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Plan

The cactus group Jg: g = gl,,, spy,.

An_1, Cp-crystals of tableaux and restrictions.

» Full and partial Schiitzenberger-Lusztig involutions.

Internal cactus group action on a normal crystal.

@ Berenstein-Kirillov groups: A and shifted.

» C.
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The cactus group J;

@ g finite dimensional, complex, semisimple Lie algebra
» | the Dynkin diagram, A = {«a;};es the simple roots.
» W the Weyl group, wy the long element.

» 6 : 1 — | the Dynkin diagram automorphism of /, defined by

ag(y = —wo.j, i € 1.

> 0, :J — J the Dynkin diagram automorphism of a connected
subdiagram J C [, defined by

J .
Qg,) = —wy-qj, j € J,

wg the long element of the parabolic subgroup W7 C W.
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The cactus group J;

@ [Halacheva 2016]. The cactus group Jy corresponding to g is the group
defined by:

» Generators: s;, J C | running over all connected subdiagrams of the
Dynkin diagram / of g, and

» Relations:
1g. s2=1, forall JCI,

24g. sysp=sypsy, forall J,J' ' Cland JNJ =0,

3g. sysp = sp, sy, forall S CJC .
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The cacti Jy and Jgp,

@ Cartan type Ap—1: I =[n—1], A= {a; =& —eit1}icpn—1, W =6n, 0(i) = n—1i,

n==5 Aq 1 2 3 4

@ Cartan type Cp: | = [n], A = {a; =& — ei11}igpn—1) U {an = 2en}, 0(i) =1,
W=B,=<r,...,th—1,rm : R1,R2,R3, R4 >

R1: r2=1, 1<i<n,
R2: (rr)? =1, li—j]>1,
R3: (rirg1)®=1, 1<i<n-2,
R4 : (r,,_lr,,)4 =1

wo.a; = —aj, 6(i)

JiAy AL AL, G 12 3 4 56
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The cacti Jy and Jgp,

@ The cactus group Jgi, = J, is the group defined by

» Generators: s;, J connected subdiagram of the A,_; Dynkin diagram,
> Relations:
1A. s5=1,JC[n-1],

2A. sysp =sps;, NS =0, J,J C[n-1],
3A. Sip.q)Sik.1] = Slp+a—1pta—kSlp.als [k, 11 C [p,q]  [n—1].

@ The cactus group Jsp,, is the group defined by

» Generators: sy, J connected subdiagrams of the C, Dynkin diagram,

» Relations:
1C. s3=1, JC[n],

2C. sysy =sps;, INS =0, J,J C[n],
3CO Sp,nSta,n = Sla.n5p.n [,1] C [Py 0] € [n],
@ Sip,qIS[k, 1] = Slp+q—1I,p+q—Kk|Spyalr LK, 1] C [p,q] € [n—1].
@ Alternative n — 1 generators for J,, and 2n — 1 generators for Jsp,
Spypy 1<ji<n-1, S L << n.
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Normal crystals
A g-crystal B is a finite set B together with the maps

e, ;:B—=BU{0}, iel, wt:B— A,

where for all b,c € Band i €/,

fi(b) = c if and only if b = ¢;(c),

if e;(b) € B, then wt(e;(b)) = wt(b) + «;,

if f;(b) € B, then wt(f;(b)) = wt(b) — «;,

wi(b) = max{k : f¥(b) # 0} , ei(b) = max{k : ek(b) # 0},
©i(b) —ei(b) =< wt(b), o) >.

Let B be a normal crystal (crystal corresponding to the finite-dimensional
quantum enveloping algebra Ug(g)-representation).
» For J C I, By is the restriction of the normal crystal B to the
connected subdiagram J of /.
» The crystal graph of B, has the same vertices as B but the arrows are
only those labelled in J, that is, we forget the crystal maps e, f;, ©;,
and ¢;, for i & J.
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Crystals of A, 1 and C, tableaux and restrictions

@ SSYT(A, n) crystal of semistandard Young tableaux of straight shape X in the alphabet [n].

