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Presentation of the braid group with n+ 1 strands
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0i0i410; = 0i410;0i41, i=1,...,n—1
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> S finite set of generators.

Coxeter group
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Artin groups

> S finite set of generators.

Coxeter group (finite)

s2=1, VseS
Ws= (S| stst... = tsts... , Vs, t€S,s#t, ms; # 00 .
ms,+ elements ms + elements

Artin group (of spherical type)
As = (S| stst... = tsts... Vs, t €S, s#t, ms; # 00).

ms ¢ elements mg ¢ elements
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Coxeter graphs

> V=35
’Simsyt:2
>I‘f"fﬂs’t-?éz

ms ¢




Coxeter graphs

> V=S
> Simsy =2

O, ©
> If mg; #2

Some families of Artin groups
e RAAGs: mg . € {2,00}.
e Spherical (or finite type): finite Coxeter group.
e FC-type: All complete subgraphs without co are spherical.

1
+ +
ms ¢ ms , mg r

e 2-dimensional: <1, Vs t,res.
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Standard parabolic subgroup Ags of As

It is the subgroup generated by a subset S’ C S.
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Parabolic subgroups

Standard parabolic subgroup Ags of As

It is the subgroup generated by a subset S’ C S.

Theorem [Van der Lek 1983]
As: is again an Artin group.

Parabolic subgroup P de Asg

P=atAsaq,

where Ag: is a standard parabolic subgroup and a € As.
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Complexes using parabolic subgroups

o Deligne complex [Charney & Davis 1995]
» It uses spherical parabolic subgroups.
» CAT(0) in some cases.
» It has been used to study classic problems:

> K(m, 1) conjecture [Charney & Davis '95, Paris '14].

» Acylindrical hyperbolicity [Martin & Przytycki '19, Charney &
Morris-Wright, Vaskoul].

> Tits Alternative [Martin & Przytycki '19].
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Deligne complex

» It uses spherical parabolic subgroups.

» CAT(0) in some cases.

» It has been used to study classic problems:
» K(m, 1) conjecture
> Acylindrical hyperbolicity

» Tits Alternative

Complex of irreducible parabolic subgroups

» It has been created for spherical Artin groups.

» It is totally analogous to the curve complex for the braid case.
» Generalized to FC-type Artin groups

» lIts properties are being studied.

Artin complex



Conjugacy stability problem for parabolic sg Ax < As

If two elements of a parabolic subgroup Ax are conjugate in our Artin
group As, are they conjugate “inside this parabolic subgroup” 7

JccAg, clac=b=13c € Ax, ¢ tac' = b?

If the answer is yes, we say that Ax is conjugacy stable.

This is always true for braids [Gonzalez-Meneses 2014], but it is not true
in general.



Irreducible
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Coxeter graphs (of finite type)
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Theorem (Calvez, Cisneros, C., 2020)

Let As be an Artin—Tits group of spherical type and Ax a proper irreducible
standard parabolic subgroup. Ax is conjugacy stable in As except for the
following cases:
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Theorem (Calvez, Cisneros, C., 2020)

Let As be an Artin—Tits group of spherical type and Ax a proper irreducible
standard parabolic subgroup. Ax is conjugacy stable in As except for the
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Let As be an Artin—Tits group of large type and Ax a proper irreducible standard
parabolic subgroup. Ax is conjugacy stable in As except for the following case:

Coxeter graph of Ag

odd-labelled path

Coxeter graph of As

no odd-labelled path

dd dd
conjugate by the generator of its centre:
even even
conjugate by the generator of its centre:
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When are two standard parabolic subgroups conjugate?

o If Ax and Ay are different and Ax is not spherical, they are never conjugate.
e If Ax and Ay are spherical...

If Az is spherical, we call Az the generator of the centre Z(Az). The
conjugation by Az is trivial except for the cases An, Es, Dn, h(n), n odd:

e OO |, O-E-O-O-G)
:
b @O, -

Dr, modd: T , @HTH0H)

Theorem (Paris '97)
Two irreducible standard parabolic subgroups are conjugate if we can obtain one
from the other by conjugating by these four types of Ay.
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Godelle's conjectures for every Artin group As

1. Any element conjugating two parabolic subgroups decomposes as a product of
minimal elements doing the same conjugations as the Az's of (Paris 97).

That is, the conjugacy element depends on the “conjugacy paths” that we can
combinatorially find in the Coxeter graph.

2. If P C Ax are two parabolic subgroups of some Artin group Ag, P is also a
parabolic subgroup of Ax.

These conjectures have been shown for spherical Artin groups [Paris '97],
FC-type Artin groups [Godelle '03] and two-dimensional Artin groups [Godelle
'07] and some Euclidean Artin groups [Haettel '21].



Parabolic closure

Conjecture 3

For every Artin group As and any element g € As, there is a minimal (with re-
spect to the inclusion) parabolic subgroup containing g. We denote this parabolic
subgroup P, and we call it parabolic closure of g.

We know this conjecture is true for spherical Artin groups
, some FC-type cases , large-type
, some two-dimensional , some Euclidean



Parabolic closure

Conjecture 3

For every Artin group As and any element g € As, there is a minimal (with re-
spect to the inclusion) parabolic subgroup containing g. We denote this parabolic
subgroup P, and we call it parabolic closure of g.

