjQM=</latexit>x
<latexit sha1_base64="MQkf23rN0GaILHijsIVdYozX+Fc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6geNBA==</latexit>y

<latexit sha1_base64="7rNJGiLg4slFw3anF8YfQULoQjc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9Va86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4/eNAA==</latexit>u

<latexit sha1_base64="RfU/KTbSnpRUuyLI4bqHRbZ2GtI=">AAAB9XicbVA9T8MwEL3wWcpXgZHFIkJioUo6AGMFC2OR6IfUhspxnNaqY0e2A6qi/g8WBhBi5b+w8W9w2wzQ8qSTnt670929MOVMG8/7dlZW19Y3Nktb5e2d3b39ysFhS8tMEdokkkvVCbGmnAnaNMxw2kkVxUnIaTsc3Uz99iNVmklxb8YpDRI8ECxmBBsrPegsPI9kgplAPVf0K65X9WZAy8QviAsFGv3KVy+SJEuoMIRjrbu+l5ogx8owwumk3Ms0TTEZ4QHtWipwQnWQz66eoFOrRCiWypYwaKb+nshxovU4CW1ngs1QL3pT8T+vm5n4KsiZSDNDBZkvijOOjETTCFDEFCWGjy3BRDF7KyJDrDAxNqiyDcFffHmZtGpV/6Jau6u59esijhIcwwmcgQ+XUIdbaEATCCh4hld4c56cF+fd+Zi3rjjFzBH8gfP5A8Mykgc=</latexit>

sub-domain #n
<latexit sha1_base64="QUu87ZWYyge0w2tZH+pkXQAygI8="></latexit>

locELM Representation:

• Partition domain into sub-domains.

• Impose Ck
continuity conditions across sub-domain boundaries.

• Represent function on each sub-domain by a local randomized NN.

• Local NN: hidden-layer coe�cients set to random numbers on [�Rm, Rm]

and fixed.

• Local NN: Output layer linear, whose coe�cients are trainable.

• Local NNs are coupled due to Ck
continuity, trained in coupled fashion.

(Dong & Li, 
CMAME, 2021)



LocELM Representation

16

On sub-domain Ω!, 
1 ≤ 𝑠 ≤ 𝑁 :

Function on each sub-domain is expanded in terms 
of a set of random basis functions

<latexit sha1_base64="fpoTPSnM+6VyN2bdkHofPQ3UGU0=">AAACA3icbVDLSgMxFM34rPU16k43wVZwVWYKPpZFN+6sYB/QDkMmvdOGZpIhyQilFNz4K25cKOLWn3Dn35g+Ftp6IHA4515uzolSzrTxvG9naXlldW09t5Hf3Nre2XX39utaZopCjUouVTMiGjgTUDPMcGimCkgScWhE/eux33gApZkU92aQQpCQrmAxo8RYKXQPZWbSzOCYAe9gKXCxfZtAl4S6GLoFr+RNgBeJPyMFNEM1dL/aHUmzBIShnGjd8r3UBEOiDKMcRvl2piEltE+60LJUkAR0MJxkGOETq3RwLJV9wuCJ+ntjSBKtB0lkJxNienreG4v/ea3MxJfBkAmbEgSdHoozjo3E40Jwhymghg8sIVQx+1dMe0QRamxteVuCPx95kdTLJf+8dHZXLlSuZnXk0BE6RqfIRxeogm5QFdUQRY/oGb2iN+fJeXHenY/p6JIz2zlAf+B8/gDjKJcI</latexit>

output field on ⌦s

<latexit sha1_base64="dUaW/rWVk+YKgWteXnPFw6Fx6jg=">AAACGnicbVBNSwMxEM3W7/pV9eglWIR6sOwW/DiKXjwqWBW6S5lNZ9vQbLIkWaGU/g4v/hUvHhTxJl78N6Z1D2p9EHi8NzOZeXEmuLG+/+mVZmbn5hcWl8rLK6tr65WNzWujcs2wyZRQ+jYGg4JLbFpuBd5mGiGNBd7E/bOxf3OH2nAlr+wgwyiFruQJZ2Cd1K4EoVRcdlBaqnKb5XZfwAA1ZQoTV8WdYcKwXLMauAQ3da9dqfp1fwI6TYKCVEmBi3blPewolqduFBNgTCvwMxsNQVvOBI7KYW4wA9aHLrYclZCiiYaT00Z01ykdmijtnttxov7sGEJqzCCNXWUKtmf+emPxP6+V2+Q4GnLpTkbJvj9KckGtouOcaIdrZFYMHAGmuduVsh5oYNalWXYhBH9PnibXjXpwWD+4bFRPTos4Fsk22SE1EpAjckLOyQVpEkbuySN5Ji/eg/fkvXpv36Ulr+jZIr/gfXwBvryhSg==</latexit>

output-layer coe�cients
(trainable)

<latexit sha1_base64="W3cirMw1151Sx8W5z+3+ThDXRIc="></latexit>

output field of
last hidden layer
(fixed, random)

