
Dynamics and symmetries in  
neural network learning


Stefanie Jegelka 
MIT


based on joint work with  
Nisha Chandramoorthy, Khashayar Gatmiry, Andreas Loukas, 

Derek Lim, Joshua Robinson, Lingxiao Zhao, Haggai Maron, Tess Smidt, Suvrit Sra



Neural network learning
 

1. Neural network generalization without convergence of weights 
(what do the neural network training dynamics tell us about generalization?) 
(Chandramoorthy, Gatmiry, Loukas, Jegelka NeurIPS 2022) 
 

2. Modeling symmetries in learned functions 
(Lim, Robinson, Zhao, Maron, Smidt, Sra, Jegelka ICLR 2023) 
 



Convergence in NN training

• frequent assumption: NN parameters converge to a stationary point  

• But, this may not necessarily be the case! 
(Kong & Tao 2020, Li et al 2020, Kunin et al 2021, Cohen et al 2021, Lobacheva 
et al 2021, Bhojanapalli et al 2021, Zhang et al 2022, Wang et al 2022) 
 

• Training is linearly unstable: small perturbations change learned weights 
(Cohen et al 2021, Ahn et al 2022, Zhang et al 2021, Garipov et al 2018) 



Non-convergence in NN training

• Batch normalization + weight decay can lead to periodic behavior  
(Lobacheva, Kodryan, Chirkova, Malinin, Vetrov, 2021)

“minima achieved at two neighboring training periods are substantially different, but their similarity is  
usually higher than that of two independently trained networks.” 



Non-convergence in NN training

• Batch normalization + weight decay can lead to periodic behavior  
(Lobacheva, Kodryan, Chirkova, Malinin, Vetrov, 2021)



Non-convergence in NN training

• “we observe that even though the weights do not converge to stationary points, 
the progress in minimizing the loss function halts and training loss stabilizes” 
(Zhang, Li, Sra, Jadbabaie 2022)

ImageNet experiments (similar for TransformerXL)



Synthetic example

(Figure: Zhang et al 2022)



Non-ergodicity

2nd layer weight trajectories for different SGD runs 
(VGG16, CIFAR10)



(S)GD as a nonlinear dynamical system

• Training data


• learn hypothesis   

• (S)GD updates:
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(S)GD as a nonlinear dynamical system

• Training data


• learn hypothesis   

• (S)GD updates:
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Toy example: dynamics as function of (constant) step size

Chaos

Fixed point 
attractor Chaotic attractor

Lyapunov exponent



Generalization?



Generalization: algorithmic stability?

• Samples S, S’ differ in exactly 1 datapoint. Result in weights


• Learning algorithm is algorithmically stable with stability coefficient     if 
 
 
 
 

• Stability implies generalization (Bousquet & Elisseef 2002, Rakhlin, 2006, Kuzborskij and 
Lampert, 2018, Feldman & Vondrák 2018, Bousquet et al., 2020, Zhang et al., 2021, …)
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Generalization: algorithmic stability?

• Samples S, S’ differ in exactly 1 datapoint. Result in weights


• Learning algorithm is algorithmically stable with stability coefficient     if 
 
 
 
 

• Stability implies generalization (Bousquet & Elisseef 2002, Rakhlin, 2006, Kuzborskij and 
Lampert, 2018, Feldman & Vondrák 2018, Bousquet et al., 2020, Zhang et al., 2021, …)


• not applicable here…
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Questions

• Generalization analysis without convergence to stationary point (limit cycles, 
quasi periodic orbits, chaotic orbits)? 

• Can dynamical information help determine if local descent algorithms 
generalize?

Look at average statistics over time 
evolution of probability measures



Invariant measure and ergodicity

• Long-term behavior instead of pointwise/local dynamics


• Invariant measure: for any set A,  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Invariant measure and ergodicity

• Long-term behavior instead of pointwise/local dynamics


• Invariant measure: for any set A,  
 

• Classical result: for continuous dynamics on compact set, there exists at least one 
ergodic, invariant measure 
 
Ergodicity: for     -almost every initial state      , continuous f, as
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Invariant measure and ergodicity

• Invariant measure: for any set A,  
 

• Classical result: for continuous dynamics on compact set, there exists at least one 
ergodic, invariant measure 
Ergodicity: for     -almost every initial state      , continuous f, as


• There may be infinitely many invariant measures in weight 
space!
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But…