We know this conjecture is true for spherical Artin groups
, some FC-type cases , large-type
, some two-dimensional , some Euclidean

Lemma (C. 2021, preprint).
Let a, b, c € As. If every element in As has a parabolic closure, then

crac=b= c'P.,c=P,.
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does not exchange
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We have an algorithm!

>

pr

without permutations
and D exceptions




We write this algorithm!

INPUT: An Artin group As satisfying our 3 conjectures and a irreducible
parabolic subgroup Ax.

OUTPUT: Ax is conj. stable in As or Ax is not conj. stable in As.

For every pair (Ay, Az) of standard parabolic subgroups in Ax:

» If there are D exceptions, return Ax is not conj. stable in As;

» If they are conjugate in As:

> If they are not conjugate in Ax, return Ax is not conj. stable in As;

> If they conjugate in Ax but we cannot do the same permutation of
components as in As, return Ax is not conj. stable in As;

return Ax is conj. stable in As;



We can now solve the conjugacy stability problem

for new families of Artin groups...

FC-type
» Conjectures 1 and 2 [Godelle '03] v/

» Partial results for Conjecture 3 [CGGW '19, Morris-Wright '20, C.
21].

» We can use the algorithm to know whether a spherical parabolic
subgroup is conjugacy stable or not.
2-dimensional
» Conjectures 1 and 2 [Godelle '07] v/
» Conjecture 3 for large [C., Martin, Vaskou, 20| and (2,2)-free
[Blufstein, '21].
Euclidean

> All conjectures for types A and C [Haettel '21].



“Algorithm 2: Alzorithin (o check the Dy, k > 2, exceptions deseribed In the prool
of Theorem

Tnput. : The Coxeter graph I's of an Artin group As and three subgraphs Ty € I's,
|w Py € I such that A and Ay satisies the bypotheses of Theorem 14
Y s a connected component of Iy of type Dy
Output: 1 (1 we Know that Ay s not conJuiey tablo) r 0

Label the elements s1,sa, .., 5o of ¥ as in Figure 1.
for ¢ € Ady({sax
i

5\ X

some m then

for ¢ & Adi({s1}) 0 X do
it the

) do
i the conneeted comporent of Uy, containing ¥" (and ) is of type D1, or

connected component of Ly, containing ¥ (and ¢) is of ty
Dyt 1, for some ' then
L returi 0
return 1;
return 0

“Algorithm 4: Algorithm that tell us if a parabolic subgroup s conjugacy stable or
not.

Input

The Coxeter graph I's of an Artin group As and a Ty C Ag such that Ay
and Ag satisfy the hypotheses of Theorem 14

Output: “Ay is conjugacy stable” or “Ay is not conj
for (X1,Xa) C (X, X) such that |X1|

if 'y, is of type Dys then
if k > 2 then
run algorithm 2;
if algorithm 2 returns 1
L roturn
itk
run algorithm

y stable”.
1Xa| do

“Ax is not conjugacy stable”

“Algorithimn 37 Algorithm to check the Dy excoptions described i the proof of Theore
Input : The Coxeter graph I's of an

rtin group As and two subgraphs I'x C
wnd 4y sty the |1y;mlh\-1m of Theorey

% onent of Ty of ype L
Output: 1 m we know that Ax is not conjugacy stable) or 3

Label the elements s1, 8,59, 5 of Y as in Figure 1.
Z = {s1,8, a)

r s e Z d
i AEI\(\I([;))NS\XM@
0:q

v p— ) containing Y (and t) s of type D, for
some m then

; 1;
for ¢ (s
f the amww nnuwmm of Tyuju) containing Y' (and ) is of type
atrr:for et b
L 7= 0; break loop;

iy -1
i RN ()0 do
m connected component of U'yu(e,) containing Y' (and t1) is of
type Dam, 41, for some m1 lhnn
(o i (o

£ i omnetid omnent f Ty iy containing ¥ (and ty)
Ct’/ t4pe Da 1, Jor some my then

0; break loop;
if p 0 then
L break loop;
ifp - 1 then
L roturn 1;
ifg 1 then
L break loop;
roturn 0

if Mqoﬁlhm 9 returns
n A 18 B0t conjugacy stable”;

’\T.

JIx,
(<5r' X X,
f X, = X, then

LD (XX ..

Ise

L D= {0}

(VhYQ.H v .,.)EL'do
Y “UYmi
r(EXnAdJWDdo
if

components of Ix,;
g

Xk

N\

for

the connected component Ty of Ty, containing t is twistable then
Z =By

Ay
T «A,,‘nAy. Apivadyr,..
W7 ¢ C then
c=cu(ry
if 7~ Xo and T ¢ D then
L b=Du(r)

A YmAyi):

Ya,.
EVUR0--
L€ Adi(Y) do

You) € C do
U ¥mi

the connected component U'yr of Ty, containing t is twistable then
Z = A7lY Ay,

T = (AyMidy Ap!adyr,
i T ¢ C then
c=cu{rk

if 2= Xp and T ¢ D then

| return “Ay is not conjugacy stable”;

AP AY)

roturn “Ax is conjugacy stable”;

DA