<latexit sha1_base64="ZzWF9ywm+5JrV2khljzrkbZkt3Y=">AAACJXicbVDJSgNBFOyJW4zbqEcvjUGIlzAjbgcDQS9ehAhmgUwcejo9SSc9C72IYcjPePFXvHgwiODJX7EzySEmFjQUVfXo98qLGRXSsr6NzNLyyupadj23sbm1vWPu7tVEpDgmVRyxiDc8JAijIalKKhlpxJygwGOk7vVvxn79iXBBo/BBDmLSClAnpD7FSGrJNa+UKwpOgGTX8+HzMSxBR6jATXole/h4Bx2PSOQmojd04i5NyUzaNfNW0UoBF4k9JXkwRcU1R047wiogocQMCdG0rVi2EsQlxYwMc44SJEa4jzqkqWmIAiJaSXrlEB5ppQ39iOsXSpiqsxMJCoQYBJ5OjjcU895Y/M9rKulfthIaxkqSEE8+8hWDMoLjymCbcoIlG2iCMKd6V4i7iCMsdbE5XYI9f/IiqZ0U7fPi2f1pvnw9rSMLDsAhKAAbXIAyuAUVUAUYvIA38AFGxqvxbnwaX5NoxpjO7IM/MH5+AdktpOc=</latexit>

us(x) =
MX

j=1

�sj�sj(x)

<latexit sha1_base64="zf7J96uDqGV25qHVL428r6ZcMkU="></latexit>

NN Logic =) Expansion Relation



Residual Functions
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<latexit sha1_base64="dN6mi0NFXKTwY4rdk5M/j2G8MOQ="></latexit>

R(↵,�,x, ⇠) =

2

664

↵1L1(ui) + ↵2L2(ui) + · · ·+ ↵nLn(ui) + F(ui)� f(x), x 2 ⌦i, 1 6 i 6 N
Bui(x)� g(x), x 2 @⌦ \ ⌦i, 1 6 i 6 N
Mui(⇠)� S(⇠), ⇠ 2 ⌦s \ ⌦i, 1 6 i 6 N

Cui(x)� Cuj(x), x 2 @⌦i \ @⌦j , for all adjacent (⌦i,⌦j), 1 6 i, j 6 N

3

775

(PDE)
(BC)
(measurement)
(C^k continuity)

<latexit sha1_base64="E6FTt+3+SRCMi7b/DR1khr+QewA="></latexit>

Set/choose:

• training collocation points: xs
p, on each sub-domain ⌦s

• measurement points: ⇠sq , on each sub-domain ⌦s

x

y

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Regular grid points 
as collocation points

Random 
measurement points

<latexit sha1_base64="n9AxZG3e3eWKCrMNMWMX8XYEejY="></latexit>

ui(x) =
MX

j=1

�ij�ij(x) = �i(x)�i

↵ = (. . . ,↵i, . . . ), � = (. . . ,�i, . . . )



From Residual Function to Algebraic System
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<latexit sha1_base64="L7CoGjmGxzysGp4aanehFZSjbE0="></latexit>

0 = R(↵,�,xs
p, ⇠

s
q) = R(↵,�) =

2

664

Rpde(↵,�)
Rbc(�)
Rmea(�)
Rck(�)

3

775

Algebraic System:

<latexit sha1_base64="ZxpsShLZgMdkqOx4sfDtftrphQM="></latexit>

Enforce residual function
to zero on collocation and
measurement points

<latexit sha1_base64="9m1mgLV6nOmAhoTZ+I0s6Cmts8E="></latexit>

Nonlinear algebraic system
about ↵ and �

<latexit sha1_base64="p870zNjw+vKNz16zoQ3AT003cko="></latexit>

Compute ↵ and � by nonlinear
least squares method with
perturbations (NLLSQ-perturb)

NLLSQ 
Algorithm



VarPro-F1 Algorithm

19



Main Procedure

20

<latexit sha1_base64="K1rT+j1ZRGsw3AzITQ8pAcYziko="></latexit>

VarPro: Variable Projection
(Golub & Pereyra, 1973)

<latexit sha1_base64="4p01c3CdpSn4NJ0VgQACEOK8f0c="></latexit>

Idea:

• Eliminate ↵ from original problem using variable projection (VarPro)
=) Reduced problem about � only.

• Solve reduced problem for � by nonlinear least squares method with per-
turbations (NLLSQ-perturb).

• Compute ↵ by linear least squares method.

Eliminate inverse 
parameters from 
original problem

Reduced problem 
about solution field



VarPro Reformulation
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<latexit sha1_base64="1/0pohXXVzXI0e2QlQIU+f9ok5M="></latexit>

R(↵,�,xs
p, ⇠

s
q) = R(↵,�) =

2

664

Rpde(↵,�)
Rbc(�)
Rmea(�)
Rck(�)

3

775 = 0Start with Algebraic System:

Rewrite the System: <latexit sha1_base64="4hROtrENMlqbd8ixkCM7Vd9r1c0="></latexit>

R(↵,�) = H(�)↵� b(�) = 0

or H(�)↵ = b(�)

<latexit sha1_base64="lhmy4YuK67rLez2b3+NKspPsVwY="></latexit>

(noting R(↵,�) is linear w.r.t. ↵)

For arbitrary given \beta, 
the optimal \alpha is:

<latexit sha1_base64="Njzq1Oml4/5oSLPembCyy1n9lVU="></latexit>

↵⇤ = H
+(�)b(�)

Substitute Back:
<latexit sha1_base64="uo14Ag9lO7KjpgYjJrVbKYq50pk="></latexit>

r(�) = R(↵⇤,�)

= H(�)H+(�)b(�)� b(�)

= 0

Reduced Problem about
<latexit sha1_base64="AO+n8MdjEHp8lMzgFXWGdK/CQU8="></latexit>

�



VarPro-F1 Algorithm
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<latexit sha1_base64="7eIVMK43Yy1KL8Ts1Y8HeaximYg="></latexit>

Procedure:

• Solve reduced problem for � by nonlinear least squares method with per-
turbations (NLLSQ-perturb).

�⇤ = argmin
�

1

2
kr(�)k2 = argmin

�

1

2
kH(�)H+(�)b(�)� b(�)k2

• Solve for ↵ by linear least squares method based on �⇤.

↵⇤ = H
+(�⇤)b(�⇤)

VarPro-F1 solution:
<latexit sha1_base64="UY5jzEvUm8q9aTIHmHj4awSvx40="></latexit>

(↵⇤,�⇤)

Equivalent to:
<latexit sha1_base64="Gd2Ca6zoa/4unTYWLtuulibklW4="></latexit>

(↵̂, �̂) = argmin
↵,�

1

2
kR(↵,�)k2



VarPro-F2 Algorithm
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VarPro-F2 Algorithm
(When Forward PDE Problem Is Linear)

24

<latexit sha1_base64="EuwRZGs4U8pQAdzGjQzCTpbln8I="></latexit>

Idea:

• Eliminate � from original problem using VarPro
=) Reduced problem about ↵ only.

• Solve reduced problem for ↵ by nonlinear least squares method with per-
turbations (NLLSQ-perturb).

• Compute � by linear least squares method.

Reciprocal to VarPro-F1 in some sense



VarPro Reformulation
(Linear Forward PDE Problem)

25

<latexit sha1_base64="1/0pohXXVzXI0e2QlQIU+f9ok5M="></latexit>

R(↵,�,xs
p, ⇠

s
q) = R(↵,�) =

2

664

Rpde(↵,�)
Rbc(�)
Rmea(�)
Rck(�)

3

775 = 0Start with Algebraic System:

Rewrite the System:

For arbitrary given \alpha, 
the optimal \beta is:

Substitute Back:

<latexit sha1_base64="4xTcLx8KcLZWOShTKx7aAaNO2Zg="></latexit>

R(↵,�) = H(↵)� � b = 0

or H(↵)� = b

<latexit sha1_base64="vKp0a2iMX2f8iR2oVHx61UWkp5k="></latexit>

(noting R(↵,�) is linear w.r.t. �)

<latexit sha1_base64="3tnvj8b/82iD9PwRKe9HuSZgtMI="></latexit>

�⇤ = H
+(↵)b

<latexit sha1_base64="LzJOoIojLvF+BRjaf6l0sGd8qxY="></latexit>

r(↵) = R(↵,�⇤)

= H(↵)H+(↵)b� b

= 0

Reduced Problem about <latexit sha1_base64="QFp9Bf7r+2eghe6c2zkVJ5biDHY="></latexit>↵



VarPro-F2 Algorithm
(Linear Forward PDE Problem)
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<latexit sha1_base64="pqPxgZN67eRfu64z3YIRIGHKmRY="></latexit>

Procedure:

• Solve reduced problem for ↵ by nonlinear least squares method with per-
turbations (NLLSQ-perturb).

↵⇤ = argmin
↵

1

2
kr(↵)k2 = argmin

↵

1

2
kH(↵)H+(↵)b� bk2

• Solve for � by linear least squares method based on ↵⇤.

�⇤ = H
+(↵⇤)b

VarPro-F2 solution:
<latexit sha1_base64="UY5jzEvUm8q9aTIHmHj4awSvx40="></latexit>

(↵⇤,�⇤)



VarPro-F2 Algorithm
(When Forward PDE Problem is Nonlinear)

27

<latexit sha1_base64="UtlJ97nT0N5MhTi66e8gaCfxcg4="></latexit>

Idea: (nonlinear forward PDE problem)

• Use Newton method to linearize the problem w.r.t. the solution field.

• Within each Newton iteration, use VarPro-F2 algorithm to solve the lin-
earized problem for (↵,�), as in previous slides.

• Upon convergence of Newton iteration, attain solution to original inverse
problem.