Instead: loss averages over time

• Instead of weight space, look at loss values 

• Assumption: For any               there exists a map                  s.t. for all z  
 
 
 

• weaker than unique ergodic measure on weight space or of hypotheses
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S ⇠ Dn <latexit sha1_base64="Vo2Kt6iCbU6bKNHNtNV89ZSP7o8=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRkp6rLgxmVF+4DOMGTSO21oJjMkGaGW7tz4K25cKOLWX3Dn35hOZ6GtBwIn59xLck6Ycqa043xbS8srq2vrpY3y5tb2zq69t99SSSYpNGnCE9kJiQLOBDQ10xw6qQQShxza4fBq6rfvQSqWiDs9SsGPSV+wiFGijRTYRw/Y0wn2OBF9DtgDzgMjyfwa3AZ2xak6OfAicQtSQQUagf3l9RKaxSA05USpruuk2h8TqRnlMCl7mYKU0CHpQ9dQQWJQ/jjPMcEnRunhKJHmCI1z9ffGmMRKjeLQTMZED9S8NxX/87qZji79MRNppkHQ2UNRxrFJPi0F95gEqvnIEEIlM3/FdEAkodpUVzYluPORF0nrrOqeV2s3tUq9XtRRQofoGJ0iF12gOrpGDdREFD2iZ/SK3qwn68V6tz5mo0tWsXOA/sD6/AEok5jf</latexit>

z ! h`ziS
<latexit sha1_base64="KEkyScORKr/REpDFGRtkrMOJW+M="></latexit>

lim
T!1

1

T

TX

t=1

`(z, wt) = h`ziS 2 R



Statistical algorithmic stability

• Samples S, S’ differ in exactly 1 datapoint. Result in weights


• Learning algorithm is statistically algorithmically stable with stability coefficient     if 
 
 
 
 
 
 
 
 

<latexit sha1_base64="UNkNNVSF9rcL5ewVVfosRGSZXTQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1hEESmJFHVZcOOyUvuANobJdNIOnTyYmSg19EvcuFDErZ/izr9x0mah1QOXezjnXubO8WLOpLKsL6OwtLyyulZcL21sbm2XzZ3dtowSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1446vM79xTIVkU3qpJTJ0AD0PmM4KVllyz/HB34jZPUdbS5tHUNStW1ZoB/SV2TiqQo+Gan/1BRJKAhopwLGXPtmLlpFgoRjidlvqJpDEmYzykPU1DHFDppLPDp+hQKwPkR0JXqNBM/bmR4kDKSeDpyQCrkVz0MvE/r5co/9JJWRgnioZk/pCfcKQilKWABkxQovhEE0wE07ciMsICE6WzKukQ7MUv/yXts6p9Xq3d1Cr1eh5HEfbhAI7BhguowzU0oAUEEniCF3g1Ho1n4814n48WjHxnD37B+PgGF/qSFQ==</latexit>

w⇤
S , w

⇤
S0

<latexit sha1_base64="KdXL40YnHG0uZtQK/IIdJ3wbavU="></latexit>

� = sup
�
|`(z, w⇤

S)� `(z, w⇤
S0)| : z 2 Rd ⇥ R
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�

<latexit sha1_base64="fJBx95rBTC6V8dUmADnCVdM+WDE="></latexit>

� = sup
�
|h`ziS � h`ziS0 | : z 2 Rd ⇥ R

 



Statistical algorithmic stability

• Samples S, S’ differ in exactly 1 datapoint. Result in weights


• Learning algorithm is statistically algorithmically stable with stability coefficient     if 
 
 
 
 
 
 

• Does not need convergence of weights to fixed point

• Reduces to standard algorithmic stability if weights converge

<latexit sha1_base64="UNkNNVSF9rcL5ewVVfosRGSZXTQ=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1hEESmJFHVZcOOyUvuANobJdNIOnTyYmSg19EvcuFDErZ/izr9x0mah1QOXezjnXubO8WLOpLKsL6OwtLyyulZcL21sbm2XzZ3dtowSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1446vM79xTIVkU3qpJTJ0AD0PmM4KVllyz/HB34jZPUdbS5tHUNStW1ZoB/SV2TiqQo+Gan/1BRJKAhopwLGXPtmLlpFgoRjidlvqJpDEmYzykPU1DHFDppLPDp+hQKwPkR0JXqNBM/bmR4kDKSeDpyQCrkVz0MvE/r5co/9JJWRgnioZk/pCfcKQilKWABkxQovhEE0wE07ciMsICE6WzKukQ7MUv/yXts6p9Xq3d1Cr1eh5HEfbhAI7BhguowzU0oAUEEniCF3g1Ho1n4814n48WjHxnD37B+PgGF/qSFQ==</latexit>

