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Project comes out of an attempt to solve

11-13 .

Roughly ,
this ashes he had to solve polynomials .

Can phrase
it as being about

" branched
"

covers
£
I vw.laI

✗

Two by issues :

1) Problem is birational :

ay invariant I ° Flu
I - I
✗

s U

totally ramified Galois

2) Need to allow
"

accessory
"

recovers branched

ÑIE - I
£
-

f
E- ✗

A " accessory
"



Q : what can we say about the local structure

of varieties I branched covers
?

Simplest non-trivial case : X ; curves

✗ = ✗ , ✗ Xz .

Arises in the varieties we

care about for 11-13
.

Lenny : Let
✗

µ , Xu be complex curves .

Any sufficiently small UCX,xX,

admits the structure of a curve by

pf : Let 2- =X,xX< - U .÷:÷:÷÷:¥÷÷÷÷
union of smooth caves 2-i s.E.fi → X?

is a county space . Cotdegn )

⇒ y → ✗
,

is a
bundle w/ fiber ✗zI¥¥×

.



É we have map of fibmtins

✗[Ep :3
→ U → X

,

"f k
X
,

→Xix, → ✗ I

⇒ U is classified by a nip

it .lk ) → µ•d( ✗ a- { p:3 )

• to
sic . >

Madara )

stop surface

(Have Mod( Sit)==ñoD¥(s,z ))Bucs) :=Ti( UConf.IS
) )

.

Birman exact sequence
:

1- Bnlxi → Modlx,
- Epl ) - Modok ) -1

⇒ U classified by

Mlk) → B. ( xD .

☐



Fact ( Antin - Griffiths) :

Evey complex variety ✗ is

Zariski locally an iterated Carne fibration :

g- Uc ✗ s.li . Cd →U d- dink

!
4Th
4=4

,

w/ Ci complex curves i. Ui → Ui
, ,

topologically
a surface bundle v1 fiber Ci .

Fact ( Generalized Riemann Existence Thm ) :

G : -- Galich/een ) ± limit ) .

①CX)
UCX

•

←

. Gay, is a pro
- free- by - free group

w/ monodromy in MCG !



1)
/

Local structure of Branched covers :

7-

E - X branched
.

} maxl-unramif.nl cover

✓
E Es E

"

Is ✗

→
totallyramified w/ ñi(

E
" ) = ¥1T , (E) It , ( X ) .

Def : A branched cover E f- B is

totally ramified if f-⇐ (E) f- IT ,(B)
.

In context of 11-13
,
we have tools to handle

unramificd covers , & Eu can again
be treated as a product of

curves.



PIP : ✗
,
✗ XL - prod .

of curves

E → Xxx totally ramified .

branched G- cover
.

UCX ,xK Zariski open , thefor small enough

liberty
✗ a- 9g;) - U - X

,
- {pit

I 1 I
✗
,

→ X ,xX, → X
,

induces a liberty of Ela as

4T → Elu → Ñ
,

a. L L L ai

✗a-Egil → U - X
,
- Epi }

w/ it
,
→ ×; connected , totally ramified

.

branched cows . .

I
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Figure 6: The surface S
0. The compact subsurface Y ⇢ S

0 is the surface bounded by µ on
the right. A generating set for ⇡1(S0

, z) is indicated, along with the two separating simple
closed curves ⌘ and µ.

T
,

is Yi 43 T3

"

coms
÷÷fiFatica ,

O He to,
⑨

Tz Yz Yo,
"
said

Figure 7: The surface eS0. The finite group G acts on eS0 by deck tramsformations. This
action leaves eR invariant and acts simply transitively on {µi}, as well as {Yi} and {Ti}.
Representatives for the homology classes [�ij ] are indicated.
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What do these look like ?
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Monodromy of it
,
- E → UT ?

Let 5 Ess be a Galois G- cover of surfaces
.

Let f
mapping classes

which lift

§ E- 5
'

}hit = { c- c-
Modes

' ) ) 7 If I ti
s Is

⇒
Ñ
,
Curtis )

I1
hit

C Modes )

Lenny : if Ñ
,

⇐ Nñ ✗ ↳

2) If 5 '

→ É ⇒ B

L l 11

s
'
- F
↳ B

Then
y

: a-dB) → thrills ' )
U'

A- ✗ {11



✗

• . E → Xixxu tot. ramified

⇒ Ñ
,

→ E →Ñ ,
has braid monodromy

fiitdñ,
)→ N.it CBNCX,)



2) Surface Braids I Braidollonodrony
S -

guns g surface w/ m punctures q, , . . ,q_

51=5 - { p, , . - . ,pn?

S

ni : . . .

in÷÷?⃝÷!÷÷÷i 4-
- - -

-

-

-

-

←

it,( S
' ,.t)=%iii¥,{ Vili? ,{ s.it?=./rlLxi,pi ]=Ñ&Ñs:)I -4 ii. i it ,

Birman Exact sequence

1- Bncs )
→ Modes !z)→Mod( sit ) → 1



Want to understand action Bds) on ñicsiz ) :

(via actin on generators).

g

C- { { ✗ i , pili, , , { 8j|É
"

/
.

-

gun .
set

.

for Tilsit )
.

I
pick map , in S

.

For
we

C
, let W' = wt .

2-

So C
'
is a generating

.

set for Ids , Pi) .

Two types of Its in Bats ) :

"

Local braids
"

:

5 = Y U ID

,

51=4 if ,☐D
- {pi - in ]

d- ID

gives Bn → Bnls)

of →
" local braid

"

Ti
"

Point pushes
"

Pushg for 8 a aura based at a point

yes .

•
T
"

for 5×10,1] → s

Pushg := T51×903 5×917
a tubular tnighorhod off.