(Newton method + VarPro-F2 algorithm)



Numerical Examples
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Inverse Poisson 
Equation

29

<latexit sha1_base64="3tSSichMsqbHw5iF10lQKWjulIE="></latexit>

@2u

@x2
+ ↵

@2u

@y2
= f(x, y)

u(0, y) = g1(y), u(1.4, y) = g2(y)

u(x, 0) = g3(x), u(x, 1.4) = g4(x)

u(⇠i, ⌘i) = S(⇠i, ⌘i)

<latexit sha1_base64="HE2i8FydhQ3oUK3kKlKPM4PwK1s="></latexit>

Known:
source term and BC: f , gi
measurement data: S(⇠i, ⌘i)

Unknown:
↵, u(x, y)

Solution field
Random measurement points

<latexit sha1_base64="LENJX7/smYv5Y8JWbsy5MuU4GM4=">AAACL3icbZDLSsNAFIYn9VbrrerSTbAIFaUkotaNUHTjsqK9QFPCZHraDp1MwsxEWkMexYfwGdzqWtyILn0Lp5eFbf1h4Oc753DO/F7IqFSW9WGkFhaXllfSq5m19Y3Nrez2TlUGkSBQIQELRN3DEhjlUFFUMaiHArDvMah5vethvfYAQtKA36tBCE0fdzhtU4KVRm62eJd3+tSlxw4o7NLDy8iNoZ9Mw7x95EAoKQu48zhGbjZnFayRzHljT0wOTVR2s99OKyCRD1wRhqVs2FaomjEWihIGScaJJISY9HAHGtpy7INsxqMPJuaBJi2zHQj9uDJH9O9EjH0pB76nO32sunK2NoT/1RqRal80Y8rDSAEn40XtiJkqMIdpmS0qgCg20AYTQfWtJuligYnSmU5t8fxEZ2LPJjBvqicF+7xwdnuaK11N0kmjPbSP8shGRVRCN6iMKoigJ/SCXtGb8Wy8G5/G17g1ZUxmdtGUjJ9fcdSpRQ==</latexit>

S(⇠i, ⌘i) = uex(⇠i, ⌘i)(1 + ✏⇣i)

Random 
number [-1,1]Noise level

(measurement)

Noisy measurement data



Error of Inverse 
Parameters

30

<latexit sha1_base64="u6n+4KyATWPwnrVcq29Mda/9RQw="></latexit>

Q ↵ (NLLSQ) ↵ (VarPro-F1) ↵ (VarPro-F2)
5⇥5 1.076466245043E+0 9.982719409724E-1 0.000000000000E+0
10⇥10 9.999867935849E-1 9.999965494049E-1 -3.188390321381E-5
15⇥15 1.000000029498E+0 9.999999954822E-1 9.999999998978E-1
20⇥20 9.999999999701E-1 9.999999999592E-1 9.999999999536E-1
25⇥25 9.999999987249E-1 1.000000000817E+0 1.000000001279E+0
30⇥30 1.000000002811E+0 1.000000000906E+0 1.000000000002E+0
35⇥35 1.000000001708E+0 1.000000000670E+0 1.000000000237E+0
40⇥40 1.000000001552E+0 1.000000000717E+0 1.000000000183E+0

Alpha error vs. collocation points

Computed alpha vs. collocation points

Error decreases exponentially 
w.r.t. collocation points

<latexit sha1_base64="ukGTSqOVadv37VwomEXjFuHfmoM="></latexit>

↵exact = 1
NN: [2,600,1]
Gaussian activation
100 measurement points

<latexit sha1_base64="JbjfOGQl9Y8EgNhgYlNYCQilofQ="></latexit>

(Noise-free measurement data)



Error in Solution Field vs. Collocation Points

31

<latexit sha1_base64="JbjfOGQl9Y8EgNhgYlNYCQilofQ="></latexit>

(Noise-free measurement data)

Maximum error in domain Rms error in domain

Errors decrease exponentially w.r.t. number of 
collocation points



Errors vs. Training 
Parameters

32

<latexit sha1_base64="JbjfOGQl9Y8EgNhgYlNYCQilofQ="></latexit>

(Noise-free measurement data)

Alpha error vs. training parameters u error vs. training parameters

Errors decrease (approximately) exponentially w.r.t. number of 
training parameters

<latexit sha1_base64="YXmmNiJDFrujkkihihZ/bKpzJDY="></latexit>

NN: [2,M, 1]
25⇥25 collocation points
100 measurement points



Network Training Cost

33

<latexit sha1_base64="JbjfOGQl9Y8EgNhgYlNYCQilofQ="></latexit>

(Noise-free measurement data)

Training time vs. collocation points Training time vs. training parameters

Network training time grows roughly linearly w.r.t. number of collocation 
points and number of training parameters

Timing collected on 
a MAC computer 



Noisy Data: 
Inverse Parameters

34

<latexit sha1_base64="qNTms4j1z1K7E8FMY58vGwFMVR4="></latexit>

S(⇠i) = uex(⇠i)(1 + ✏⇣i)

Noise level Random 
number [-1,1]

<latexit sha1_base64="0WioA6rqGOtouuU+l0485k/Y++o="></latexit>

✏ computed-↵ ✏ computed-↵
0.0 9.99999993208E-1 0.1 9.8779390E-1
0.001 9.9987537E-1 0.2 9.7602056E-1
0.005 9.9937764E-1 0.5 9.4329282E-1
0.01 9.9875752E-1 0.7 9.2316247E-1
0.05 9.9383633E-1 1.0 8.9557261E-1