w⇤
S , w

⇤
S0

<latexit sha1_base64="KdXL40YnHG0uZtQK/IIdJ3wbavU="></latexit>

� = sup
�
|`(z, w⇤

S)� `(z, w⇤
S0)| : z 2 Rd ⇥ R

 

<latexit sha1_base64="PMKb8s0TGOMxPUdw39/9TotpuIg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSS3w850kG15tbdBcg68QpSgwKtQfWrP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkwipDEiXalkKyUH9P5DQ2ZhqHtjOmODar3lz8z+tlGN0GuVBphlyx5aIokwQTMv+cDIXmDOXUEsq0sLcSNqaaMrT5VGwI3urL66R9Vfeu642HRq3ZLOIowxmcwyV4cANNuIcW+MBAwDO8wpujnBfn3flYtpacYuYU/sD5/AHGKo6r</latexit>

�

<latexit sha1_base64="fJBx95rBTC6V8dUmADnCVdM+WDE="></latexit>

� = sup
�
|h`ziS � h`ziS0 | : z 2 Rd ⇥ R

 



Generalization

• Does statistical algorithmic stability (SAS) imply generalization? 

• Ergodic averages for risks: 

 

<latexit sha1_base64="0k2h/JMD8REjQILAzA0agaMLk5k="></latexit>

bRS =
1

n

X

z2S

h`ziS
<latexit sha1_base64="qRxQIfKIDzlYdFhQfnuMOjPCzR4=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykwp6kYoqOCyWvuAThky6W0bmskMSUZoh/6HG3/FjQtFXAku/BvTx0JbDwROzrmX5Jwg5kxpx/m2lpZXVtfWMxvZza3tnV17b7+mokRSqNKIR7IREAWcCahqpjk0YgkkDDjUg/7l2K8/gFQsEvd6EEMrJF3BOowSbSTfLtz5FXyBvZDoXhCk1yM/HWJPsRBfjTxORJcD9oBzf+jJyc2v+HbOyTsT4EXizkgOzVD27U+vHdEkBKEpJ0o1XSfWrZRIzSiHUdZLFMSE9kkXmoYKEoJqpZNsI3xslDbuRNIcofFE/b2RklCpQRiYyXEGNe+Nxf+8ZqI7562UiTjRIOj0oU7CsY7wuCjcZhKo5gNDCJXM/BXTHpGEalNn1pTgzkdeJLVC3j3NF2+LuVJpVkcGHaIjdIJcdIZK6AaVURVR9Iie0St6s56sF+vd+piOLlmznQP0B9bXD2VRoRA=</latexit>

RS = Ez⇠Dh`ziS



Generalization

• Does statistical algorithmic stability (SAS) imply generalization? 

• Ergodic averages for risks: 

 
Theorem: Generalization bound 
With probability 1 − δ

<latexit sha1_base64="0k2h/JMD8REjQILAzA0agaMLk5k="></latexit>

bRS =
1

n

X

z2S

h`ziS
<latexit sha1_base64="qRxQIfKIDzlYdFhQfnuMOjPCzR4=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykwp6kYoqOCyWvuAThky6W0bmskMSUZoh/6HG3/FjQtFXAku/BvTx0JbDwROzrmX5Jwg5kxpx/m2lpZXVtfWMxvZza3tnV17b7+mokRSqNKIR7IREAWcCahqpjk0YgkkDDjUg/7l2K8/gFQsEvd6EEMrJF3BOowSbSTfLtz5FXyBvZDoXhCk1yM/HWJPsRBfjTxORJcD9oBzf+jJyc2v+HbOyTsT4EXizkgOzVD27U+vHdEkBKEpJ0o1XSfWrZRIzSiHUdZLFMSE9kkXmoYKEoJqpZNsI3xslDbuRNIcofFE/b2RklCpQRiYyXEGNe+Nxf+8ZqI7562UiTjRIOj0oU7CsY7wuCjcZhKo5gNDCJXM/BXTHpGEalNn1pTgzkdeJLVC3j3NF2+LuVJpVkcGHaIjdIJcdIZK6AaVURVR9Iie0St6s56sF+vd+piOLlmznQP0B9bXD2VRoRA=</latexit>

RS = Ez⇠Dh`ziS

upper bound

on loss

<latexit sha1_base64="bcIJlmNZmc0aGw315EZ7KmQP6YA="></latexit>

RS  bRS + � + 2(n� + L)

r
log(2/�)

2n



Empirical example

test loss
gap in cumulative loss 
after data perturbation lower bound on SAS coefficient

VGG16, CIFAR10



What makes an algorithm more stable?