C



This :(Bellinger )

Bnls) is generated by local braids r
, , -

-

, rn
,

and point pushes { Pushy / we C ' } .

(Farb , Kisih ;D) ( thanks to B. Tshishihn)



↳
pushbca ) -_

ok
as .

④ Pushy
Pushy a) =

•. →
•. Silas

,.iei•@
' " I:S:

"

(a) Type I intersection and the e↵ect of the resulting point push.

↳
pushbca ) -_

ok
as .

④ Pushy
Pushy a) =

•. →
•. Silas

,.iei•@
' " I:S:

"

(b) Type II intersection and the e↵ect of the resulting point push.

↳
pushbca ) -_

ok
as .

④ Pushy
Pushy a) =

•. →
•. Silas

,.iei•@
' " I:S:

"

(c) Type III intersection and the e↵ect of the resulting point push.

Figure 3: Three types of local intersection of an element a 2 C and an element b 2 C0. In
each diagram, the annular neighborhood of b is pictured in black, with the intersection of a
curve a 2 C with this neighborhood pictured in red. The solid point on the boundary of the
annulus is the point z 2 a, while the hollow point is the point p1 2 b being pushed by Pushb.
These three types of intersections are called Type I, Type II and Type III, respectively. Also
indicated in each diagram is the action of Pushb on a, written as an element of ⇡1(S0

, z).
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:
O

,
FEIT It

type of  intersection  

ai÷÷.i÷÷i.

Bi O O

8 ; I I I

8 ; ,
in I I 0

Sri : III I O

" :

Figure 4: How the loops �
0
j intersect the loops a 2 C. Since |�j \ �

0
k| equals 2 when j = k

and equals 0 when j 6= k, when j = k the intersection is of Type II; otherwise it is of Type
0, as are the intersections of each �

0
j with each element of C \ {�j}.

Similarly

suppcpusha ; )ns=¢
✓ SE { dis - - - sky

,
B.

, . . .

,B^i
,

.

, Bg ) 9 as' Em

④ActiunonBi_
:

We Call this Bin Nbhdcdi
'

)

intersection TYPE I
.

By Bono
,

pushy ! Bi ) -

- Bi 'S '

② Action - 8 '

Eqfci.si

Similarly

suppcpusha ; )ns=¢
✓ SE { dis - - - sky

,
B.

, . . .

,B^i
,

.

, Bg ) 9 as' Em

④ActiunonBi_
:

We Call this Bin Nbhdcdi
'

)

intersection TYPE I
.

By Bono
,

pushy ! Bi ) -

- Bi 'S '

② Action - 8 '

Eqfci.si

Local Pietri

raise . . .ua#.

By Bora :

Pusha . ( 8
,
) -

- dis
,

di
"

③
actinon

E
, 9J Em

•.•µ% I Local Picture

fog ,
These are IIL 8. nivbndldi )

intersections . By Beni .

Similarly Oj nrhhdcdi
' )

Hk > I Pusha ; ( Sk ) -

- 8,8×5
'

,
Pusha ;

18J ) = 8,855
'

tie 's  Em

Figure 5: How the loop ↵
0
j intersect the loops a 2 C.
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3) Kilotons

the ( Faris - kisin
-W )

1) Let
✗

, ,
Xu be a pair

of complex canes .

Let 211£;] be the profile true gap

genonlñl by points of Xi
.

£ split injection
(w/ Hodge

theory
can inject slight

't)

more

Then
( suppressing

tattooists ,
a"•Ñt

zlx.I.t-ZLF.IQ/2lTiIH4G
e

e e et Xxxi> %)

2) E → × ,✗X, totally ramified
.

I
,

- X
,
= { q , , - - , gut

☒ - X, = { pis - - . )Pn }

liftthen 7 split

g. H' ( GE ;Ze )
c L

ZeÑi}1②%Ñ ] → HTGx.w.IR )



pt sketch :

tf Ep , , .
- , pn / C X , ,

{q, , . . , g) C K
,
F

For 1)

Compatible injections

Zell pill -0%118;D → HI Ujzefz) )

for
any sufficiently small U CX ,

- {pit ✗ ✗c- {qjl .

By Lemma above
,
7 tiberius w/ Braid Monday

4
,
→ U ok , -1*11×14-9;D

b l

U
,
a X

,

- Ipi }

Score SS for these fiber.gs

gins HEU ;%C-47 EH :-(Uijlietllh))

i. 1
HUH ,- {pill .ir#-1qi17)--~H.flx.-lpiD0H'etlK-sois )



Need :

Lenny : VI. W nap
of Mr]-modules w/ W free as 2-module

then it splits on - equivariant} over
+(Vr ) .

pl ' w fnuab → a-(Vr ) true .ab
e.

⇒ ✓
r
→ a- (Vr ) splits as 2-modules

i. thus 21M) - modules
,

⇒ vr-sM.tv 't ) in 21Mt - mod
☐

I 1
v - w

it



U
,

= KLM
,
1) D= IT,(U , ) .

Let V= It'( U
, )
,

w= H' LX
,-1%1 ) .

w/ V U P - equivariant & 8 Aw trivially .

Druid Monodromy Thin ⇒ ✓
☒

> zel{q:3 ]

Lemma ⇒ It '( U , ;HYUz) ) → H'14
, ;D ⇐ H'(4)☒W

splits over TC Zelig ;D) EZeÑiH

⇒ H' ( u
, ;
H' (Uz ) ) 0 HKU , -54) -0%118:3 ]

3%14%310%44037

☐



Application : . Characteristic classes to try prove analogue

of 11-13 for Ze- local systems .

(Wcw /const . coelfs )

• Bloch - Kato ⇒ torsion char
.
classes ein

Galois whom can't prove
11-13 for finite cows

.


