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it Nonlinear subnet
;n1hW
u(x1)
Branch
X u(zary) >| hidden |»| Cranch
Frr(u)(z1) | output
Low fidelity subnet : o
oW :
u(xy) Branch e Frr(u)(zqy) | | Encoder
: > hidden > output ]:nl(u)(x)
layers
u(@ay) . Encoder
Encoder — — @
Frr(u)(z) Tlyenny TPy > hidden > output
layers @
Encoder \ 4
Trurk Fi)@) + Ful)e) K 20 N Fi0)@) + Fu) @)
Linear subnet
T1,..., TP, Biddent > 00 A
e output Frr(u)(x1),..., Frr(u)(zp,) P4 Branch net @
}9—> Fw)(@
Tiy.- o TPy Trunk net @

LO) = 11 Lyp(0n1,0)) + 2L p(01F) + A3 z wiy + z by |+ A4 (2 Wir + 2 bir
+/15['1C (Hnl: Hl) +/16 LBC(Hnl» Hl) + /17L'physics (Hnl» Hl)

Modified DeepONet: https://arxiv.org/abs/2110.01654
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56z —2)%sin(u) +10(x —0.5) =5 2 <0.5
yru)@) = { 0.5(6z — 2)%sin(u) + 10(z — 0.5) —2 2 > 0.5 M,
yr(u)(z) = 2y (u)(x) — 20 + 20
u=axr —4

Fi(u)(x) = 1.9479F pp(u)(x) — 19.1719x + 19.3459 — 0.04870xF . (u)(x)

—— Exact —-— SF prediction —— Exact —-— SF prediction /
---MF prediction, high e HF data ' 204 ——— MF prediction, high e HF data /
104 MF prediction, low e LF data MF prediction, low e LF data




\%/ Ice sheets: multiresolution

Pacific :
Northwest Mono-layer higher-order (MOLHO) FEM code

Halfar dome ice sheet
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p = exp(y) (_|X1 _ le2>

7~ G (log(Bop), k1), and hu(x1, x2) = aexp (—

QiZhi He, Mauro Perego, AAH, George Em Karniadakis, Panos Stinis, “A Hybrid Deep Neural Operator/Finite
Element Method for Ice-Sheet Modeling” (2023) https://arxiv.org/pdf/2301.11402.pdf
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Low fidelity subnet

Frr(u)(z)

- Branch
N : Branch
" | — hidden
: . output
T, layers
- | Encoder
Encoder
Trunk
. Trunk
hidden
output
layers

Nonlinear subnet

N B
S
__|Ine
1o H, t=49.04 ::: B.ra‘nCh BI'a,IlCh
hidden >
output
I8 layers
ol & Encoder
:%n 02 mvna o8 10 . ‘Fnl (u) (:E)
-
— H Encoder
'I.frunk Trunk
> hidden —>»
output
layers
Y
Fi(uw)(z) + Frr(u)(z)
' ‘ - A
> [ » Branch net
39-) Fi(u)(z)
T1,...,Tpy Trunk net

u, t=49.04

0.5

0.0

0.0

0.5

v, t=49.04
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B H, t=3.04 u, t=3.04 v,t=3.04
1.0 1.0 1.0 1.0
. . 7000 600 50 . SF NH - 10 or 50
—_— 2000 400 'ﬁ ' MF N, = 100
0.51 5000 0.5 0.5 0 051 0 L
4000 i J—
. 3000 ” =20 — -50 MF NH =10
%%.0 0.5 1.0 %% %%.0 0.5 1.0 %%.0 0.5 1.0 M, =P, = 2x152
H, t=49.04 u, t=49.04 v, t=49.04 . . 2
1.0 0o L0 o L0 N My = Py = 2x41
400 7! 10 " 1o
0.5 39 054 | o 05/ 0
200 | -10 ' “10 100
100 —20 - 2 —— MF loss = SF, Ny=10
o. 10 o.o0 5 oS 10 o.% 5 oS 1o lo-1 ] ---- MF loss, high - SF, Ny =50
' ' ' ' ' 3l [ MF loss, low

Mean relative L2
error

Single fidelity, Ni = 10 0.15814 0.66923 5 20000 40800 60800

Number of Iterations

Single fidelity, Ny = 50 0.00012 0.05074
Multifidelity 8.8973%x107° 0.04442
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0z Raclic MOLHO - low fidelity
6y oo [T Shallow Shelf Approximation—high fidelity
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Humboldt glacier, Greenland
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Exact Single fidelity Multifidelity
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;n1hW
u(x1)
Branch
X u(zary) >| hidden |»| Cranch
Frr(u)(z1) | output
Low fidelity subnet : o
oW :
u(xy) Branch e Frr(u)(zqy) | | Encoder
: > hidden > output ]:nl(u)(x)
layers
u(@ay) . Encoder
Encoder — — @
Frr(u)(z) Tlyenny TPy > hidden > output
layers @
Encoder \ 4
Trurk Fi)@) + Ful)e) K 20 N Fi0)@) + Fu) @)
Linear subnet
T1,..., TP, Biddent > 00 A
e output Frr(u)(x1),..., Frr(u)(zp,) P4 Branch net @
}9—> Fw)(@
Tiy.- o TPy Trunk net @

LO) = 11 Lyp(0n1,0)) + 2L p(01F) + A3 z wiy + z by |+ A4 (2 Wir + 2 bir
+/15['1C (Hnl: Hl) +/16 LBC(Hnl» Hl) + /17L'physics (Hnl» Hl)