• classical notion of stability and (S)GD (Hardt, Recht, Singer 2016): 
 
 
 
 
 
 
 

• vacuous bounds for loss deviation at large times


• not applicable to non-converging weight trajectories


• not informative for time-independent SAS


• what if we look at stability of long-term behavior instead of single trajectories?

<latexit sha1_base64="rpTArTnia4p2oJgLPHpRf4Le/O8="></latexit>

|`(z, wS
t )� `(z, wS0

t )|  C kwS
t � wS0

t k

=> bound deviation 
     of weights: 
     e.g., few steps



Statistical Algorithmic Stability and training behavior

• Look at image of weight distribution under loss, with mixing rate  λ

Theorem: faster convergence of loss implies better stability:
<latexit sha1_base64="CdDGHtTRmaulxsH7u+5ZATnl4nU="></latexit>

� = O

✓
1

n

LD

(1� �)

◆



Empirical example
Theorem: faster convergence of loss distribution implies better stability


proxy: autocorrelation



Neural network learning…
 

1. Neural network generalization without convergence of weights 
(Chandramoorthy, Gatmiry, Loukas, Jegelka NeurIPS 2022) 
 

2. Modeling symmetries in learned functions  
(Lim, Robinson, Zhao, Maron, Smidt, Sra, Jegelka ICLR 2023) 
 



Learning with invariances

• Standard learning setup:  
given data  estimate   
such that  is small 

• Learning with invariances: all of the above, plus: 
select function such that it is -invariant for a given group : 
 
 
 
 
usually:  is a set of invariant functions

(x1, y1), …, (xn, yn) ̂f ∈ ℱ
𝔼[ℓ( ̂f(X), Y)]

̂f ∈ ℱ G G

ℱ

<latexit sha1_base64="adMfK3qIW5bir/0nIvK9AA4T3Zo="></latexit>

f̂(g.x) = f̂(x) 8g 2 G, x 2 X



Machine Learning with Graph Data: Applications

ETA in Google Maps  
(Derrow-Pinion et al, 2021)

recommender 
systems 

(Ying et al 2018)

guiding human intuition  
in mathematics 
(Davies et al 2021)

learning simulations 
(Sanchez-Gonzalez et al 2020)

molecule property prediction 
(Duvenaud et al 2015, Stokes et al 2020)

drug interactions 
(Zitnik et al 2018)



• Data: attributed graphs (of bounded size) 
 
 
 
 
 
 

• Want: graph/node invariants

Machine Learning with Graph Data

<latexit sha1_base64="+c6idgFIDLJG19X50BNVgDdh4rA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRoi4LCrqsYB/QhDKZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yqtrW9sbpW3Kzu7e/tV++Cwo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcp373UcqFYvFg54m1I/wSLCQEayNNLCrHhPIi7AeE8yz29nArjl1Zw60StyC1KBAa2B/ecOYpBEVmnCsVN91Eu1nWGpGOJ1VvFTRBJMJHtG+oQJHVPnZPPgMnRpliMJYmic0mqu/NzIcKTWNAjOZR1TLXi7+5/VTHV75GRNJqqkgi0NhypGOUd4CGjJJieZTQzCRzGRFZIwlJtp0VTEluMtfXiWd87p7UW/cN2rNm6KOMhzDCZyBC5fQhDtoQRsIpPAMr/BmPVkv1rv1sRgtWcXOEfyB9fkDm3OTFA==</latexit>

