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Allocation problems

" A: set of n agents
® (:setof mindivisible items

" ;26 - R, valuation functions
v;(@) = 0, monotone

pY,

dp

® Goal: find a partition G =S, US, U---U S,
that maximizes a certain welfare function

" Utilitarian social welfare: max )i, v;(S;)

" Max-min (Santa Claus): max min v;(S;)
l

1
" Nash Social Welfare: max ([} v;(S5;))»




Nash Social Welfare

1
n =

max (1_[ v; (Sl-)>n

i
® Smooth tradeoff between efficiency and fairness

® Motivated by Nash bargaining

iy



Nash Social Welfare

" Scale-free: invariant under replacing v;(S) by av;(S) fora > 0
" Pareto optimal @ iddic o e o o | o

" EF1: Envy-free up to 1 good PROVABLY FAIR SOLUTIONS.

Spliddit offers quick, free solutions to everyday fair division problems, using
methods that provide indisputable fairess guarantees and build on decades
of research in economics, mathematics, and computer science.
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Share Rent Split Fare Assign Credit
Moving into a new apartment Fairly split taxi fare, or the. Determine the contribution of
with roommates? Create cost of an Uber or Lyft ride, each individual to a school
The maximum Nash welfare (MNW) solution — which selects an allocation that maximizes the product of harmony by fairly assignin when sharing aride with project, academic paper,or
P by fairy assigning
utilities — is known to provide outstanding fairness guarantees when allocating divisible goods. And while rooms and sharing the rent. friends.
it seems to lose its luster when applied to indivisible goods, we show that, in fact, the MNW solution is - S mm 3
START >

unexpectedly, strikingly fair even in that setting. In particular, we prove that it selects allocations that are
envy free up to one good — a compelling notion that is quite elusive when coupled with economic efficiency.
We also establish that the MNW solution provides a good approximation to another popular (yet possibly
infeasible) fairness property, the maximin share guarantee, in theory and — even more so — in practice. N

While finding the MNW solution is computationally hard, we develop a nontrivial implementation, and L
demonstrate that it scales well on real data. These results lead us to believe that MNW is the ultimate PO ZS
solution for allocating indivisible goods, and underlie its deployment on a popular fair division website. v
~a
Divide Goods Distribute Tasks Suggest an App
Fairly divide jewelry, artworks, Divvy up household chores, We're always looking for

electronics, toys, furniture, work shifts, or tasks for a ideas for new apps. Have
financial assets, or even an school project among two or something else youd like to
entire estate. more people. divide?

spliddit.org




Valuation functions

v;(S) = 2 Vyj

i€S
B Restricted additive: v;; € 10, t;foralli € A,] € G
L] ] ]

" Additive

B Gross substitutes/M#b-concave valuations

® Submodular:
v;(S+v)—vi(S)Z2v;(T+v)—v(T) VSSCSTCG

decreasing marginal utilities

® Subadditive
Ui(S) + Ui(T) = Ul'(S U T) VS, T € G



Hardness

" Additive is in P for max ).\-; v;(S;)
B Restricted additive is NP-hard )
for max min v;(S;) and for max ([[}' v;(S;))n
l

" Reduction from SubsetSum:
" Given a4, a,, ..., a,,, € N, decide whether there exists a

partition
Y=Y

i€S, (€S,

® NSW is APX-hard for additive valuations [Lee 2015]
NP-hard to approximate within a factor ¢ forsomec > 1



Connection to matchings

If n = m, optimal solution using max weight
perfect matchings. v;; == v;({j})

W\

E'\:\'\: = ml_in v;(S;): find largest t such that
E. = {(i,j):v;; = t} admits a perfect
U Dgﬁ matching
|V .
" ([} v;(S;))n: find @ max weight perfect
S _
f\%ﬁ matching for

Wij = lOg'Uij



Approximation algorithms

a-approximation algorithm for fairness objective
f(Sl,Sz, ,Sn):

Find an allocation 54, 55, ..., S5, such that

OPT

f(Sl,Sz, ...,Sn) 2 7

where OPT is the value of the best possible solution



Z v (S;)

=1

min v;(S;)
l

1_[ vi(5i)

S|k
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3=

z v;(S;) min v;(S;) 1_[ vi(S;)
l ;
=1 [
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z v (S;)

1
n

n
min v; (Sl) (1_[ Ui(Si)>
l .
i=1 L
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Nash Social Welfare
for additive valuations

Natural convex relaxation:
1/n
maxl_[ (Z vl-jxij)
L J
injS:l Vj EG, x =0
i

" Eisenberg—Gale convex program for linear Fisher

markets
" For NSW the gap is unbounded:
- _ M ifj=1
VUS> 1

" |nteger optimum; M1/
Fractional optimum: (M +n—1)/n

)
[f

0
B
a

&



Nash Social Welfare
for additive valuations

® Cole & Gkatzelis 2015:
2el/¢ ~ 2.89-approximation
spending restricted market equilibrium

" Anari, Oveis Gharan, Saberi & Singh 2017:
e-approximation
real stable polynomials

® Barman, Krishnamurthy, Vaish 2018:
el/¢ 4 ¢ ~ 1.44-approximation
connection to EF1 (envy-free up to one item) fairness



Nash Social Welfare
recent developments

Rado valuations: subclass of gross substitutes defined by matroids and

matchings

Li & Vondrak 2021: estimation algorithm for NSW with conic combination of
Rado that guesses the optimum value within a factor 6.8

real stable polynomial approach
Garg, Husic, V. 2021: 772-approximation for NSW with Rado valuations
Li & Vondrak 2021: 380-approximation for NSW with submodular valuations

Garg, Husic, Li, V. & Vondrak 2022: 4-approximation for NSW with submodular

valuations.



