UNIVERSITY OF

OXFORD

Modular algorithms for Gross—Stark units and Mathematical

Institute

Stark—Heegner points

Havard Damm-Johnsen

Mathematical Institute
University of Oxford

LMFDB, Computation, and Number Theory (LuCaNT)

v\
]

Oxford
Mathematics




Hilbert's 12t" problem

Can we generate all abelian extensions of a given number field with values of
analytic functions?

@ K= Q(m)

Kronecker—Weber: CM theory:
Q"= o) KU =@ | KG()
TEKNDH

NeN

J(7) = q7' + 744 + 196884q + 214937604° + . ..

o Stark conjectures — based on L-functions

o Real quadratic fields?
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RM points

o Hermite: RM point 7 with discriminant D > 0 gives geodesic in h
o ~ Oriented intersection number (0, ico) —~ (7', T)
o ~» Knopp cocycle:

- Z (00, y00) (57-’757') c Hl(SLz(Z)7C(Z))

z— 0T
5ESLy(Z
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Archimedean and non-archimedean analysis

ffffffffff | <

C(2) M (rigid meromorphic functions on b,)
SL»(Z) I = SL2(Z[1/p]) (the lhara group)

/
p-adic Knopp cocycle: v Z (00, 720) 5(57— ,07) e H'(T, M)
z— 0T
ser
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Rigid meromorphic cocycles

[e]

[Darmon—Vonk '167]: General theory of rigid meromorphic cocycles

[e]

Evaluate at points in h,~ algebraicity conjectures
[Darmon—Pozzi-Vonk '20] Winding cocycle: J,, € H*(I', A* /C)

o Decomposes under Hecke action on H (I, A% /C)):

[e]

Todw=2,(E)Jor + > ap(8)Je
8€5(Fo(p))
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Why care?

o Jpr[T] = Gross-Stark unit, generates the maximal unramified abelian
extension H' of Q(7)

o Jg[r] = Stark—Heegner point on elliptic curve Eg (conjecturally) over H*
This “solves” Hilbert's 12th problem in a similar way to CM theory!
Example

Let 7 =1+ 2+/3 and p = 11. There is a unique eigenform g € S»(Fo(p)), and
we compute

o Jpr[r] = /=2 generates

H™ = Q(v/3,vV=2) = 1nfdb.4.0.576.1,
o Jg[r] = (2v/2,5 + 41/2) is a point defined over H* on

Y24+ y=x>—x*—10x — 20 = 1mfdb.11.a2
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https://www.lmfdb.org/NumberField/4.0.576.1
https://www.lmfdb.org/EllipticCurve/Q/11/a/2

The diagonal restriction derivative

Theorem (Darmon—Pozzi-Vonk '23)

For any RM point T with fundamental discriminant D and p inert in Q(7),
there exists a modular form G, € Ma([o(p)) with g-expansion

G, = constant term + Z log,(Tadw([7])q".

n=1
Construction:
o Take linear combo. of two p-adic families of HMFs specialising to Eﬁp),
o Take formal derivative in weight space, and restrict argument to diagonal,

o Prove that this gives a p-adic modular form,

[e]

Apply Hida's ordinary projection operator ~ classical modular form G.
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Explicit computation (D-J. '23)

o The proof can be made explicit!
o Slogan: higher Fourier coefficients of Eisenstein series are easy to compute.

o Basis for p-adic modular form space using Lauder's algorithms ~~ solve for
constant term

o Compute ordinary projection as matrix on basis to get G;.

o Now write in terms of eigenbasis of Ma(Io(p)):

L(o,
GT = |ng JDR[T] . E2(p) + Z g (§2+g) |0gp Jg[T]

g€5,(Mo(p)) Eg

o Key difficulty: recovering invariants from their p-adic logarithms:
log,,(p) = log,(¢) = 0.
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Resulting data

Tables of Gross—Stark units and Stark—Heegner points on Xo(p) for p < 20:

TABLE 4. Minimal polynomials of Brumer—Stark units for p = 2,
2000 < D < 2101.

D | Pp
2005 | 21228 + 2% . 105527 + 22 - 941926 + 5799525 + 66831z % + 579952 + 22 - 941922 + 21 . 1055z + 212
2013 23024 — 23 . 576776652° — 111836552722 — 2% - 57677665z + 230
2021 2926 422 11125 + 21 - 123" — 1012 + 21 - 12322 4 2 - 1112 + 29
2037 21824 4 23 . 1621503 — 26388722 + 2% - 16215z + 218
2045 2624 — 92° — 6522 — 9z + 2°
2077 2322 4 150 + 23
2085 22471 — 2% . 62893932° + 7033388127 — 2° - 6289393z + 22*
2093 28z% — 21 2172° + 64502 — 21 - 2170 + 28
2101 21356 4 26 . 792% — 23 . 1009z — 101612® — 2% . 100922 + 2° - 79z + 213

TABLE 2. Table of Stark-Heegner points on E : 42 + zy +y =
x— 14, for D < 100.

D X Y

12| 2°—6x+10 o — 25+ 10
24| P42+ ¥ 2+ B +25
28| *—6z+10 2% + 10z + 41
44| 2®—14z+338 2? — 26z + 7394
56| 2*+2r+ % 2?+ 200 +25

57 | 22+ B00g 4 0221
88| 2*+iz+ ¥ 22
92| a?-6x+10 22 =22+ 10
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https://github.com/havarddj/drd/tree/main/data
https://github.com/havarddj/drd/tree/main/SHdata

Visualising Galois orbits of Gross—Stark units

p=3
D = 8489
19—
0.5
-1.0 —05 0.5 10
—05
=10 | & °
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Extending DPV to non-fundamental discriminants

Fundamental assumption in DPV: Eﬁp)(z, z) = 0 for p inert in Q(v/D). Not true
when 7 is non-fundamental.
Two options:

o consider TrY Eﬁ”)(z7 z),

o consider Eisenstein series Eﬁp)(z7 z) on congruence subgroup SL>(O-).
| computed an explicit formula for the trace, and it does not look great.
Once we find the right formula, we can compute ring class fields of real
quadratic fields!
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Where to learn more

Paper in the LuCaNt proceedings

Modular algorithms for Gross—Stark units and
Stark—Heegner points

Hévard Damm-Johnsen

Jan Vonk's PCMI notes

Rigid cocycles and singular moduli for real quadratic fields
J. B. Vonk

Abstract. These lectures give an introduction to the theory of rigid cocycles, and
discuss their role in the analytic construction of singular moduli for real quadratic
fields. Special emphasis will lie on the computational techniques and experiments
that informed the development of this theory.

Talk to me!
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https://arxiv.org/abs/2301.08977
https://pub.math.leidenuniv.nl/~vonkjb/publications/PCMI.pdf

More visuals

p=11
D =1173
4.0
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