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Exact Gradient Computation for Spiking Neural Networks

Amin Karbasi
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Spiking Neural Networks
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Spiking Neural Networks

output synaptic

¥
b4t e

‘( neuron ] ‘ | 0 spike generation
synaptic weighted Input synaptic 2
dynamics

l,-(f) current of neuron 1 potential reset by O, F .

i
S
Rj

( ) ' neuron |
dynamics | 4 |~
d [ J 8,‘

. J
/7 _
//
Ry ) gl

' _ ,// V:(t) : membrane
‘ ,’ potential of

dynamics :

4 I neuron 1

I_
®

Yale



SNN versus ANN

¥ output synaptic
j P P

TT :ﬁ‘ T T&l\ current of

neuron j spike generation
synaptic weighted input synaptic &
. (: ) dynamics l/(f) current of neuron 1 potential reset by O,
+ Key Diff ;
» Key Differences:

meN [ e
+ Input representation: continuous vs 3 3O e [ (D)

P I5() R 6,
d|Screte 1\ T ﬂ 1‘ N ,’/, R %: c Vi(t) : membrane
+ Connections between neurons have O i

some dynamics.

+ Neurons have internal membrane
potential, but outputs spike when that

potential reaches a threshold, after
which it resets.
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SNN versus ANN

‘]'-']- output synaptic
TT ,n T 'M\ current of
- heuron j spike generation
synaptic weighted input synaptic &
( : ) dynamics l /'(iL ) current of neuron ] potential reset by O,
R® Wﬁ —
I =TCG
. T N\ Y | neuron
. - + = > dynamics i _’@
K HO \ 6,
,/
/
frft ¢ Ré"c‘?
‘ Vi(t) : membrane

+ How do we train ANN? OgulEd S e i

+ (Gradient descent via back-propagation
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Main Question

j output synaptic

+ How do we train SNN? IR Y

neuron J spike generation
weighted input synaptic &

+ Spikes are not differentiable functions!!! O FEANG cureni ool poemalresetby 0,

neuron

dynamics \ > ~9 """" _’@
1

TT ﬂ T M - % T C!
_ . p " Vi(f): membrane
synaptic . - potential of
dynamics .
neuron 7

+ Use surrogate gradients + back .
propagation |

Membrane Potential over Time

r— ﬁ Spike Non-differentiability
; L Qﬁ . ﬁ L J
— 0.8 - Gead NCaron proret forward backward
8 SA . pass  pass
O , | |
Q. 6 ; U F 1oL Mathematical Description of Spikes
U g S e T
© _ﬁ E - | 3S . ) - ' _ Ifﬂ*ememnta"uppmenrialis
. 04- U4 T | ﬁ‘i‘ 10,00} > * O(Yner [t] - Usr) greater than the threhsold Uz, = 6,
= 5 Ul | 1= then See-=1
: U :
E - T | Q—“ = 1 ; Otherwise, S, . =0.
QJ 0.2 ol 0 —_— -
> J « input The derivative of the | 9 U
« output Heaviside functionis 0 T N | al v
0.0 - I Vvmem almost everywhere, A aw -~ - _
i - , , , ] ] causingdL / W to X |V Images from snnTorch by Jason K. Eshraghian
0 2 4 6 8 10 alsc become 0
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Yes, they do and we can compute them

Do Gradients Exist?
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Leaky Integrate and Fire (LIF)

+ Synaptic and neuron internal state dynamics
are modeled as two RC circuits, govern by a
differential equation

synaptic
AV @ g dynamics @

— =—V+I

dt | : il
Rs — CS Rn —— C,—,

+ Equivalently, they can be described by their
Impulse response

—ll‘ _L[

h>(t) = e = u(t) h'(t) = e = u(t)

= The output synaptic current I] for neuron j

I(t) = k(1) * Z ot —f) = Z h:(t = f)
JEF; JEF;
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Pre-Synaptic Model

Linear Time Invariant Non-Linear
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Non-Linearity

spike generation
&
potential reset by 6; F

neuron T T T
dynamics
l:(f) > o [ N *@
RY = 0;
weighted input ‘ % C;

synaptic current

of neuron 1 |
V:(t) : membrane

potential of

neuron 1

A nonlinear neuron with weighted synaptic
currents /(¢) and spike generation

Yale

A linear neuron with input /(¢) and Heaviside

voltages {—Ou(t —f) : f € F;}
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Post-Synaptic Model
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/ neuron
p 15() dynamics

+ Joint impulse response

hi() = h¥(0) % B'(2)

» Effects of spikes F# f

Vi) = ) Iyt -

JEF;

+ Effects of all spikes

Vi(n) = 2 W,i;i(1)