No noise

1% noise

10% noise

<latexit sha1_base64="sWH6uC2XNCopPYbYQJjExe7zsmU="></latexit>

NN: [2,500,1]
25⇥25 collocation points
50 random measurement points
↵ex = 1

Computed by NLLSQ Algorithm

Accuracy degrades with 
increasing noise level



Noisy Data: 
Errors

35

<latexit sha1_base64="JFwfs6QAm6MTFE1wzK5V0+1FSpo="></latexit>

NLLSQ VarPro-F1 VarPro-F2
✏ e↵ l1-u l2-u e↵ l1-u l2-u e↵ l1-u l2-u
0.0 6.79E-9 1.81E-6 1.93E-7 5.93E-8 7.59E-7 1.38E-7 4.20E-10 4.50E-7 2.31E-8
0.001 1.25E-4 2.79E-4 8.04E-5 1.33E-4 2.82E-4 8.50E-5 1.23E-4 2.81E-4 7.85E-5
0.005 6.22E-4 1.39E-3 4.01E-4 6.73E-4 1.42E-3 4.29E-4 6.10E-4 1.41E-3 3.92E-4
0.01 1.24E-3 2.79E-3 8.02E-4 1.35E-3 2.85E-3 8.61E-4 1.22E-3 2.81E-3 7.82E-4
0.05 6.16E-3 1.39E-2 4.00E-3 6.63E-3 1.42E-2 4.26E-3 6.49E-3 1.41E-2 4.07E-3
0.1 1.22E-2 2.79E-2 7.98E-3 1.33E-2 2.86E-2 8.58E-3 1.19E-2 2.81E-2 7.75E-3
0.5 5.67E-2 1.42E-1 3.90E-2 6.08E-2 1.44E-1 4.17E-2 5.52E-2 1.43E-1 3.78E-2
1.0 1.04E-1 2.88E-1 7.63E-2 1.11E-1 2.93E-1 8.14E-2 1.08E-1 2.90E-1 7.62E-2

1% noise

10% noise

Inverse 
parameters

Solution 
field

<latexit sha1_base64="sWH6uC2XNCopPYbYQJjExe7zsmU="></latexit>

NN: [2,500,1]
25⇥25 collocation points
50 random measurement points
↵ex = 1

Relative errors

Method remains quite accurate 
with noisy data



Comparison 
with PINN
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<latexit sha1_base64="aAOuGw9KxnuE5h5Pu0RtzsATz0w="></latexit>

✏=0 ✏=0.01
method e↵ l1-u l2-u time(sec) e↵ l1-u l2-u time(sec)
PINN (Adam) 6.31E-3 1.08E-2 3.56E-3 134.5 5.53E-3 1.03E-2 3.30E-3 130.9
current (NLLSQ) 1.66E-8 3.66E-6 2.62E-7 11.5 9.72E-4 1.76E-3 5.26E-4 10.4

Network 
training time

Network 
training time

No noise 1% noise

<latexit sha1_base64="ycPvfTxO3V5V2mMldBNIGKzAIHw="></latexit>

Both:
30⇥30 collocation points
100 random measurement points
Gaussian activation function

PINN:
NN: [2,30,30,30,1]
20,000 epochs
learning rate: 0.01 ! 1E-4 for first 10K epochs, then fixed

Current (NLLSQ):
NN: [2,500,1]

<latexit sha1_base64="3cOdhI4vpiosJzzPrtDYZJZBXp0="></latexit>

PINN – Physics-informed neural
network (Raissi et al 2019)

Current method produces more accurate results with less training time



Inverse Nonlinear 
Helmholtz Equation

37

<latexit sha1_base64="Xw5qZ5TrR+SFNSj4d7uqZJeoUmc="></latexit>

@2u

@x2
+

@2u

@y2
� ↵1u+ ↵2 cos(2u) = f(x, y),

u(0, y) = g1(y), u(1.4, y) = g2(y),

u(x, 0) = g3(x), u(x, 1.4) = g4(x),

u(⇠i, ⌘i) = S(⇠i, ⌘i) ß (measurement)

<latexit sha1_base64="xWCWuhd4gJYVhiADOCl9yyTdhyM="></latexit>

Unknowns:
↵1, ↵2, u(x, y)

<latexit sha1_base64="XC3L0O8p+1JcmuU38Q4FDlspOsg="></latexit>

Exact solution:

↵ex
1 = 100

↵ex
2 = 5

uex(x, y) = cos(⇡x2) cos(⇡y2)

Solution field
Random measurement points



Error vs. Collocation 
Points

38

Solution field error

<latexit sha1_base64="7TjvHErTac9DPh1jJprMgeHs7Bc="></latexit>

(noise-free data)

Exponential 
convergence

<latexit sha1_base64="t/LWoKLA9yt8e5xrhEv25NUw74I="></latexit>

NN: [2,500,1]
100 measurement points

<latexit sha1_base64="owyxymiJfgKe1q7qD+0mAblw4Bc="></latexit>↵1 error
<latexit sha1_base64="Ahr/Qy+EeAwmuFHzhGLSM/KMX4g="></latexit>↵2 error



Error vs. Training 
Parameters

39

<latexit sha1_base64="7TjvHErTac9DPh1jJprMgeHs7Bc="></latexit>

(noise-free data)