The rise and fall of
techniques

" Mixed integer relaxation via concave extension of Rado GHV ‘21
® Exact convex solutions, support sparsification GHV 21

"  Multilinear relaxation, iterated continuous greedy LV '21

® Randomized rounding LV '21

" Multilinear relaxation, Frank-Wolfe algorithm GHLVV '22



The rise and fall of
techniques

Ubedintederreloaticpvinconenve-adensiehetRads-
et eonvoeolitions cpnart conpeificotion

- Ml axation—i I . h LV 701
®_Randomizedrounding
Ubultearreloatien—roalbleiealgorthr-




A simple three-phase algorithm

THM (Garg, Husic, Li, V. & Vondrak 2022): There
exists a polynomial-time 4 + & approximation
algorithm for NSW with submodular valuations

|. Solve the optimal matching problem when every
agent is allowed to get exactly one good.
H: set of allocated goods.

. Allocate the remaining goods in G \ H using

local search with respect to modified valuation
functions.

lll. Reallocate the goods in H optimally.



Phase |: Find the set H
vij = v ({J})

Assume v;; > 0 ViVj
Find a matching 7: A = G

maximizing
1_[ Vit(i)
i
SetH :=1(4)

Warning: we cannot commit to
allocating (i) to i in the final
allocation!




Phase |l: Local Search

" Favouriteitemin G \ H
£(i) € arg max v;;

JEG\H J
Can be the same for multiple agents! , (1) Eu:‘?
" Modified utility function: i@“
U;(S) = v;(S) + vie) TS j
Add the value of the favourite item
Properties: 7;(@) = vy and 7;(j) < 2v;(0) C)Cj @
o o



Phase |l: Local Search

" Start with any allocation (R4, R5, ..., Ry) of G \ H

" Modify the allocation by reassigning a single item as long as
this increases the modified welfare by at least (1 + ¢€):

1_[ Ui (R;)
ieA

® Ignore items in H completely




Phase lll: Matching recombination

" Allocation (R4, Ry, ..., R;;) of G \ H from Phase |l

"  We now ignore the (i) items!

" Find matching p: A —» H that maximizes
[ [vei+ o)
€A

" Return final allocation (R; + p(1),R, + p(2), ..., R, + p(n))

1Og(Ri + vij)




Analysis: local search

LEMMA T'If (Rq, R, ..., Ry) is a local maximizer of
i=1 Ui(R;), then
n n

1_[ 7;(R;) = einl_[ Ui (S)

i=1 i=1
for any partition (51, S5, ...,S,) of G \ H

" Atlocal optimum, foranyj € R;, k # i:
ViR +7) _  Vi(Ri)
vk(R) — vi(Ri—J)
" Define price of j € R; as

»: = log Ui(Ry)
! Ui (R; —J)




Analysis: local search

" Define price of j € R; as
log Ui (R;)
Ui(R; —J)

CLAIM: For every agent i, we have X jcp pj < 1

0i(R;) — Ui (R; — ]
ij=210g(1+ v(ﬁﬁ(Riv_(j) J)>

pj =

PROOF

JER; JER;  _ _ ,
- z Vi (R;) — v;(R; — j)
= Ui(R; — ) |
>_ z vi(R;) — vi(R; — j) <1
= v;(R;)

Ui(R; —J) = vi(R; — J) + vipiy = vi(R; — ) + vy = vi(R;)




Analysis: local search

?:1 ﬁi(Ri), then
n

ﬁ 7;(R;) = einl_[ Ui (S)

=1 =1
for any partition (54, S5, ...,Sy) of G \ H

LEMMA T'If (Rq, R, ..., Ry) is a local maximizer of

Proof: Forany j € R;, k # i:
U (Ri + J) _ U;(R;) _ P
U(Re)  — Ui(R; —J)




Analysis overview

LEMMA |l For the locally optimal allocation
(R{, Ry, ..., Ry) Of G \ H from Phase Il and the favourite

items (i), there exists a matching m: A = H such that
1
n

1_[ vi(Ri + f(l) + T[(l)) > % OPT

L

n

Warning: Allocation infeasible due to the £(i)’s

Proof sketch:

" In the optimal solution, letting every agent keep their allocation from
G\H and the best item from H looses only a constant factor. The
matching m is formed by these items in H.

" The allocation (R; + £(i)) is approximately as good as the best
possible solution on G\H.



Analysis overview

LEMMA Il There exists a matching p: A — H such that
1

n n 1 n
<1_[ vi(Ri + ,0(0)) = § (1_[ vi(Ri + f(l) + T[(l))>

i [

Proof sketch:

" Start with infeasible allocation R; + £(i) + 7 (i)

" For each agent getting only one of R;, £(i), and
(i) preserves at least 1/3 of the allocation

" If everyone gets R; or (i) we are done:
returnp =m




Analysis overview

LEMMA Il There exists a matching p: A — H such that
1 1

n n 1 n n
<1_[ vi(Ri + ,0(0)) = § (1_[ vi(Ri + f(l) + T[(l))>

i [

Proof sketch:

" For each agent getting only one of R;, £(i), and
(i) preserves at least 1/3 of the allocation

poy,

" Starting from the £(i)’s, swap the £(i) and m (i) b

items to the initial max matching 7(i) along
alternating paths.

" Key fact: for every agent i, v;(t(i)) = v;(£(i))
Proof: initial matching selected (i) over £(i)



Generalization
Asymmetric Nash Social Welfare

" w; i weight foragenti, Yw; =1

n

Max l_[ Vi (Sl.)Wi

i

" Qur algorithm gives (2 + nwy,4x + €)e€-

Ly,

b

0.2

approximation

" BBKS 2020: 0(n) for subadditive
valuations

"0 wpax > % no constant factor

approximation known even for linear
valuations!




Thank you!
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