@ KN(A, n) crystal of C, Kashiwara-Nakashima (De Concini) tableaux of straight shape X in
the alphabet [£n] ={1<2<---<n<A<--- <2< 1}

1
2
_ 2 12 0 0 = 0 2 0 0 .
n=4 Qil:l 0 5 0 i Q not KN column, T74_21 0 3 0 L_IOK'
2
L2
(£T,rm)=4 4
2 1
2 2 1 T
P=4 3 (¢P,rP)=4 4] 3 3 KN tableau
31 2 01 1 79
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Type G, crystal KN((2,1),2)

2 2
1 1
13 12
2 2
4 N
12 11 l
2 2 25
N "4
——h  —h 11 coN
22 22
2 il
l N 4
21 23
2 1
l l
21 33
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KN{2;((2,1),2) crystal

J=1{2}, GCicrystal, alphabet {1 <2 < 2 < i} 22

11

2
) \

[N]
NI

12 12
2 2
4
12 11
2 2
/
11
5 4
22 22
2 1
4
21 22
2 1

IR
=i
=N
NI

NI
i
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KN{13((2,1),2) crystal

J= {1}, A1 crystal, alphabet {1 <2<2< T} fi:1—2 21

11
2
- e///,,,///,/, )
2 2
132 12
2 2
12 11 l
2 2
N 57
_ 2
11
3 i N\
22 22
J« é '
21 22
2 1
21 22
1 1

=N
i
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Full and partial Schutzenberger-Lusztig involutions

@ Let B()) a normal crystal with highest weight A, and
> ug‘\'gh, low highest and lowest weight elements.

@ The Schiitzenberger-Lusztig involution £ is the unique set involution
& : B(\) — B(A) such that, for all b€ B(\), and i €/,

> ei(b) = &Efo(iy(b)

> fig(b) = Eeg(iy(b)
» wt(&(b)) = wo.wt(b), wy the long element of the Weyl group W.

o Let be B(\) and b= £, --- £, (u}E").
> in type An_1, £(b) = en—j, -+ - €n—j, (UI), Wt(£(b)) = reverse wt(b)

> intype Go, E(b) = & - € (), Wi(£(b)) = ~wi(b)
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Full evacuation and reversal

. C, direct algorithms

1]2]1] 2
T=[3]2] €KN((3,2,1),3) Q= [3]2] € KN((3,2,1)/(1),3)
3] 13]
@ [Santos, 2021] evac®(T) = &(T)
e = [ s B s (113137 »a S
12(1 1[2]* 5% | * 2| x| *
213 1[2[3 1]2][3]
BT BT *RT Bl evac’(T) = [3|1
3| * 2 || * 12]
(] reversaI(Q) :€(Q)
al2 1 1)1 2|3 2|3 a3
32 — [3]T] S [3]a] ¥ [3]a) °B' [a]3] *B" [2]3 = reversal(Q)
3 B 03 2] 2 2
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Problems to explore

Problem

A symplectic version for the Benkart-Sottille-Stroomer tableau-switching
on KN tableaux.

Problem
A symplectic rectification Fomin's growth diagram-like for KN tableaux.
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Partial Schiitzenberger involutions

@ For J C I, the partial Schiitzenberger-Lusztig involution £ is the
Schiitzenberger involution defined on the normal crystal B,()).

@ J has a sole node: the Weyl group action on the crystal
> [Kashiwara 94] The &;, for i € I, define an action of the Weyl group W on B(}),

ri.b=¢&(b), rwth=wt&(b), be B, U = wo.ulE"
ei(b) ®i(b)

& Opy  ei(b) b fi(b) &(b) £ (b)

i

@ J has more than one node
high
b,

b=f,

r

b'o¥ for the connected component of KN (), n) containing b, and
- £, (BYE"), for jr,... 1 € J.
> J=p,n], KNy(X, n) type Cph_pi1 crystal,
£4(b) = e -+ & (B").
> J=1[1,p], p < n, KNy(A, n) type Ap, crystal,
€4(b) = epj1- - epjy41(B5").
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Problem

Problem
@ Forl < p < n, adirect procedure to calculate &, 5 on the type
Co—p+1 crystal KNjp (A, n).

