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Overview

• Symplectic Fourier transforms: an interesting action of the braid group in the
context of geometric representation theory

• It was used by Kazhdan-Laumon to construct a “glued category” of perverse sheaves
on the basic affine space, with the hope of a new construction of representations of
G (Fq)

• Braid theory may help us solve this problem and carry out their original construction
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The Hecke algebra and its regular representation

• G : semisimple algebraic group over k (algebraically closed). W : its Weyl group.
BW : generalized braid group.

Definition

For any q ∈ C, the Hecke algebra Hq is the quotient of C[BW ] by the relations
(si + q−1)(si − 1) = 0.

• Deformation of the Weyl group W . Finite-dimensional of dimension |W |.
• Regular representation: left action of Hq on itself.
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Categorifying the regular representation

• G/U (which is A2 \ {(0, 0)} for SL2).

• PervB(G/U) ⇐⇒ O0. Simple objects {Lw}w∈W .

• dimK 0(PervB(G/U)) = |W |.

Proposition

• The braid group BW “acts” on PervB(G/U) via endofunctors defined geometrically
called symplectic Fourier transforms – which we will explain in a minute.

• This gives an action of C[BW ] on K 0(PervB(G/U)). It factors through Hq, and
further, K 0(PervB(G/U)) is isomorphic to the regular representation of Hq.
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Symplectic Fourier transforms on A2
Fq

• Symplectic form: 〈, 〉 : A2
Fq
→ Fq, 〈(x1, x2), (y1, y2)〉 = x1y2 − x2y1.

• Let F be a perverse sheaf on A2
Fq

.

• Grothendieck’s sheaf-function correspondence: from [F ] ∈ K 0, get element of∏
n≥1C[A2

Fqn
].

• Can define the symplectic Fourier transform via six functors & Artin-Schreier
sheaves, but let’s focus on functions.

Definition

Let ψ : Fqn → C∗ be an additive character. The symplectic Fourier transform on A2
Fqn

is

an endomorphism of C[A2
Fqn

] given by

FTψ(f )(x) =
∑

y∈A2
Fqn

f (y)ψ(〈x , y〉) (1)
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Symplectic Fourier transforms on G/U

• Simple reflection s =⇒ parabolic subgroup Ps ⊂ G =⇒ Qs = [Ps ,Ps ].

• G/U → G/Qs fibration with A2 \ {(0, 0)} fibers. “Closure” V → G/Qs with A2

fibers; G/U → G/Qs .

• Symplectic Fourier transform corresponding to s on perverse sheaves: “fiberwise”
Fourier transform:
G/U ↪→ V , apply A2 Fourier transform, restrict to G/U.

Observations

The A2 Fourier transform from the previous slide gives a W -action: s2 = 1. This Fourier
transform gives a braid action, but we do not have s2 = 1: this is because
A2 \ {(0, 0)} 6= A2. On PervB(G/U), it satisfies the Hecke relation (s − 1)(s + q−1) = 0.
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What about on Perv(G/U)?

• We defined the symplectic Fourier transform for all perverse sheaves, not just
B-equivariant ones.

• E.g. for A2, Fourier transform on “B-equivariant sheaves” generates a 3-dimensional
space spanned by χ(0,0), χx−axis, χA2 .

• On Perv(G/U), the relation (s − 1)(s + q−1) = 0 does not always hold.

Theorem (Polishchuk, 1998).

It instead satisfies the cubic relation (s2 − 1)(s + q−1) = 0.
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Some motivation: gluing perverse sheaves

• The reason I care about studying this symplectic Fourier transform:
Kazhdan-Laumon’s construction of gluing perverse sheaves.

• In 1988, Kazhdan-Laumon used this symplectic Fourier transform to construct a
“glued category” from |W |-many copies of Perv(G/U).

• They conjectured that their category had finite cohomological dimension. They
showed that if it did, then this category could be used to produce a new beautiful
geometric construction of representations of G (Fq).

Theorem (Bezrukavnikov and Polishchuk, 2001).

This category does not have finite cohomological dimension.
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All hope is not lost!

• Kazhdan and Laumon’s conjecture of finite cohomological dimension was too strong,
but it wasn’t strictly necessary to carry out their goal of constructing
G (Fq)-representations.

• In his 2001 paper “Gluing of perverse sheaves on the basic affine space”, Polishchuk
gave certain criteria for how we might salvage Kazhdan & Laumon’s original idea to
construct representations of G (Fq) from their glued category.

• He defined a notion of a “good representation” of C[BW ], and showed that if
K 0(Perv(G/U)) is such a representation, then the proposed construction can be
made to work.
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Toward Polishchuk’s criteria

• The relation (s2 − 1)(s + q−1) satisfied by the symplectic Fourier transform means
K 0(Perv(G/U)) is not just a representation of C[BW ] but of the “cubic Hecke
algebra” Hc

q.

Theorem (M-F).

If this action of Hc
q factors through a finite-dimensional quotient, then K 0(Perv(G/U)) is

a “good representation”, and so Polishchuk’s criteria are satisfied.

• Unfortunately, Hc
q is not always finite-dimensional (but it is in small-rank cases like

Type An for n ≤ 4), so this doesn’t complete the story.
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Other relations

• Polishchuk found the cubic relation (s2 − 1)(s + q−1), but conjectured that other
relations may also exist.

Theorem (M-F).

For any two simple reflections si , sj , the relation

(si + q−1)(si − 1)s2j (s2i − 1) = 0 (2)

is satisfied by the action of the symplectic Fourier transform on K 0(Perv(G/U)), and this
relation is nontrivial in Hc

q.
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A question for braid theorists

• If we consider the algebra Hc
q/(r), where r is our new relation, we can then ask

whether this algebra is finite-dimensional.

• This algebra (but with generic parameters: (s − a)(s − b)(s − c), rather than our
a = 1, b = −1, c = −q−1) was studied in detail by Marin in 2018. He conjectured in
his paper that it is finite-dimensional, but this is still an open problem.

• So this open problem in geometric representation theory is connected to this open
problem in braid theory which can be phrased purely in terms of understanding the
structure of this mysterious quotient of the braid algebra.
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Thanks!
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