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Summary
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• ��wave packets: How do they disperse?
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• Motivation:
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(a) Unique continuation
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(b) Multifractality/Intermittency
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• Talbot e↵ect
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• � = 1 : Heisenberg UP
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• 0 < � < 1 : Fractional UP
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• Fluctuations
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@tu = i

2�u x 2 Rn

u(x, 0) = f(x),

<latexit sha1_base64="q0tK65MsmNtvtUHXBVPEHw5MyNg="></latexit>

We measure regularity using the space

<latexit sha1_base64="ulAL6rATMUfJvEQ4Y2ukCKbJ9Bo="></latexit>

where D�f := |⇠|� f̂(⇠)

<latexit sha1_base64="tMdCr9kig2LX6+RMRvuIR8sHGRU="></latexit>

f̂(⇠) :=

Z

Rn

e�2⇡ix⇠f(x) dx.
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⌃�(Rn) :=
n
f 2 L2(Rn) | kfk2⌃�

:=
��|x|�f

��2
2
+

��D�f
��2
2
< 1

o
,
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�-wave packets
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• (x0, t0) Translations in space time
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u(x0 + x, t0 + t)

<latexit sha1_base64="evdBuvBqZ3fmzYyLQzRfsC5wy0o="></latexit>

• � > 0 Dilations
<latexit sha1_base64="OP/cu5d6fSA3pVE6hncQUe8q9ak="></latexit>

u(�x,�2t)
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• ⇠0 Translations in phase space
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Q.–
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How does it disperse?
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Beyond that time, the wave packet starts to disperse.

<latexit sha1_base64="rp7GzoF3FeTB7mc03r4hvADH128="></latexit>

e�i t
2 |⇠0|

2+ix0⇠u (x� t⇠0, t)
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Hence, if u “remains concentrated” up to time one close to the

origin by “tuning” the parameters � , x0 , t0 , ⇠0 we create a wave

packet that is “concentrated” around x� t⇠0 in a box ��1 ⇥ · · ·⇥
��1 ⇥ ��2

.
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h�(t) =
R
|x|2� |u(x, t)|2 dx 0 < �  1
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x0 = 0
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⇠0 = 0
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� :
R
|x|2 |u(x, 0)|2 dx =

R
|⇠|2 |bu(⇠, 0)|2 d⇠ = a2�
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t = 0 is a minimum of h�

<latexit sha1_base64="TM5JLJ+bsnu1be2JGkmZIlPjKKo="></latexit>R
|u0(x)|2 dx = 1
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(a) Unique continuation
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(b) Multifractality/Intermittency
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• Motivation:

8.2 Self-similar and intermittent random functions 123 
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Fig. 8.2. The Devil's staircase: an intermittent function. 
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Figure 3: Plot of H� in (10). Even though H� has some symmetry, e.g.
H�p1 ´ tq “ c� ´ H�pt´q, the appearance of “unpredictable” large jumps
resembles an ↵-Lévy process with small exponent ↵.

primitive, that is,
H�ptq :“

ª

r0,ts
hp,�p2sq ds. (10)

As we anticipated when discussing the Talbot effect, H� resembles the out-
come of a stochastic process, or more precisely, a pure jump ↵-Lévy process
with ↵ :“ 1{p1 ` �q (see Fig. 3), which strongly suggests the presence of
intermittency. We discuss this in more detail in Section 4.1.

Again, inspired by the theory of turbulence (Ch. 8 of [21]), we compute
the Hölder exponent of H� at each irrational time and show that it depends on
its “irrationality” µptq; the precise definition of µptq is given in Definition 23.
We also look at the so called spectrum of singularities dH�

p�q :“ dimF�,
where

F� :“ tt P r0, 1q | H� has Hölder exponent � at tu. (11)

Our main result in this direction is the following one.
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The Talbot e↵ect
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u(x, 0) = 2⇡
1X

k=�1
�(x� 2⇡k)
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G is the Gauss sum |G| ⇠ p
q
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u(x, tpq) =
2⇡

q

1X

k=�1

q�1X

m=0

G(�p,m, q)�

✓
x� 2⇡k � 2⇡m

q

◆
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u(x, tpq) =
1X

k=�1
e�ik2⇡p/q+ikx
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tpq =
⇡p

q
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h1(t) = a2(1 + t2)
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Heinsenberg uncertainty principle
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ḧ1 = 2a2 ḣ1(0) = 0
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a2 � n

4⇡
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How small is a2 =
R
|x|2 |u0(x)|2 dx =

R
|⇠|2 |bu0(⇠)|2 d⇠ ?
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Minimizers are Gaussians
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!!
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h�(t) =?
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• Upper bound: persistence
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��
⌃�

 c+kfk⌃�
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Scaling gives
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Example u(x, 0) = e�⇡/2|x|2
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• Is this a generic behaviour?