<latexit sha1_base64="owyxymiJfgKe1q7qD+0mAblw4Bc="></latexit>↵1 error <latexit sha1_base64="Ahr/Qy+EeAwmuFHzhGLSM/KMX4g="></latexit>↵2 error <latexit sha1_base64="2Pb3vb3uDXaaMCMp+XrmIHIxpeI="></latexit>u error

Exponential convergence w.r.t. number of 
training parameters

<latexit sha1_base64="4QI27V2xUQ2qXhgDhsjudsiTy0A="></latexit>

NN: [2,M,1]
30⇥30 collocation points
100 measurement points



Noisy Data: 
Errors

40

<latexit sha1_base64="gmv3jIAJj1ubF6szt7t3eBPNQa8="></latexit>

NLLSQ VarPro-F1 VarPro-F2
✏ e↵1 e↵2 l2-u e↵1 e↵2 l2-u e↵1 e↵2 l2-u
0.0 1.99E-9 1.32E-7 1.05E-8 1.96E-11 1.76E-8 7.85E-9 7.18E-9 4.77E-7 5.95E-8
0.001 4.31E-4 1.12E-4 2.46E-4 4.31E-4 1.04E-4 2.46E-4 4.31E-4 1.45E-4 2.46E-4
0.002 8.62E-4 2.19E-4 4.92E-4 8.62E-4 2.40E-4 4.92E-4 8.62E-4 2.60E-4 4.92E-4
0.005 2.16E-3 5.21E-4 1.23E-3 2.16E-3 5.67E-4 1.23E-3 2.16E-3 6.00E-4 1.23E-3
0.01 4.32E-3 9.64E-4 2.46E-3 4.32E-3 9.54E-4 2.46E-3 4.32E-3 1.26E-3 2.46E-3
0.02 8.67E-3 1.41E-3 4.92E-3 8.67E-3 1.61E-3 4.92E-3 8.67E-3 1.84E-3 4.92E-3
0.05 2.19E-2 3.72E-4 1.23E-2 2.19E-2 6.72E-4 1.23E-2 2.19E-2 2.29E-3 1.23E-2
0.1 4.44E-2 8.72E-3 2.45E-2 4.44E-2 8.77E-3 2.45E-2 4.44E-2 7.37E-3 2.45E-2

1% noise

5% noise

<latexit sha1_base64="TXl+rkT8kUD+zjyqbX2C5yPLVLc="></latexit>↵1

error

<latexit sha1_base64="UbXGnQJybV652oXye9uP3vXzE5o="></latexit>↵2

error
<latexit sha1_base64="xmEBd/WhcX/066nHog27uO21zao="></latexit>u error

<latexit sha1_base64="leHxC5SOcrWe9WlVggAOIAjY7LM="></latexit>

NN: [2,500,1]
30⇥30 collocation points
50 measurement points

Relative errors

Method remains quite accurate 
with noisy data



Comparison 
with PINN

41

<latexit sha1_base64="AvJlW+K/k99kLQLGnsNHFp5Lenk="></latexit>

Both:
30⇥30 collocation points
100 random measurement points
Gaussian activation function

PINN:
NN: [2,30,30,30,30,30,30,1]
200,000 epochs
learning rate: 0.01 ! 1E-4 for first 10K epochs, then fixed

Current (NLLSQ):
NN: [2,500,1]

<latexit sha1_base64="3i7QTC0C1pfSbaE6I4Kl3A19kH8="></latexit>

noise level method e↵1 e↵2 l1-u l2-u training-time(sec)
✏ = 0 PINN (Adam) 7.08E-1 2.68E-1 1.48E+0 5.65E-1 3049.2

current (NLLSQ) 5.71E-9 3.05E-7 5.98E-8 1.49E-8 10.3
✏ = 0.01 PINN (Adam) 6.74E-1 7.76E-1 1.56E+0 6.79E-1 2742.9

current (NLLSQ) 4.34E-3 7.13E-4 5.25E-3 2.38E-3 10.0

No noise

1% noise

Current method produces more accurate results with less training time



Inverse Sine-Gordan 
Equation

42

<latexit sha1_base64="30BFgkc1WMoc7XY/vZ1pc5NNOtc="></latexit>

@2u

@t2
� ↵1

@2u

@x2
+ ↵2u+ ↵3 sin(u) = f(x, t)

u(0, t) = g1(t), u(1, t) = g2(t),

u(x, 0) = g3(x),
@u

@t
(x, 0) = g4(x)

u(⇠i, ⌘i) = S(⇠i, ⌘i)

<latexit sha1_base64="zY36A9lKDsZkf9rJT7xgmmfCvqs="></latexit>

Unknown:
↵1, ↵2, ↵3, u(x, t)

Solution field
Random measurement points

<latexit sha1_base64="vvdTbVyyGZ2SpzCwNBrSLqe0sDE="></latexit>

↵ex
1 = ↵ex

2 = ↵ex
3 = 1



Error vs. Training 
Parameters

43

<latexit sha1_base64="J61emD6NTgJ/I51DRfRKHQAvSUs="></latexit>↵1 error <latexit sha1_base64="MEJm+i4DVPlZGXSZ2xNjh+9W/Jo="></latexit>↵2 error <latexit sha1_base64="lJlTU9YExQ7xVAvlZZ1qscfl6Sk="></latexit>↵3 error

