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Backgrouno



MILPs

As usual, we want to solve a mixed-integer linear program

min cz+d'z
Ss.t. Ax+Dz=5b
x,z >0, x e ZF

To solve these problems, it is customary to obtain dual bounds.
The simplest way is through the LP reloxation

min dz + d'z
S.t. Az +Dz=1b
x,z2>0



Valid inequalities

Inequality ofz + &z > B valid for all MILP-feasible points
{x,2|Ax + Dz =b,z,2 >0,z € Z*}

“Valid inequality”

Add it: same MILP, but possibly tighter LP (= better dual bound)

min cdz+d'z min dz + dz

s.t. Az +Dz=5b s.t. Az +Dz=1b
¢ i g ¢ t
a'r+dz>p o'z +6z>p

z,2>0, zecZF z,z2>0



Cutting planes

Cutting plane: valid inequality + some LP-feasible point (x*,z%)
(Axz* + Dz* =b,z*,2* > 0)is cut off by the hyperplane if,

otz* + 62 < B

There are algorithms that, given a MILP, can produce cutting planes
in polynomial time.



GMI cutting plane algorithm

The prototype is Gomory's mixed-integer cutting plane algorithm.

1) Solve the LP relaxation of the problem, yielding a basis matrix B.
2) The GMI cuts are

. tri (z) = min ({i} o ixi )
triy 1, (B ' A)z + absy 1, (B ' D)z > 1 ’
abs, (z) = x( {y})

Add them to the problem, yielding a tighter MILP.

min cz+d'z
s.t. Ax+Dz=b
trip 1, (B ' A)z + absg 1,(B 'D)z > 1
x,z2>0, =€ 7k

min 'z —|—d1tz1
— s.t. Ajx+ Dz =b
z,21 >0, zeZF



GMI cutting plane algorithm

3) We can compute the LP relaxation of this extended MILP, yielding
its basis matrix B;.

4) We can compute its GMI cuts

triBl_lbl (Bl_lAl)ac + absBl_lb1 (Bl_lDl)Zl >1

Again, these can be added to the MILP yielding a tighter MILP
min 'z + thZQ
S.t. Asx + Dsz9 = by
x,29 >0, € 7F

Etc.



GMI cutting plane algorithm

Note that in terms of A, D and z, rank-2 cuts are

trig 1y, (By' Az + absy 1, (B{'D1)z >1

S g

qy t TR P 1,
(By'),' A+ (BY), tri, ., (B 1.4)) +abS, b 5t

[tﬂ[B1':|,'bl(B,‘)._,!1( v (—(B;')2)ttriy, 1,1(31‘4)]3;

+ [abSrB,‘ ), b+(B; '), 1 ((

B;Y),'D + (B;),'abs, ., (B! n)) +abs

) e, (—(Bi)2) abs, o, (B! D)]z

> [1+absr.s;w]'h-m;';.;l(—(Bl‘)2)’1)]



Continuous cuts optimization



GMI inequality “family”

We saw that the GMI rank-1 cuts were

triy 1, (B 'A)z + absy 1, (B ' D)z > 1

But actually, it is well known that for any v, W,

tri, (WA)z + abs (WD)z > tri, (Wb)

are valid.

You get the classical GMI cuts as a special case by taking

W=B"1'v=DB1b



GMI inequality “family”
Similarly, for any vy, Wi, vo, Wo=[Woy,, Wy,], the rank-2 GMI inequalities
[tri_vz (ng LA+ Wasttri, (W A)) +abs, (—Wa)'tri, (W) A)] z
+ [abs”_, (W21 ‘D + Wa'abs, (W, D)) +abs, (—Wa)'abs, (W, D)] p

> [tn (W2 b+ W tri, (W) b)) +abs, (—Way)'tri, (W, b)]

are valid inequalities for the MILP, and we recover the classical GMI
cuts by

v; = B™'b, Wy = B!, vy = B{'b;, Wy = B/



GMI inequality “family”

In general, we have families of inequalities for every “rank®, valid for
the MILP by construction, parametrized by continuous parameters

0= (V], W], Vo, W2, )

Question: what if, instead of choosing the parameters that the GMI
separation algorithm tells us to take (6 = (B-'b, B, Byby, By, ...) ), we try
to find other, potentially better parameters 67

Of course, it is not a new idea but we will try to do it differently.



Optimization

Criterion: try to find the parameters 6 such that, when the inequalities
are added to the MILP, the LP dual bound is as high as possible

max LP-Val ,(A,b,c¢)

Challenge: really nasty nonlinear continuous optimization problem.