2 G
<latexit sha1_base64="zPnCzNUBGcy1pK32XOn7EJetciI=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKUY8FRT1WsB+wXUo2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dlZW19Y3Ngtbxe2d3b390sFhy6hUU9akSijdCYlhgkvWBA6CdRLNSBwK1g5H11O//cS04Uo+wjhhQUwGkkecErCSf9vrwpABqdyd9Uplt+rOgJeJl5MyytHolb66fUXTmEmgghjje24CQUY0cCrYpNhNDUsIHZEB8y2VJGYmyGYnT/CpVfo4UtqWBDxTf09kJDZmHIe2MyYwNIveVPzP81OIroKMyyQFJul8UZQKDApP/8d9rhkFMbaEUM3trZgOiSYUbEpFG4K3+PIyaZ1XvYtq7aFWrt/kcRTQMTpBFeShS1RH96iBmogihZ7RK3pzwHlx3p2PeeuKk88coT9wPn8ATtqQog==</latexit>

F✓(G)

<latexit sha1_base64="QQqeHT/ytnBxmvZy/D/h5dRlHvM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoMQQcKuBPUYUNRjBPOAZAmzk95kyOzDmd5ACPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/W5mV1bX1jexmbmt7Z3cvv39Q11GiONR4JCPV9JgGKUKooUAJzVgBCzwJDW9wPfUbQ1BaROEjjmJwA9YLhS84QyO5t5029gFZ8e5seNrJF+ySPQNdJk5KCiRFtZP/ancjngQQIpdM65Zjx+iOmULBJUxy7URDzPiA9aBlaMgC0O54dvSEnhilS/1ImQqRztTfE2MWaD0KPNMZMOzrRW8q/ue1EvSv3LEI4wQh5PNFfiIpRnSaAO0KBRzlyBDGlTC3Ut5ninE0OeVMCM7iy8ukfl5yLkrlh3KhcpPGkSVH5JgUiUMuSYXckyqpEU6eyDN5JW/W0Hqx3q2PeWvGSmcOyR9Ynz+WPZFY</latexit>

F✓(G, v)
<latexit sha1_base64="ILk41LxEha/owaMUjHeGTIqMBQo=">AAAB+nicdVDLSsNAFJ34rPXV6tLNYBFchUlpapcFNy4r2Ac0IUym03boZBJmJtUS8yluXCji1i9x5984fQgqeuDC4Zx7ufeeMOFMaYQ+rLX1jc2t7cJOcXdv/+CwVD7qqDiVhLZJzGPZC7GinAna1kxz2kskxVHIaTecXM797pRKxWJxo2cJ9SM8EmzICNZGCkplL7sLpl4eZFPoMQE7eVCqIBvV3ZrTgMh2kdNwXEOqroNQFTo2WqACVmgFpXdvEJM0okITjpXqOyjRfoalZoTTvOiliiaYTPCI9g0VOKLKzxan5/DMKAM4jKUpoeFC/T6R4UipWRSazgjrsfrtzcW/vH6qhw0/YyJJNRVkuWiYcqhjOM8BDpikRPOZIZhIZm6FZIwlJtqkVTQhfH0K/yedqu3U7dp1rdJsruIogBNwCs6BAy5AE1yBFmgDAm7BA3gCz9a99Wi9WK/L1jVrNXMMfsB6+wR3KpQl</latexit>

{xv}v2V
<latexit sha1_base64="At0gcVeIyo04WxN8XGzNC7gtiso=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCqyFT2tplwY3LKvYBnXHIpGkbmskMSaZYxi78FTcuFHHrb7jzb0wfgooeCBzOuZd7csKEM6UR+rCWlldW19ZzG/nNre2dXXtvv6niVBLaIDGPZTvEinImaEMzzWk7kRRHIaetcHg+9VsjKhWLxbUeJ9SPcF+wHiNYGymwD2+DEfSYgF6E9SAMs6vJTdadBHYBOahSLrlViJwycqtu2ZBi2UWoCF0HzVAAC9QD+93rxiSNqNCEY6U6Lkq0n2GpGeF0kvdSRRNMhrhPO4YKHFHlZ7P8E3hilC7sxdI8oeFM/b6R4UipcRSayWlK9dubin95nVT3qn7GRJJqKsj8UC/lUMdwWgbsMkmJ5mNDMJHMZIVkgCUm2lSWNyV8/RT+T5pFx604pctSoVZb1JEDR+AYnAIXnIEauAB10AAE3IEH8ASerXvr0XqxXuejS9Zi5wD8gPX2CVBPllI=</latexit>