<latexit sha1_base64="pyxhWJQg09+u7UqLz9t4dVWoAG8="></latexit>

(Nahas-Ponce 2009)
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h�(t) = cG(1 + t2)�
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h�(t)  c+(1 + t2)�
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Lower bound

<latexit sha1_base64="nI22UVSPoxYddOjjR+IT9TtCJAM="></latexit>

Theorem 1 (Static, Fractional Uncertainty Principle)

<latexit sha1_base64="YwYXISxVf7B29Q9mnOlYH5jcDY0="></latexit>

There exists a constant a� > 0, for 0 < � < 1, such that

inf
kfk2=1

k|x|�fkL2(Rn)

��D�f
��
L2(Rn)

= a2� .

Equality is attained and a minimizer Q� can be chosen strictly pos-
itive and satisfying

��|x|�Q�

��
2
=

��D�Q�

��
2
. Any other minimizer

f is of the form f(x) = c�n/2Q�(�x) for some � > 0 and |c| = 1.
Furthermore, Q�(x) ' |x|�n�4� for |x| � 1.
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Theorem 2 (Dynamical, Fractional Uncertainty Principle)

<latexit sha1_base64="OHZfTn5J5DR4GbvPVtV14ZTnDQY="></latexit>

If f 2 ⌃�(Rn), for 0 < � < 1, and kfk2 = 1, then

h�[f ](t) �
✓

a2�
k|x|�fk2 kD�fk2

◆2

max
⇣��|x|�f

��2
2
,
��D�f

��2
2
|t|2�

⌘
,

where a� is the constant in Th. 1. Furthermore, for any T 6= 0

h�[f ](0)h�[f ](T ) � a4� |T |2�,

with equality if and only if

f(x) = ce�⇡i|x|2/T�n/2Q�(�x)

for some � > 0 and |c| = 1.
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Proofs

<latexit sha1_base64="7g94E3cl892ok0SheEKfw9itmKo="></latexit>

(a) Theorem 1

<latexit sha1_base64="aBLXD913Wg8V6mQZMY3i0ioom84="></latexit>

Lemma The class ⌃�(Rn) is a Hilbert space compactly embedded

in L2(Rn); in particular,

kfk2  C
⇣��|x|�f

��2
2
+
��D�f

��2
2

⌘ 1
2
.

Furthermore, there exists a function Q� with kQ�k2 = 1 such that

inf
kfk2=1

kfk⌃� = kQ�k⌃� .

<latexit sha1_base64="zWfabdTt/ISvk8DnfvEkOjb9r5k="></latexit>

Lemma If kQ�k⌃� = infkuk2=1 kuk⌃� and kQ�k2 = 1, then

D2�Q� + |x|2�Q� = 2a2�Q�.
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Kaleta and Kulczycki proved that the ground state satisfies
Q�(x) ' 1/|x|n+4� (0 < � < 1) for |x| � 1.

<latexit sha1_base64="CiORx5m5fELY1N9l1+UtnMuGXYo="></latexit>

(2010)

<latexit sha1_base64="liOCcuy0BpQQZjBmqvrCPGAftOc="></latexit>

Q� = bQ�

<latexit sha1_base64="p7SyMMkQZ4s8B1I1pQs982pTNQQ="></latexit>�
Long tails for Q� , bQ�

�
<latexit sha1_base64="qfdqrtBiPMljBU/YwE9Y9KYLn8E="></latexit>

!!
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(b) Theorem 2

<latexit sha1_base64="TPXM1RZz9PB2XVzBUJ5w+4McP0U="></latexit>

Proof. The solution u can be represented as

u(x, t) =
1

(it)
n
2
e⇡i|x|

2/t

Z
f(y)e⇡i|y|

2/t�2⇡ix·y/t dy, where Re
p
it > 0.

If we define gt(y) := f(y)e⇡i|y|
2/t, then the solution can be written

as

u(x, t) =
1

(it)
n
2
e⇡i|x|

2/tbgt(x/t).