Algorithm

Ad hoc two-step approach:
1. Solve the LP relaxation LPg(A, b, c).
2. Toke a gradient step to make the GMI family
inequalities ['gx + Agz 2 yg cut off the
LP solution (x*, z*%):

0 0 —a), Vyollex* + Ag2* — vpl;

(o = small step size, e.g., 1e-3)



A computational environment for imolementing the previous
algorithm is that of a Neural Network

Ol O h1a
O
Q O ym O h’l,m
Q - > s {wtl,ly} 1—{wt1,1y} E— : {wtz',lhl} 1—{“’3,1’"‘1} —_— >
O O m ({Ul,l} ’ 1—{111,1}) O m ( {va1} 7 1-{v21} )
O
VAS R™ . {wt1,32y} 1_{wt1,32y} . {wé,szhl} 1—{w’2"32h1}
O mln( {vig2} ’ 1*{111,32}) Q mln( {vag2} 7 1—{vz3} )

(=b, o, ..., Qn)
hl = Rm+32 h2 = Rm+32+32



EXxperiments



32 rank-1 GMI inequalities, randomly initialized
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Discussion

Cuts are added in rounds, but from one iteration to the other they
are removed from the LP relaxation

e the bound is not necessarily monotone, but
e the size of the LP stays small

In some sense, 32 cuts per round are iteratively improved and made
more robust (“distilled), i.e,, they are able to cut off simultaneously a
cloud of solutions of the LP relaxation.

Differently from the classical cutting plane methods, it seems that the
‘memory" of the previous LPs remains (in some form) in the NN.



Subadditive neural networks



LP duality

It is well known that every LP

min c'z

S.t. Az =10
x>0

has an associated equivalent dual LP

max w'b
s.t. wA<c



ILP duality

Every ILP
t

min c'zx
reR"

s.t. Az =%
x>0, zeZ"

has an an associated equivalent infinite-
dimensional, “continuous” problem

max  f(b)

£R™ R

s.t. f(4) <c
f is subadditive



Subadditive functions

A subadditive function is a function such that

flz+y) < flz) + f(y)

Not necessarily differentiable, or even continuous, but to any
subadditive function, we can associate its “upper directional
derivative at zero" (UDDZ)

7 (y) = lim sup "2
h—0+



Example

Recall “‘weighted tri" and “weighted abs" functions introduced to talk about
GMI cuts, namely

tri () = min ({m} L-io) ),

o T (v abs, (z) = max ({v} ) 1—{v})

It turns out that for any v and any W,

tri (W'y)

is subadditive in y, and that abs,(Wy) is its UDDZ, i.e., abSv(Wty) = tri (Wty)



Connection

There is an interesting connection between continuous cut
optimization and the subadditive dual.

Let us denote by Ag, bg, cg the extended matrices obtained aofter adding
K rounds of GMI valid inequalities, parametrized by 0 = (v;, W;, ..., vk, Wy).

We can rewrite our continuous cuts optimization problem as

min ¢tz

. max w'by
max LP-Val (A, b, (:) = max _ — max w
9 9 < s.t. Ana:> (;)9 ; st wid, < e
m — =

by using LP duality, which, in turn, can be expaonded as



Connection

( max w'[b,tri, (W1b),tri, (Wa[b,tri, (W1b)]),...]

0w
A 0 0
triv (W1 A) = | 0
= '
s.t. w' : A 0 < [e,0,0,...]
tri. (W- . abs (W- —I = [
w2 i may|) 2% 2[—1])
\



Connection

Now, introduce the functions

fr(y) = [y, tri, (Wiy)],

where [, ] denotes concatenation.
Note that each f, is subadditive, and has UDDZ

fr(y) = [y, abs, (W}y)],

Then, our expression can be written (more or less) compactly as



Connection

([ max
6w

max
8,w

s.t.

s.t.

w' fr (- f1(b))

w' {fzf(---fl(fl)), fK("'f?(l

w' f (- f1(b))
w fr(--- fi(A)) <ec

w‘fh(f—z([_ol )) <0
. -
0
1]




Connection

Let us write

fwo(y) =w' fxo---o fi(y),

a function parametrized by (w, 6) = (w, v3, Wy, ..., vk, WK).
Then, we really showed that

( max  fu(b)

0w

s.t. fLLf.@(A) <ec,
max LPVal,(4,b,c) = 3 w'f g o f5([0,—1]) <0,

w' f ([0, -1]) <0,
\ wt[0, —1] < 0.




Theorem 1. Consider a function g = g, o --- 0 g1, where each g : R™—1 —
R™*k is of the form gir(y) = [Mry, gr(y)] for My an arbitrary matriz and gi a
subadditive function. If the following criterion holds

dn 092([07 _I]) <0,
(13)
g_TL([O? _I]) < 07

then g 1s subadditive.



Connection

Therefore, we have

max f-u:,() (b)

O,w
mgx LP-Vale(A,b, C) - s.t. juH(A) S c,
fwe is subadditive by Theorem 1

le.,

continuous cuts optimization
= subadditive dual with a “subadditive neural net’, whose

subadditivity is guaranteed by the criterion of Theorem T



Connection

Also:

1. classical GMI separation algorithm
= greedy layer-by-layer training of subadditive neural net

2. continuous cuts optimization
= end-to-end training of subadditive neural net



Diagram of a “subadditive neural network® 7))

(| Y1 O h1a

O
O

Ym

min ({wily} 1_{wt1,1y}) e
{via} 7 1-{v1}

hl,m

O

mi <{wt2,1h1} 1—{w§’1h1}) e
{van} 7 1-{va1}

OO0 00O
O

m
=

Yy

m . {wtl,32y} 1_{wt1,32y} . {w§,32h1} 1_{“’3,32}"1}
O mln( {viz} ’ 1*{111,32}) O mln( {vog2} 7 1—{vo3} )

(=b,ay .., o)

hl = Rm+32 h2 c Rm+32+32



Thank youl



