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Modified DeepONet: https://arxiv.org/abs/2110.01654
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One-dimensional jump function

𝑁! = 20
𝑀! = P" = 38
𝑁# = 10

𝑀# = 𝑃# = 5
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Ice sheets: multiresolution

𝛽 = exp(𝛾)

PL = 15x15

PH = 41x41

QiZhi He, Mauro Perego, AAH, George Em Karniadakis, Panos Stinis, “A Hybrid Deep Neural Operator/Finite 
Element Method for Ice-Sheet Modeling” (2023) https://arxiv.org/pdf/2301.11402.pdf

Mono-layer higher-order (MOLHO) FEM code
Halfar dome ice sheet
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Ice sheets: multiresolution

SF	𝑁# = 10 or 50
MF	𝑁! = 100
MF	𝑁# = 10

𝑀! = 𝑃! = 2x15$

𝑀# = 𝑃# = 2x41$

Method Mean MSE Mean relative L2 
error

Single fidelity, 𝑁/ = 10 0.15814 0.66923

Single fidelity, 𝑁/ = 50 0.00012 0.05074
Multifidelity 8.8973×10−5 0.04442 
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Ice sheets: multiresolution

𝑁/ = 50

Multifidelity, 𝑁/ = 10
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Ice sheets: multiorder

SF	𝑁# = 20
MF	𝑁! = 80
MF 𝑁# = 20

Two numerical models
MOLHO – low fidelity
Shallow Shelf Approximation–high fidelity

Humboldt glacier, Greenland
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Ice sheets: multiorder

Single fidelity MultifidelityExact
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Ice sheets: multiorder

MultifidelitySingle fidelity

Method Mean relative 
L2 error

Single fidelity 1.1005 
Multifidelity 0.3676 



11

General framework

u(x1)
...

u(xML
)

x1, . . . , xPL

Branch
hidden
layers

Trunk
hidden
layers

Encoder

Encoder

Branch
output

Trunk
output

⇥ FLF (u)(x)

Low fidelity subnet

u(x1)
...

u(xMH
)

FLF (u)(x1)
...

FLF (u)(xQH
)

x1, . . . , xPH

Branch
hidden
layers

Trunk
hidden
layers

Encoder

Encoder

Branch
output

Trunk
output

⇥ Fnl(u)(x)

Nonlinear subnet

⇥ Fl(u)(x)

FLF (u)(x1), . . . ,FLF (u)(xPH
)

x1, . . . , xPH

Branch net

Trunk net

Linear subnet
Fl(u)(x) + Fnl(u)(x) @y

@x

@t

@2
x

@2
y

N (Fl(u)(x) + Fnl(u)(x))

ℒ 𝜃 = 𝜆!ℒ"# 𝜃$%, 𝜃% + 𝜆&ℒ'# 𝜃'# + 𝜆( '𝑤$%& +'𝑏$%& + 𝜆) '𝑤'#& +'𝑏'#&

  +𝜆*ℒ+, 𝜃$%, 𝜃% +𝜆- ℒ., 𝜃$%, 𝜃% + 𝜆/ℒ0123453 𝜃$%, 𝜃%

Modified DeepONet: https://arxiv.org/abs/2110.01654
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Burgers equation

• Low fidelity simulations
• Physics enforced as high fidelity model
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𝜈 = 106), 𝑁' = 200	with noise
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Bootstrapping DeepONets

1) Train a single fidelity physics-informed DeepONet
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Bootstrapping DeepONets

2) Train a non-composite multifidelity physics-informed DeepONet
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Bootstrapping DeepONet



Thank You
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