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RelLU Feedforward Neural Networks

» Acyclic (layered) digraph of ReLU neurons

» Computes function
TioreluoTy_10---0oTroreluo Ty

with linear transformations T;.

» Example: depth 3 (2 hidden layers).



What is the class of functions computable by
ReLU Neural Networks
with a certain depth?
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What about exact representability?
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Example: Computing the Maximum of Four Numbers

» Inductively: Max of n numbers with [log,(n)| hidden layers.
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Natural Question

Theorem (Arora, Basu, Mianjy, Mukherjee [ABMM18])

Every CPWL function f: R" — R can be represented by a
ReLU NN with [logy(n+ 1)] hidden layers.

» Is logarithmic depth best possible?



Conjecture
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Using [WS05], we show that this is equivalent to:

Conjecture
max{0, x1, ..., X} cannot be represented with k hidden layers.
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What is known?

» Mukherjee, Basu (2017):
max{0, x1, xo} not representable with 1 hidden layer:

X2

X1

That's all!

» No function known that provably needs more than 2 hidden
layers ~~ gap between 2 and [log,(n+ 1)].

» Smallest candidate: max{0, x1, x2, x3, X4 }.
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The Assumption

X2 > X1
>0
x2 >
02% X >%>0
Example for
max{0, xt, x2 }:
0>x2>x x>0
> X2
0>
X1 2 X2

(g) = 10 hyperplanes ...
... divide the input space into 5! = 120 simplicial cones.

>
>
» Each cone spanned by 4 extreme rays.
» Within each cone everything is linear.
>

30 extreme rays in total.

= Vector space of possible CPWL functions is 30-dimensional!
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Basic Linear Algebra Shows ...

> ... after 1 hidden layer:
exactly 14 of 30 dimensions can be reached.

» ... after 2 hidden layers:
at least 29 of 30 dimensions can be reached.

max{0, x1, x2, X3, X4 }
is not contained in the 29-dimensional subspace!



Can we leave the 29-dimensional subspace?



Can we leave the 29-dimensional subspace?

Mixed-Integer Linear Program to model a neuron in 2nd layer:



Can we leave the 29-dimensional subspace?

Mixed-Integer Linear Program to model a neuron in 2nd layer:

» 14 + 30 = 44 continuous variables
» 30 binary variables

» a few hundred constraints



Can we leave the 29-dimensional subspace?

Mixed-Integer Linear Program to model a neuron in 2nd layer:

» 14 + 30 = 44 continuous variables
» 30 binary variables
» a few hundred constraints

P objective orthogonal to 29-dim. subspace



Can we leave the 29-dimensional subspace?

Mixed-Integer Linear Program to model a neuron in 2nd layer:

» 14 + 30 = 44 continuous variables
» 30 binary variables
» a few hundred constraints

P objective orthogonal to 29-dim. subspace

= Solver (with exact arithmetic): Objective value zero



Can we leave the 29-dimensional subspace?

Mixed-Integer Linear Program to model a neuron in 2nd layer:

» 14 + 30 = 44 continuous variables
» 30 binary variables
» a few hundred constraints

P objective orthogonal to 29-dim. subspace

= Solver (with exact arithmetic): Objective value zero

No!



Can we leave the 29-dimensional subspace?

Mixed-Integer Linear Program to model a neuron in 2nd layer:

» 14 + 30 = 44 continuous variables
» 30 binary variables
» a few hundred constraints

P objective orthogonal to 29-dim. subspace

= Solver (with exact arithmetic): Objective value zero

No!

Theorem
A neural network satisfying our assumption needs 3 hidden layers
to compute max{0, x1, X2, X3, Xa } .
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Newton Polytope of a Convex CPWL Function

> f(x) =max{alx,...,a]x} ~ P(f)=conv{ar,...,ak}
» dual to underlying polyhedral complex of the CPWL function

Example for e
X1 M
max{0, x1, xp }: 0

Convex CPWL functions = Newton Polytopes
(positive) scalar multiplication scaling
addition Minkowski sum

taking maximum taking convex hull of union
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Newton Polytopes and Neural Networks

Po = points

/ P1 = zonotopes 2

line segments

Py = {Z conv(P;, Qi)

i=1

Pi, Qi € Pk—l}



Results for the Integer Case

Theorem
With only integer weights, k hidden layers are not enough to
compute max{0, x1, ..., Xok }.



Results for the Integer Case

Theorem
With only integer weights, k hidden layers are not enough to
compute max{0, x1, ..., Xok }.

» Use tropical geometry to represent NNs as lattice polytopes.

Example for e i
X1 M
max{0, x1, x2}: 0



Results for the Integer Case

Theorem
With only integer weights, k hidden layers are not enough to
compute max{0, x1, ..., Xok }.

» Use tropical geometry to represent NNs as lattice polytopes.

Example for e i
X1 M
max{0, x1, X2 }: 0

» Subdivide polytopes “layer by layer” into “easier” polytopes.

ﬂ*h.:



Results for the Integer Case

Theorem
With only integer weights, k hidden layers are not enough to
compute max{0, x1, ..., Xok }.

» Use tropical geometry to represent NNs as lattice polytopes.

Example for e i
X1 M
max{0, x1, X2 }: 0

» Subdivide polytopes “layer by layer” into “easier” polytopes.

%wlz

» Separate via parity of the normalized volume.
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» Hertrich, Basu, Di Summa, Skutella (NeurlPS 2021):

2 hidden layers not enough for max{0, x1, x2, x3, xa }
under an additional assumption on the network.

» Getting rid of assumption.
» Getting rid of MIP.
» Sharpen MIP to tackle 3-hidden-layer case.
» Haase, Hertrich, Loho (ICLR 2023):
Depth O(log n) tight for networks with only integer weights.

» For general case: Polytopes and subdivisions seem promising.
» Replace volume argument by different separation.

Thank youl!