<latexit sha1_base64="76rFDzG90712Fxx/79gu3RgUgHw="></latexit>u error

Exponential convergence w.r.t. number of 
training parameters

<latexit sha1_base64="JubpDLU6gMVdT0DzRjIuCVhmiGc="></latexit>

(noise-free data)



Noisy Data: 
Errors

44

<latexit sha1_base64="7AtCVQQbJC1PN5Ql5yeeiIQfBAg="></latexit>

NLLSQ VarPro-F1 VarPro-F2
✏ e↵1 e↵2 e↵3 e↵1 e↵2 e↵3 e↵1 e↵2 e↵3

0.0 1.93E-12 4.90E-11 1.35E-10 1.50E-12 4.42E-12 2.23E-11 3.61E-11 9.72E-10 3.02E-9
0.001 6.90E-4 2.66E-3 3.00E-3 6.88E-4 2.64E-3 3.09E-3 6.86E-4 2.63E-3 3.08E-3
0.005 3.44E-3 1.31E-2 1.45E-2 3.44E-3 1.32E-2 1.54E-2 3.43E-3 1.32E-2 1.54E-2
0.01 6.88E-3 2.63E-2 2.93E-2 6.86E-3 2.63E-2 3.08E-2 6.84E-3 2.62E-2 3.04E-2
0.05 3.38E-2 1.27E-1 1.39E-1 3.38E-2 1.30E-1 1.53E-1 3.39E-2 1.32E-1 1.60E-1
0.1 6.65E-2 2.49E-1 2.76E-1 6.65E-2 2.55E-1 3.05E-1 6.65E-2 2.57E-1 3.12E-1
0.5 2.67E-1 8.07E-1 5.90E-1 2.65E-1 7.69E-1 4.39E-1 2.66E-1 7.95E-1 5.41E-1
1.0 4.09E-1 1.01E+0 2.18E-1 4.12E-1 1.07E+0 5.43E-1 4.15E-1 1.10E+0 6.27E-1

<latexit sha1_base64="8DnloLjskA0E7pr9e/LZ21DXDdc="></latexit>

↵1, ↵2, ↵3 relative errors

<latexit sha1_base64="WaPwB+AichZTy3adL3rNL0w6hoA="></latexit>

NLLSQ VarPro-F1 VarPro-F2
✏ l1-u l2-u l1-u l2-u l1-u l2-u
0.0 3.44E-11 4.16E-12 7.03E-11 5.01E-12 7.73E-10 1.57E-10
0.001 8.76E-4 3.71E-4 8.49E-4 3.70E-4 8.51E-4 3.69E-4
0.005 4.39E-3 1.86E-3 4.26E-3 1.85E-3 4.25E-3 1.85E-3
0.01 8.77E-3 3.71E-3 8.50E-3 3.70E-3 8.51E-3 3.70E-3
0.05 4.35E-2 1.87E-2 4.25E-2 1.87E-2 4.24E-2 1.86E-2
0.1 8.65E-2 3.78E-2 8.46E-2 3.77E-2 8.43E-2 3.76E-2
0.5 4.10E-1 1.95E-1 4.08E-1 1.95E-1 4.07E-1 1.95E-1
1.0 8.90E-1 3.83E-1 8.97E-1 3.84E-1 9.07E-1 3.86E-1

<latexit sha1_base64="KPW8OuLluzTwMsCqtc4rImozXuc="></latexit>

u relative errors

1% noise

1% noise



Comparison 
with PINN
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<latexit sha1_base64="KxR33fGZMSEieckc+DjJDKi4n6U="></latexit>

noise level method e↵1 e↵2 e↵3 l1-u l2-u training-time(sec)
✏ = 0 PINN (Adam) 9.21E-3 2.30E-1 7.33E-1 1.86E-2 3.32E-3 1853.3

current (NLLSQ) 7.65E-10 4.49E-9 6.60E-9 7.97E-10 3.50E-10 23.6
✏ = 0.01 PINN (Adam) 1.16E-2 1.35E-1 3.51E-1 1.18E-2 2.97E-3 1833.2

current (NLLSQ) 5.45E-3 2.59E-2 5.09E-3 5.76E-3 2.63E-3 30.1

Relative Errors

<latexit sha1_base64="Jl8K1JoApxmHq4ZVJkyI3oY4vd4="></latexit>

Both:
30⇥30 collocation points
100 random measurement points
Gaussian activation function

PINN:
NN: [2,30,30,30,30,1]
200,000 epochs
learning rate: 0.01 ! 1E-4 for first 10K epochs, then fixed

Current (NLLSQ):
NN: [2,400,1]

Current method produces more accurate results with less training time



Inverse Helmholtz 
Equation with 
Variable Coefficient
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<latexit sha1_base64="zeRLL1KxQLBtj/GeaZPuubSyKOE="></latexit>

@2u

@x2
+

@2u

@y2
� �(x, y)u = f(x, y),

u(a1, y) = g1(y), u(b1, y) = g2(y),

u(x, a2) = g3(x), u(x, b2) = g4(x),

u(⇠i, ⌘i) = S(⇠i, ⌘i), (measurement)