Modified DeepONet: https://arxiv.org/abs/2110.01654
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d2
e : d8+sd8—v—§:0, (x,t) € (0,1) x (0,1]
« Low fidelity simulations dt dr  dx

s(x,0) = u(x), x € (0,1),
s(0,t) = s(1,t), t € (0,1),
ds ds

* Physics enforced as high fidelity model

%(O,t) = %(l,t), te€(0,1)
Parameters v =10""2 v=10"" v=10""* v=10"*
Ny, = 1000 Ny, = 1000 Ny, = 1000 Ny, = 200
Data-only 1.02% 4+ 0.81% 2.46% £+ 1.67% 7.64% + 2.66% 13.57% £ 7.40%
Data-only with noise 4.44% + 3.48% 6.50% + 3.45% | 10.63% £ 5.54% | 26.11%+15.38%
Physics-only 3.97% £+ 5.71% 8.66% £ 6.47% | 23.63%%10.22% —

Multifidelity 2.81% £+ 1.81% 6.25% =+ 2.20% 7.05% =+ 3.01% 9.70% + 4.60%
Multifidelity with noise | 2.89% =+ 1.70% 6.65% =+ 2.48% 7.03% + 3.10% 10.16% =+ 5.55%

Table 2: Physics-informed multifidelity: viscous Burgers equation mean relative Lo errors. The physics-only and
multifidelity cases all use Ny = 1000. Note that the physics-only case does not use any low-fidelity data.
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0.5 ' + 0.5 00 w05 0.0
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0 ! !
) X
rror MF error
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1) Train a single fidelity physics-informed DeepONet

u(x1)
. 1 B.r anch Branch
> hidden P>
: 1 output
w(@r) ayers
Encoder / @

N (Fi(u) (@) + Fu(u) ()

Encoder 3 Exact SF DeepONet Error
\ 1.0- 1.0 P 1.0 : oa
Trunk 0.25 0.2 '
T1, .., TP hidden [->! Trt‘mkt
layers | LO0MPY +~ 0.51 0.00 4+ 0.5 00  + 05 02
~0.25 —0.2
0.0 0.0 0.0
0 1 0 1
X X
t=1.0
- Exact
—= SF
__ 0.25] 0.25 0.2
+ 4
\><: 0.00 1 0.00+ :<: 0.01
) ) )
—0.25 —0.251 —0.2 1 /

0.0 0.0 0.5 1.0 0.0 0.5 1.0
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2) Train a non-composite multifidelity physics-informed DeepONet

wlo) Lincly Branch
' > hidden | >, @
: 1 output

w(zar) ayers

Encoder @
] Fw) (@) >N(ﬂ(u)($) ¥ Fuw)(@)]

Encoder .
Nonlinear subnet
Trunk 4
T1yenns Tp hidden > Trunk @ we)
ey output :
u(zar) S Branch
M > hidden —>-
Frr(u)(z1) [ output
Frr(u)(zq) Encoder

.....

Encoder
'I.‘runk Trunk @
T1y---, Tp hidden >

output \
layers @

\

| Fiu)(a) + Fulw) ) K00 YN (i) + Far(u)(a)

Linear subnet A

Frr(u)(z1),..., @
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Bootstrapping DeepONets

2) Train a non-composite multifidelity physics-informed DeepONet
MF Level 1

u(zy)

u(x )

Enc

Enc

S(x, t)

1.0

+ 0.51

Exact

0.25
0.00-
—0.251

0.0

0.25

0.00

—0.25

S(x, t)

1.0

+ 0.5-

0.25- .
v
0.00+ X
(V)
~0.25-
0.0 0.5 1.0

Error

1.0
0.4
+ 0.5
0.2
0.0
1
X
t=1.0
— Exact
.- SF
0.2' - = Level 1
0.0-
—0.2 L//////
0.0 0.5 1.0
X
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3) Train another non-composite multifidelity physics-informed DeepONet

ulx
(. ) B.ranch Branch
> hidden (>
: output
w(zar) layers
Encoder / @
0 N @> N ) (@) + Fui)a)|
Encoder
\ @ Nonlinear subnet
’I.‘runk Trunk u(z1)
Tiyeees zp hidden > g e
output \

Y

layers :
) Branch
- “((”; ’;4()1 : hidden > "
Lr ) ! layers p

Frr(u)(zq) Encoder

Nonlinear subnet

-----

Encoder u(z1)
1
Trunk @ :
T1,. .., zp hidden > ;Ii;nii w(xnr) N ﬁfggecllll N Branch
layers P / @ Frr(u)(zy) “ T output
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. [ Fi(w) (@) + Fou (13 Tj N (0)(@) + Fu@)@)]| || Forw)ee) | [Bhesdes
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Frr(u)(@1),...,
Y Encoder
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T, zp hidden - (’)Il\f,;nii
layers P @
N
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Linear subnet 7
Frr(u)(z1),. .., @
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3) Train another non-composite multifidelity physics-informed DeepONet

o) [Pranch Exact MF Level 2 Error
o) layers. 1.0 I 1.0 ; 1.0 : 0.6
Encoder 025 H‘OZS l
0.4
T + 0.5 -0.00 + 0.5- -0.00 + 0.5
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0 1 0 1
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X
Level 2 Level 4
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