By the uncertainty principle we have

a2� 
��|x|�gt

��
2

��D�gt
��
2
= |t|��h�(0)

1
2h�(t)

1
2 ,

with equality if and only if gt(x) = c�n/2Q�(�x) for some � > 0
and |c| = 1, so and referencia hold. This inequality implies the
lower bound

h�(t) �
a4�

k|x|�fk22
|t|2�.
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Conclusion

<latexit sha1_base64="EzY4Q03g3idYc+DeipudVDF1Yu8="></latexit>

• c�(1 + t2)�  h�(t)  c+(1 + t2)�

<latexit sha1_base64="E6VCHFpl+8pGvvLAxrMOlBBokWk="></latexit>

• Gaussian h�(t) = cG(1 + t2)�

<latexit sha1_base64="RBnMUftMzFgCLDcD7/XQex4P3Eg="></latexit>

Q.–
<latexit sha1_base64="E+p8/iAI2NyLsfs4FDzLCkjBZ5w="></latexit>

Are there fluctuations?

<latexit sha1_base64="fZc0+sKuGv0NaSFuuso3VxoP+ZU="></latexit>

cG 6= c� , c+ =?
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⇤ n � 3 h�(t) is convex for � � 1/2.

<latexit sha1_base64="jbX1uZyUVftlp2fl0l5UkIpCDRk="></latexit>

⇤ We will focus our attention in d = 1.

<latexit sha1_base64="MM1u8oKG7gxg1AYz5qv/Tbng0ek="></latexit>

⇤ Dirac comb
FD(x) :=

X

m2Z
�(x�m)

can be relevant.

<latexit sha1_base64="SPcuSEqPeNAISS5rkdiFC7+TNiU="></latexit>

⇤ Periodic case?

<latexit sha1_base64="yeS16LqDqp3enMQ6XlcQb24eTww="></latexit>

⇤ Decay bh�(⌧); bh�(0)

<latexit sha1_base64="0EBLkAaX1mEt9r5Z5516d1zNOyQ="></latexit>

⇤ d = 1, 2 are the relevant ones.
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Renormalization
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h�[FD] does not make sense, we are able to extend, after renor-
malization, the functional h� to periodic functions and then to the
Dirac comb. To approach the Dirac comb in R we use functions of
the form

f"1,"2(x) := N�1
"2  ("2x)F"1/ kF"1k2 ,

where  is a smooth function with  (0) = 1, N"2 is chosen so that
kf"1,"2k2 = 1, and

F"1(x) :=
X

m2Z
"�1
1 e�⇡((x�m)/"1)

2

=
X

m2Z
e�⇡("1m)2e2⇡ixm.
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We prove that in the limit "2 ! 0 ("1 fixed) the function h�[f"1,"2 ]
splits into a smooth background and an oscillating, periodic func-
tion that we call hp,�[F"1 ]. In Figure 1 we can see how h�[f"1,"2 ]
approaches, after renormalization, hp,�[F"1 ].
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Figure 1: The red line is the plot of h�rf"1,"2s, for � “ 0.25, using its definition
in (2), and the blue line is hp,�rF"1s, to be defined in (47). In this plot we
have removed from h�rf"1,"2s a constant term C"2 and then multiplied by "´1

2 ;
this will be clear when we reach (57). The choice of "1 “ 0.2 is due to the
high computational cost of taking a smaller value of "1 and then to diminish
"2.

h�rFDs does not make sense, we are able to extend, after renormalization, the
functional h� to periodic functions and then to the Dirac comb. To approach
the Dirac comb in R we use functions of the form

f"1,"2pxq :“ N
´1
"2
 p"2xqF"1{kF"1k2, (8)

where  is a smooth function with  p0q “ 1, N"2 is chosen so that kf"1,"2k2 “
1, and

F"1pxq :“
ÿ

mPZ
"

´1
1 e

´⇡ppx´mq{"1q2 “
ÿ

mPZ
e

´⇡p"1mq2
e
2⇡ixm

.

We will prove that in the limit "2 Ñ 0 ("1 fixed) the function h�rf"1,"2s
splits into a smooth background and a oscillating, periodic function that
we call hp,�rF"1s. In Figure 1 we can see how h�rf"1,"2s approaches, after
renormalization, hp,�rF"1s.

The final step is to pass to the limit "1 Ñ 0. In this way we obtain a
periodic, pure point distribution hp,�rFDs with support at rational times, a
fact which is very reminiscent of the Talbot effect. More concretely, we prove
the following result; see Fig. 2.