xv 2 Rd

<latexit sha1_base64="9uHXlkPNq2S/33vie7z2kKQOBoE=">AAACAnicdVDLSgMxFM34rPVVdSVugkWoIENmaGu7K4jgsoJ9QKeUTJq2oZnMkGQqZShu/BU3LhRx61e4829MH4KKHrhwOOde7r3HjzhTGqEPa2l5ZXVtPbWR3tza3tnN7O3XVRhLQmsk5KFs+lhRzgStaaY5bUaS4sDntOEPL6Z+Y0SlYqG40eOItgPcF6zHCNZG6mQOveQ2F5+NTr1JJ5kR6DEBLyewk8kiG7mlQt6FyHYLqOyUDSkgp1zMQ8dGM2TBAtVO5t3rhiQOqNCEY6VaDop0O8FSM8LpJO3FikaYDHGftgwVOKCqncxemMATo3RhL5SmhIYz9ftEggOlxoFvOgOsB+q3NxX/8lqx7pXaCRNRrKkg80W9mEMdwmkesMskJZqPDcFEMnMrJAMsMdEmtbQJ4etT+D+pu7ZTtPPX+WylsogjBY7AMcgBB5yDCrgCVVADBNyBB/AEnq1769F6sV7nrUvWYuYA/ID19glNB5Ya</latexit>

{w(u, v)}(u,v)2E

<latexit sha1_base64="KGdtzA0MuG/Ko01PbzKtIbNMp/g="></latexit>

G = (V,E,X,W )

<latexit sha1_base64="iCs8GcOq1lc1YRWUZ9xG/J9f2P8="></latexit>

F✓(PAP>, PX) = F✓(A,X)

<latexit sha1_base64="srrF3pF/1Bt8BnEbQ44uv3cENf0="></latexit>

F✓(PAP>, PX, v) = F✓(A,X, v)

Permutation invariance

Permutation equivariance

<latexit sha1_base64="lBdelI1+8GoMmycH+K3b1plf21c=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRIp6rLoxmUV+4Amhslk0g6dPJi5EUsIbvwVNy4UcetXuPNvnLRZaOuBC4dz7uXee7yEMwmm+a0tLC4tr6xW1qrrG5tb2/rObkfGqSC0TWIei56HJeUsom1gwGkvERSHHqddb3RZ+N17KiSLo1sYJ9QJ8SBiASMYlOTq+3aIYeh52U1+l/muDfQBsjiFPHf1mlk3JzDmiVWSGirRcvUv249JGtIICMdS9i0zASfDAhjhNK/aqaQJJiM8oH1FIxxS6WSTF3LjSCm+EcRCVQTGRP09keFQynHoqc7iYDnrFeJ/Xj+F4NzJWJSkQCMyXRSk3IDYKPIwfCYoAT5WBBPB1K0GGWKBCajUqioEa/bledI5qVun9cZ1o9a8KOOooAN0iI6Rhc5QE12hFmojgh7RM3pFb9qT9qK9ax/T1gWtnNlDf6B9/gC3bphM</latexit>

Rdout



Neural Networks for Graphs

• For good performance, (often) need more information: positional encodings

Positional 
encodings 

n x k

(Feldman et al 2022, Dwivedi et al 2022, Kreuzer et al 2021, Dwivedi & Bresson 2021, Mialon et al 2021)



Laplacian eigenvectors

• Graph Laplacian: 
 
 

• eigenvalues                                  
 
eigenvectors 

• Captures distances, local structures, 
etc. 

(de Lange, de Reus, van den Heuvel 2014)

(Kreuzer, Beaini, Hamilton, Létourneau, Tossou 2021)



Functions on eigenvectors

 
 
 
 
 
 

Can we learn an arbitrary function on a set of eigenvectors (and eigenvalues)? 
 
What invariances must f have?

How parametrize architecture to approximate any such f ?



Necessary invariances

• Sign invariance: with all distinct eigenvalues,  
 

Solver may return     or       . 
 
 

• Eigenspaces: eigenvalue multiplicities 
 

Any basis for d-dimensional eigenspace is valid. 
Multiplicities are frequent in real data!

Invariances needed for generalization 



Necessary invariances

• Sign invariance: with all distinct eigenvalues,  
 

Solver may return     or       . 
 
 

• Eigenspaces: eigenvalue multiplicities 
 

Solver may return any basis for d-dimensional eigenspace.

for all Q in orthogonal group O(d)

+ multiple subspaces 
+ permutation equivariance …

V = [vi1, …, vid]



One subspace: sign invariance

Proposition 
                    is continuous and sign invariant if and only if 
for some continuous    . 
 