<latexit sha1_base64="N4QFvbcssEpHcVubqX7lqmJoh+M="></latexit>

Unknowns: �(x, y), u(x, y)

<latexit sha1_base64="6LBgc8NTB9qdiqlfUR865gV9pUk="></latexit>

solution field u(x, y)
<latexit sha1_base64="mFLYIE6i/5+gkkZzF3YFj1Q2244="></latexit>

coe�cient field �(x, y)



Convergence Tests
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<latexit sha1_base64="ejpnUvh6Yj1twPEW4eiAfwyxWQM="></latexit>

l1-� l2-� l1-u l2-u
collocation Q = 5⇥5 9.84E-2 3.15E-2 7.94E-3 4.38E-4
point test 10⇥10 4.05E-3 2.90E-4 1.63E-4 1.02E-5

15⇥15 1.15E-4 4.94E-6 3.38E-6 2.99E-7
20⇥20 4.99E-6 4.84E-7 2.65E-7 2.70E-8
25⇥25 4.42E-6 3.57E-7 3.34E-7 2.90E-8
30⇥30 1.56E-6 1.46E-7 1.19E-7 1.08E-8
35⇥35 1.61E-6 1.73E-7 1.26E-7 1.15E-8

training M = 50 6.79E+0 1.67E+0 1.63E+0 5.67E-1
parameter 100 8.64E-2 1.10E-2 8.44E-3 2.00E-3
test 200 1.98E-4 2.08E-5 6.46E-6 6.42E-7

300 2.07E-6 1.26E-7 3.13E-8 2.46E-9
400 5.08E-7 2.95E-8 5.76E-9 5.29E-10
500 1.61E-7 1.18E-8 1.95E-9 1.91E-10

Exponential convergence w.r.t. number of collocation 
points and number of training parameters 

Computed by NLLSQ

<latexit sha1_base64="JubpDLU6gMVdT0DzRjIuCVhmiGc="></latexit>

(noise-free data)



Noisy Data: 
Errors
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<latexit sha1_base64="nnAF+FfBID4bAEUtJBz3r6+byyA="></latexit>

NN: [2,400,2]
30⇥30 collocation points
300 random measurement points
with regularization

<latexit sha1_base64="sQXUbEWSxI4JA5x/CrQzECod3OE="></latexit>

noise level l1-� l2-� l1-u l2-u
NLLSQ ✏ = 0.0 1.39E-4 7.11E-6 2.57E-6 2.24E-7

0.0005 1.47E-2 1.42E-3 7.48E-4 2.17E-4
0.001 2.92E-2 2.85E-3 1.50E-3 4.34E-4
0.005 1.27E-1 1.36E-2 7.33E-3 2.17E-3
0.01 2.14E-1 2.58E-2 1.48E-2 4.32E-3
0.05 7.38E-1 1.02E-1 7.35E-2 2.14E-2
0.1 8.43E-1 1.84E-1 1.48E-1 4.26E-2

VarPro-F1 ✏ = 0.0 3.16E-4 3.02E-5 7.75E-6 1.11E-6
0.0005 1.65E-2 1.93E-3 7.23E-4 2.18E-4
0.001 3.21E-2 3.81E-3 1.44E-3 4.35E-4
0.005 1.30E-1 1.78E-2 7.29E-3 2.16E-3
0.01 2.31E-1 3.34E-2 1.48E-2 4.31E-3
0.05 9.30E-1 1.16E-1 7.19E-2 2.14E-2
0.1 1.02E+0 2.08E-1 1.42E-1 4.29E-2

VarPro-F2 ✏ = 0.0 5.71E-4 4.93E-5 1.28E-5 1.29E-6
0.0005 2.18E-2 2.46E-3 7.19E-4 2.23E-4
0.001 4.33E-2 4.90E-3 1.44E-3 4.46E-4
0.005 1.88E-1 2.30E-2 6.97E-3 2.21E-3
0.01 3.37E-1 4.42E-2 1.37E-2 4.39E-3
0.05 1.60E+0 1.93E-1 6.91E-2 2.18E-2
0.1 2.66E+0 3.11E-1 1.38E-1 4.31E-2

Relative errors

1% noise



Summary
ØDeveloped a method based on randomized NN for 

inverse PDE problems
ØPresented three algorithms for training NN to solve 

inverse problem 
vNLLSQ, 
vVarPro-F1, 
vVarPro-F2

ØFor noise-free data, method exhibits spectral accuracy 
w.r.t. number of collocation points and number training 
parameters

ØNoise degrades the accuracy of method. But method 
remains quite accurate in the presence of noise.
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Nonlinear Least Squares Method
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(Bjorck, 1996)

Gauss-Newton 
Method

Trust Region 
Strategy+

<latexit sha1_base64="aPJ4l6ipEhy6/Fk7tVQ5LrzSjKI="></latexit>

Newton Method with an

approximate Hessian matrix

(retaining only the contribution

from Jacobian matrix)

No need to compute 2nd 
derivatives of residual

<latexit sha1_base64="IQbXCg1UKMOKCiyEPkvq8rgk3wY="></latexit>

To improve convergence of
Gauss-Newton iterations




