Braids Gg, ICERM

20270

Cafea or Pg ?’:j Burou repre Feato Tond
&

‘Puslb/\ Cc\’taa ordef

Ed mwol Hu\j (AN W)

edmund. he "9 @ anu . edu. ay

(ngQrvisor.' AA-H‘O,U Lfca-éa)




The  Burau _@_mefaﬁ(}_f\ oA B(L,())

_’__/_ e

n
— Raak Twvo - I,)_(’\) = . ;

 B(1,(3)) BCI2(4))  BLI,(5))
~ Brs

-



—

The  Burau _@:mefaﬁgf\ mﬁ @(ll(nﬂ

— Rank Tfwo - Ir)_(’\) - = "" ;
5 B(1,(3)) BCI2(4))  BLI,(5))
T By

T

WL (D) W(L4)) WL (5))




—

The  Burau _@mefaﬁgf\ mﬁ @(ll(nﬂ

Buou fepreden '(‘Gflo/l

— Raak two - IQ(’\) L= "" ;
5 B(1,(3)) B(I24))  BCI,(5)) > GL1<NCLI’]>
< Bry
A o
WL (D) W(L4)) WL () > GL(R)

S“ S]’ S i 5 /K(
Nl '0 a Geonme N ¢

g 0 \ '
L T L Pﬁbmﬁm“(a‘flo(\‘










Z(o(ilo(\')> = )

S.ov z—2<a;, VDX +V

\




Cau\ﬂm‘gj L(lj ) \UV\Q/\i /\ e 3 < Khovanov - HML ?arno : ROUQue.'P- Z.'ern,.m,o

2@9%: | EZZ

Consteuct o Td. ggebrq_ Ay

———

—) P| ; 1?7_ S A_”‘DCA
rSNEY

2 =X N
2ot = - N (‘9®<£§, PS B
| ) \\ﬁ\) IK )\’f‘)'

S-ov 2 —2<d;, VDX +V N GE'\)’-CO’UL(P:@iP@V —4\))



2005




2.(0S

we  bhuild ci(gtbr‘a.? in Qo‘to.ﬁorj ¢
thaf ca’regoﬁ#ies ARNE




_7,;_ = 8 = flu jo‘de/\ atio .

2005

Construct  Gn ggeb\m :,z% ' ﬁb

—) Pl ) 192_ S A_”‘DCA

N P® P = 161 iy
d U e
T (%)

g{’\/ :’2<«\"/\/>0<(‘+V /\/\.b G[-\).:CO’\L(P\‘@[P@\).—} ‘)v

N ~— TeT%* 1L9T,



Caujg_r_hejiﬂ ) eAgra | n

I:QC:{ . [:Qr QQC\'] 2 >/ 3 , _H/\Q.fe ' S QU ]QMS/O/\ Ca faj 0 '3
» 7 o3 U
such  That Ko(€p) —» L] 2ews

Ch
pU Rep (U ()] = TL7,



Caujgf_hgji‘(j ) engra | n

I:QC:{ . [:Qr QQC\'] n >/ 3 , _H/\QJ‘e ' S V] ]QMS/O/\ Ca faa 0 '3
» 7 03 =
‘é,r\ Ju Cl'\ _H/'Q‘(’ KDCQ N ) —> Z[ 05 "4

’ lge bra ‘A (in —Cr\/
Tom [H] T each 123 we awocate an alge

. l, O_g
hich N oMCQ)‘ a ('qu‘ﬁv{’u)) tqﬂsc)mcol Ggction
VL

I%(L_Cn)) (\« Kbm\a ( A""Od ) , o
L, He Buwou PePr\ele/\”CaﬁoA w@ TB(-z _
Ths cauaom ef



M' [N.‘zl;u -’kmrg{a,\] :

| et S be a cumPaC'f DrMA'faLLQ W£0|CQ- EVUE mmPP;'rzj clege

eloment € C MCG (g) i ecther -
(D PO_r‘t‘Dd[C @ reduciéle ® [)QE\ADID’A’\OSOV.

gcaujoﬁ’cm( CVW\(?}M (

ot T2 L) Euny ot 3¢ BULD) OV Ko [ 4ot )

W perodic (@) reducible © Pseudo—Ana YV






Census L-space knots are braid positive,
except for one that is not

Marc Kegel
Humboldt-Universitat zu Berlin
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Overview

e Symplectic Fourier transforms: an interesting action of the braid group in the
context of geometric representation theory

® |t was used by Kazhdan-Laumon to construct a “glued category” of perverse sheaves

on the basic affine space, with the hope of a new construction of representations of
G(Fq)

® Braid theory may help us solve this problem and carry out their original construction
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The Hecke algebra and its regular representation

® G: semisimple algebraic group over k (algebraically closed). W: its Weyl group.
By generalized braid group.