1]

NI N

n=3, p=2

lw\w»—\

e Forl < p<n-—1, adirect procedure to calculate {1 , on the type
A crystal KNjy p)(A, n).

n=3, p=1

lw\wl—l
NS
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Internal cactus group action on a normal crystal

Theorem
[Halacheva, 2016] The following is a group homomorphism

Jg — 63
S; = §Ja

wt(&5(b)) = wg.wt(b), b € B.

@ For the gl -crystal SSYT(A, n), the map
S €y = evacir, 1<j<n-—-1,

defines an action of the cactus group J, on the set SSYT(A, n).

@ For the sp,,-crystal KN(X, n), the map
A .
S 5[1,117 1<j<n—-1,
il = &Gap 1<i<n,

defines an action of Jsp, on the set KN(A, n).

Pon
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The A and shifted Berenstein-Kirillov groups

The Berenstein—Kirillov group BK (Gelfand-Tsetlin group) [Berenstein, Kirillov, 1995], is the

free group generated by the Bender-Knuth involutions t;, for i > 0, modulo the relations they
satisfy on straight shaped semistandard Young tableaux.

_ [1fafa]2]2]2]2]2]3]3]3]3] = [1]1]1]2]2]2]2]2]2]2]3]3] _

"= BRBEEE MPEEEEE = t(T) # &(T)
List of known relations satisfied by the t;'s in BK:

Q=1

titj = tjt;, for |i —j| > 1 [BK 95],
@ (tigp,))* =1, fori> 2 [BKIS],

Q (t1t)° =1 [BK 95],

Q (1_“,-q[/-,k,1])2 =1, fori+1<j < k [Chmutov, Glick, Pylyavskii 2016],
where

> q[,i = tl(t2t1) s (t,'t,'_1 cee tl), fori>1,
> qQjk—1] = q[,k—19[1,k—19[,k—1), for j < k.

Remark

qp,iq = &u,i. 1 2 1, and qpj k1) = &}j k-1, J < k. J
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The BK,,, SBIC, groups and the cactus J,

Proposition
[Berenstein, Kirillov, 1995] The elements Q[ - - -5 G[1,n—1] are generators of BK,,
ti=qpu 1) ti = q[1,i—119[1,1901,i-119[1,i—2], fori 22, qo:=1.

@ The following are group epimorphisms from J, to BICp.

O s;ijj — qjijj [Chmutov, Glick, Pylyavskii 2016].
@ i1, — 9p,j [Halacheva 2016, 2020].

The group BIC, is isomorphic to a quotient of J,.

@ [Rodrigues, 2020] There is a natural action of cactus group J, on a shifted tableau
crystal-like ShST(A, n) [Gillespie-Levinson-Purbhoo, 2019], given by the group
homomorphism:

In — GshsT(A,n)
S{r.i] = &[Li-
@ [Rodrigues, 2021] The following map is an epimorphism from J, to BK,
St " Al
SBK, is isomorphic to a quotient of J,.
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The type C Berenstein-Kirillov group BK¢
@ Neither symplectic Bender-Knuth involutions tl.C nor symplectic tableau switching are
known for KN tableaux.

@ Motivation:For n > 1, the partial Schiitzenberger-Lusztig involutions
5{4 =qui---> §éyn71] = q[1,n—1] are generators for the Berenstein-Kirillov group BKC,.

Definition
[Proposal] The symplectic Berenstein—Kirillov group BKS, n>1, is the free

group generated by the 2n — 1 partial Schiitzenberger involutions
ahq =iy 1<i<n, and qf = &G, 1<i<n,

on straight shaped KN tableaux on the alphabet [£n] modulo the relations they
satisfy on those tableaux.

Theorem

The following is a group epimorphism from Jg,, to BIC,(,:.'

S[1,4] — qﬁvj]a 1< <n, Slj,n] — qLCj:,n]a 1<j<n

BICE is isomorphic to a quotient of J.,_ . 20/ 21



Problems

Problem

Make explicit the symplectic Bender-Knuth involutions t- on KN tableaux.

Problem

Find explicit relations for BICS using the generators tf.

Problem

An approach to BICS via King tableaux [King 1975].

21/21