JEN,

11



Post-Synaptic Model

Pre-Synaptic Model

output synaptic

T
TT 'n T ﬂ‘ /currentot

‘S neuron | spike generation

synaptic [(n weighted input wnaptic 2
dynamics (£) current of neuron 17 potential reset by 0, F
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+ In this model neuron j € /', stimulates
neuron I through abrupt spiking signal
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Post-Synaptic Model

- spike generation
““““““ &
otential reset by €;

bt
\ TT°5

-’
-
-
-
-
-
-~
-
-
-
-
| o~
-
-
-
-

V.(t) : membrane
potential of

neuron i

+ In this model neuron j € /', stimulates neuron

i through the)smigath-kmeh!'(1 — f)
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0SS Function

W consider a quite generic loss function:

T
L =CAF W)+ J £V, (1), F5 W

7l

Classification Regression

[Lee, Haghighatshoar, Karbasi]

Theorem:

. The loss £ depends only on the spike firing times & and the weights W, i.e., £ = 3(3‘7 W)
Il. The loss Z is a differentiable function of & and Wif £ g(F; W) and £ (V (¢), F; W) are differentiable
functions of all their arguments (V (¢), F; W).

ll. The loss £ has well-defined gradients w.r.t. the weights W if the spike firing times Fare differentiable w.r.t.

the weights W.

Yale
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Implicit Relationship

» The output of a neuron i, i.e., a spike generate at time ¢, is describe by an implicit function:

Vi) = ) Wiyif) =6, ) h'(f—m) — 6,=0

JEN; m<f

+ We can write the equations for all the firing times as:

WF, W) =10

[Lee, Haghighatshoar, Karbasi]

Theorem:

Let P be a permutation matrix sorting the firing times in #in an ascending order. Then,

oV

|. —— = P'LP where L is a lower triangular matrix,
0F
2. L has strictly positive diagonal elements L, > 0.

Yale
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Causal Structure

w1 _O wo )O W3 @ f2=15 f? =35
1 2 1
y1(t) = (%) ya () ys(')
ff T f-’fT
1.5 3.5 fi=1 fi=2 f3=3
= The corresponding equation for firing time f can only
have contributions from firing times g < f fi o fs fi i £
Vi(fi)—0=0 sz
+ By sorting the firing time equations in ascending i(f,)-0=0(z =
time order, this results in a lower triangular “28‘%; - g zg vowow
structure for partial derivatives w.r.t. firing times. ) —0=0|z 2z z z =
Vs(f?) —0=0 T T

» The potential V(f) when it fires at f = f should have
a positive derivative.

Yale
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Implicit Function

» Can we express # in terms of W?

WF, W) =0

+ Not always

In(|f]) +fw+20w* —w =0

Yale
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Vp(x, y) = (

I I

ox’ Ay

Implicit Function Theorem

N Theorem (IFT):

Let @ : R" X R"™ — R"™ be a differentiable function and

0
let p(xy, Vp) = 0. Assume that det (a—¢(x0, yo)) #* 0.
Y

Yale

Z

i ‘ |. There is a function i such that y = y/(x) in an
open neighborhood around (X, yy)-
2. Y is a differentiable function of X:
oy ( ),
0X dy

17



Implicit Function Theorem

We can write the equations for all the firing times as:
WF, W) =10

[Lee, Haghighatshoar, Karbasi]

Theorem:

Let (&, W) = 0 be the set of equations corresponding to the firing times.
oV

|. Then the Jacobian matrix —— is non-singular.
0F
2. IFT implies that the firing times F can be written as a differentiable function of the

weights W.

Yale
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Forward Propagation

+ Use the causal graph to describe Vi(f) — 6. = 0 1 T i T fglI ffT
0 1 2 3 4
_ Calculate (V(f) — 0, foreach f._, . in the w, w; w;
) aj?—n | | /! yl(t)=$(;)@ ya() - y3() )®
casual grapah f‘fT 12
. Calculate a—f(Vl-( f)—0) 1o 35

0
. Calculate (V) — 6,) for all neurons W,

oW, / = \

attached to neuron 1.

0F oV fy =15 |
. Solve LL = — by back substitution |
’ ow oW /

0L oL 0% 0Z 1
= X + fi=1 fi=2 fi=3

oW  oF = oW oW

.. Calculate

Yale
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Conclusion

+ How do we train SNN?
+ Spikes are not differentiable functions!!!

= SNNs are differentiable in the parameter space W

+ We can use forward propagation to compute the gradients

Implicit Function Theorem Adjoint State Method
Exact Gradient Computation for Spikil.lg Neural Networks via Forward Eve nt- b d s e d b a c k p ro p a 9 a t ! o n
ropagadion can compute exact gradients
- - for spiking neural networks
Ygznsfvcl;:(:y e }Sligls‘:’f::tshoar sg:‘/u:lﬁizl::f; Timo C. Wunderlich®?3* & Christian Pehle>*

Yale >