Definition

For any g € C, the Hecke algebra # is the quotient of C[Byy] by the relations
(si+q1)(si—1)=0.

® Deformation of the Weyl group W. Finite-dimensional of dimension |W/|.

® Regular representation: left action of Hg on itself.
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Categorifying the regular representation

® G/U (which is A%\ {(0,0)} for SLy).
® Pervg(G/U) <= Oq. Simple objects {Ly }wew-
® dim K°(Pervg(G/U)) = |W|.

® The braid group By “acts” on Pervg(G/U) via endofunctors defined geometrically
called symplectic Fourier transforms — which we will explain in a minute.

® This gives an action of C[Bw/] on K%(Pervg(G/U)). It factors through Hg, and
further, K%(Pervg(G/U)) is isomorphic to the regular representation of H.
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Symplectic Fourier transforms on AIZFG

e Symplectic form: (,) : Al — Fq, ((x1,%2), (y1,¥2)) = x1y2 — xoy1.

® let F be a perverse sheaf on A
q

® Grothendieck’s sheaf-function correspondence: from [F] € K°, get element of
2
[T, CIAZ, .
® Can define the symplectic Fourier transform via six functors & Artin-Schreier
sheaves, but let's focus on functions.

Definition

Let ¢ : Fgn — C* be an additive character. The symplectic Fourier transform on A]%qn is
an endomorphism of (C[A2qn] given by

FTy(f Z fly (1)

yEA Fgn
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Symplectic Fourier transforms on G/U

e Simple reflection s = parabolic subgroup Ps C G = Qs = [Ps, Ps].
® G/U — G/Qs fibration with A2\ {(0,0)} fibers. “Closure” V — G/Qs with A2
fibers; G/U — G/Qs.

e Symplectic Fourier transform corresponding to s on perverse sheaves: “fiberwise”
Fourier transform:

G/U < V, apply A2 Fourier transform, restrict to G/U.

Observations

The A2 Fourier transform from the previous slide gives a W-action: s?> = 1. This Fourier
transform gives a braid action, but we do not have s?> = 1: this is because
A%\ {(0,0)} # A2 On Pervg(G/U), it satisfies the Hecke relation (s — 1)(s +q~1) = 0.
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What about on Perv(G/U)?

® We defined the symplectic Fourier transform for all perverse sheaves, not just
B-equivariant ones.

® E.g. for A?, Fourier transform on “B-equivariant sheaves’ generates a 3-dimensional
space spanned by X(0,0); Xx—axis) Xa2-
® On Perv(G/U), the relation (s — 1)(s + g ') = 0 does not always hold.

Theorem (Polishchuk, 1998).
It instead satisfies the cubic relation (s> —1)(s + ¢~1) = 0.
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Some motivation: gluing perverse sheaves

® The reason | care about studying this symplectic Fourier transform:
Kazhdan-Laumon'’s construction of gluing perverse sheaves.

® |n 1988, Kazhdan-Laumon used this symplectic Fourier transform to construct a
“glued category” from |W|-many copies of Perv(G/U).
® They conjectured that their category had finite cohomological dimension. They

showed that if it did, then this category could be used to produce a new beautiful
geometric construction of representations of G(IFg).

Theorem (Bezrukavnikov and Polishchuk, 2001).

This category does not have finite cohomological dimension.
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All hope is not lost!

e Kazhdan and Laumon’s conjecture of finite cohomological dimension was too strong,
but it wasn't strictly necessary to carry out their goal of constructing
G(IFg)-representations.