If    is also permutation equivariant, then so is    .

    

Universal Architecture: 
General    : 
Permutation equivariant   : (Zaheer et al 2017, Lee et al 2019)



One subspace: basis invariance

Proposition 
If                         is continuous and                                             , then 
                           for some continuous    . 

    

    

(VQ)(VQ)⊤ = V(QQ⊤)V⊤ = VV⊤



One subspace: basis invariance

Proposition 
If                         is continuous and                                             , then 
                           for some continuous    . 

If     is also permutation equivariant, then                           is permutation 

equivariant from matrices to vectors.

Universal approximation of basis-invariant functions 

General  :


Permutation equivariant  :

f
f

Invariant Graph Network (Maron et al 2018)



Multiple subspaces: group invariance

•                  bases of eigenspaces, 


• Invariance to change of basis in each eigenspace:

 
 
    invariant to 

• Sign invariance: 



Multiple subspaces: representation

Decomposition Theorem 
Under mild assumptions, every continuous   that is invariant to            
can be written as: 
 

1.      is     -invariant 
2. If              then can take           .

• Only need to do  invariance for  invariance!!

• => Universal Approximation of invariant continuous functions. 

Gi G1 × … × Gl

f(x1, …, xℓ) = ρ (ϕ1(x1), …, ϕℓ(xℓ))



Practical instantiations

 

• SignNet:  


       ,   :    DeepSets, Transformer, or GNN

 

• BasisNet:

f(x1, …, xℓ) = ρ (ϕ1(x1), …, ϕℓ(xℓ))

  order 2 (efficiency) or higher-order (universality)


  MLP, DeepSets, Transformer

ϕd = IGNd

ρ =

function on sequence / set / vector
function on set / graph  nodes / 
vector / matrix



Theoretical and empirical benefits
Lemma: There exist infinitely many pairs of graphs that BasisNet can 
distinguish, but spectral GNNs cannot.


Lemma: can approximate spectral graph invariants, e.g. graph angles 
➔ can express number of 3-, 4-, 5-cycles, connectivity, length-k closed walks. 
Message passing GNNs cannot!

 (Xu et al 2019)  (Vaswani et al) ϕ = GIN ρ = Transformer     = GIN (Xu et al 2019),     = MLP  



Texture reconstruction

• Neural fields on manifolds: eigenfunctions of Laplace-Beltrami operator as 
positional encodings

<latexit sha1_base64="zpwqBJwNMWCTm4JK3NgI263QjYc=">AAACE3icbVDLSsNAFJ34rPUVdelmsAitlJKIr41QdOOqVLAPaEKYTCbt0MmDmUmhhP6DG3/FjQtF3Lpx5984abPQ1gMDZ865l3vvcWNGhTSMb21peWV1bb2wUdzc2t7Z1ff22yJKOCYtHLGId10kCKMhaUkqGenGnKDAZaTjDm8zvzMiXNAofJDjmNgB6ofUpxhJJTn6iV+OK/AaWgGSAx6kjcakPHJMJVahxbxIiiocOUP1rzh6yagZU8BFYuakBHI0Hf3L8iKcBCSUmCEheqYRSztFXFLMyKRoJYLECA9Rn/QUDVFAhJ1Ob5rAY6V40I+4eqGEU/V3R4oCIcaBqyqz1cW8l4n/eb1E+ld2SsM4kSTEs0F+wqCMYBYQ9CgnWLKxIghzqnaFeIA4wlLFWFQhmPMnL5L2ac28qJ3fn5XqN3kcBXAIjkAZmOAS1MEdaIIWwOARPINX8KY9aS/au/YxK13S8p4D8Afa5w/fepup</latexit>

f(p) = NN(v1(p), . . . , vk(p))



Summary

• In many training settings, NN weights do not converge to a fixed point


• Statistical algorithmic stability implies generalization 
robustness of statistics on loss space


• Convergence of loss distribution predictive of generalization gap: 
dynamics information tells about generalization  
— in line with other works (e.g., Loukas et al 2021,..), but more generally applicable 
 

• Learning with symmetries: many applications


• SignNet/BasisNet: generic neural network models on eigenvectors


• Improve expressive power of Graph Representation Learning (theory & practice)
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