® In his 2001 paper “Gluing of perverse sheaves on the basic affine space”, Polishchuk
gave certain criteria for how we might salvage Kazhdan & Laumon’s original idea to
construct representations of G(Fg) from their glued category.

® He defined a notion of a “good representation” of C[By], and showed that if
K%(Perv(G/U)) is such a representation, then the proposed construction can be
made to work.
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Toward Polishchuk’s criteria

® The relation (s2 — 1)(s + g~!) satisfied by the symplectic Fourier transform means
KO(Perv(G/U)) is not just a representation of C[Byy] but of the “cubic Hecke
algebra”™ Hg.

Theorem (M-F).

I this action of HS factors through a finite-dimensional quotient, then K°(Perv(G/U)) is
a “good representation”, and so Polishchuk's criteria are satisfied.

® Unfortunately, Hg is not always finite-dimensional (but it is in small-rank cases like
Type A, for n < 4), so this doesn't complete the story.
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Other relations

e Polishchuk found the cubic relation (s2 — 1)(s + q~'), but conjectured that other
relations may also exist.

Theorem (M-F).

For any two simple reflections s;, s;, the relation

(si+q ")(si—1)si(sf —1) =0 (2)

is satisfied by the action of the symplectic Fourier transform on K°(Perv(G/U)), and this
relation is nontrivial in Hg.
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A question for braid theorists

® If we consider the algebra ¢ /(r), where r is our new relation, we can then ask
whether this algebra is finite-dimensional.

® This algebra (but with generic parameters: (s — a)(s — b)(s — ¢), rather than our
a=1,b=—1,c=—qg ') was studied in detail by Marin in 2018. He conjectured in
his paper that it is finite-dimensional, but this is still an open problem.

® So this open problem in geometric representation theory is connected to this open
problem in braid theory which can be phrased purely in terms of understanding the
structure of this mysterious quotient of the braid algebra.
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Thanks!
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Cu'cle with chords Circle gra.ph Independent simpl. complex
C Gc Xc
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Circle with chords Circle graph
C Gc

Independent simpl. complex
Xc




Motivation: extreme Khovanov homology
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Motivation: extreme Khovanov homology

Independence complex

Xp
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Motivation: extreme Khovanov homology

Independence complex

Xp

Diagram Circle with chords
_— e
D Cp

[ Theorem [Gonzalez-Meneses, Manchén, S.’17]: )

The extreme Khovanov complex of D
is a copy of
the cohomology complex of Xp.

H*,jmm(D) — H*(XD)]

(. J

Theorem [Cantero, S., 2019]:

There is a homotopy equivalence

@™(D) ~, =" Xp.
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Conjecture holds for...

Conjecture: G circle graph = Xg ~ wedge of spheres.

x n=23k
* L, path = Xp,~1 gk n=3k+1, 3k+2
*
* T tree = X1~ sphere

=
=
w
S
e

§k—1 n=3k=+x1
e C, cycle = X, ~ Sk-1ySk-1 p — 3k

GT(3,q) = Cgq

l Z if2g=3k+1, i=29—k
Hbimin(T(3,q)) ={ Z®Z if 2q = 3k, 1=2q9—k
0 otherwise
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Conjecture holds for...

Conjecture: G circle graph = Xg ~ wedge of spheres.

« P, permutation graph v
(123
774 25

« Non-nested graph v

adjacent 2

no nested chords in O
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Conjecture holds for...

Conjecture: G circle graph = Xg ~ wedge of spheres.

Theorem [Przytycki, S. ’22]:
Let § € By, n < 4. Then, Xj; ~ wedge of spheres.
More precisely, X; has the homotopy type of

a wedge of at most 4 spheres of the form
SkvSkvSkv St for some k,l € Z.

Marithania Silvero A hooking conjecture on circle graphs motivated by Khovanov homology



Conjecture holds for...

Conjecture: G circle graph = Xg ~ wedge of spheres.

Theorem [Przytycki, S. ’22]:
Let B € B,, n <4. Then, X 5~ wedge of spheres.
More precisely, X; has the homotopy type of

a wedge of at most 4 spheres of the form
SkvSkvSkv St for some k,l € Z.

Thank youl!

Marithania Silvero A hooking conjecture on circle graphs motivated by Khovanov homology
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