6
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Figure 1: The red line is the plot of h�[f"1,"2 ], for � = 0.25. The choice of "1 = 0.2
is due to the high computational cost of taking a smaller value of "1 and then to
diminish "2.
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✏2 ! 0
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Theorem 3.
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hp,�[FD](2t) = � 2b1,�
k k22

⇣
�
2(1 + �)

�
"

X

(p,q)=1
q>0 odd

1

q2(1+�)
� p

q
(t)�

�
X

(p,q)=1
q⌘2 (mod 4)

2(21+2� � 1)

q2(1+�)
� p

q
(t) +

X

(p,q)=1
q⌘0 (mod 4)

22(1+�)

q2(1+�)
� p

q
(t)

#
,
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where ⇣(s) is the Riemann zeta function, and

b1,� =
1

(2⇡)2�
�(2�)

|�(��)|�(�) .
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Figure 2: Plot of hp,�rF"1s, to be defined in (47), when � “ 0.25. In Figure 1
the plot of hp,�rF"1s lacks the rich structure suggested by (9) because "1 is
still small there, however as "1 approaches zero the emergence of Dirac deltas
is clearly visible.

Theorem 3.

hp,�rFDsp2tq “ ´ 2b1,�
k k22

⇣p2p1 ` �qq
” ÿ

pp,qq“1
q°0 odd

1

q2p1`�q � p
q
ptq´

´
ÿ

pp,qq“1
q”2 pmod 4q

2p21`2� ´ 1q
q2p1`�q � p

q
ptq `

ÿ

pp,qq“1
q”0 pmod 4q

22p1`�q

q2p1`�q � p
q
ptq

ı
,

(9)

where ⇣psq is the Riemann zeta function, and

b1,� “ 1

p2⇡q2�
�p2�q

|�p´�q|�p�q .

Our final result is about the properties of hp,�rFDs. Let us consider its

7
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Figure 2: Plot of hp,�[F"1 ] when � = 0.25.
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Figure 3: Plot of H� in (10). Even though H� has some symmetry, e.g.
H�p1 ´ tq “ c� ´ H�pt´q, the appearance of “unpredictable” large jumps
resembles an ↵-Lévy process with small exponent ↵.

primitive, that is,
H�ptq :“

ª

r0,ts
hp,�p2sq ds. (10)

As we anticipated when discussing the Talbot effect, H� resembles the out-
come of a stochastic process, or more precisely, a pure jump ↵-Lévy process
with ↵ :“ 1{p1 ` �q (see Fig. 3), which strongly suggests the presence of
intermittency. We discuss this in more detail in Section 4.1.

Again, inspired by the theory of turbulence (Ch. 8 of [21]), we compute
the Hölder exponent of H� at each irrational time and show that it depends on
its “irrationality” µptq; the precise definition of µptq is given in Definition 23.
We also look at the so called spectrum of singularities dH�

p�q :“ dimF�,
where

F� :“ tt P r0, 1q | H� has Hölder exponent � at tu. (11)

Our main result in this direction is the following one.

8
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H�(t) :=

Z

[0,t]
hp,�(2s)ds.
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Figure 3: Plot of H�. Even though H� has some symmetry, e.g. H�(1 � t) =
c� � H�(t�), the appearance of “unpredictable” large jumps resembles an ↵-Lèvy
process with small exponent ↵.
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Theorem 4. Let ↵ := 1/(1 + �), then

dH�(�) = ↵�, for � 2 [0, 1/↵).
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Ja↵ard proved (1999) that the spectrum of singularities of an ↵-
Lèvy process is almost surely

d↵(�) =

(
↵� � 2 [0, 1/↵]

�1 � > 1/↵;

d↵(�) = �1 means that no point has Hölder exponent �.

<latexit sha1_base64="koq3YgL4/VqD1YNyRx7XEQrAA64="></latexit>

We define the spectrum of singularities dH�(�) := dimF� , where

F� := {t 2 [0, 1) | H� has Hölder exponent � at t}.
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About the proofs
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(a) Theorem 3
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• ĥp,�[FD](⌧) := � 2b1,�
k k22

X

k

� k
2
(⌧)

X

m1 6=m2

m2
1�m2

2=k

1

|m1 �m2|1+2�
,
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Lemma

X

m1 6=m2

m2
1�m2

2=k

1

|m1 �m2|1+2�
=

8
>>><

>>>:

2
P

d|k
d>0

1
d1+2� for k 2 Z odd

1
22�

P
4d|k
d>0

1
d1+2� for k ⌘ 0 (mod 4)

0 for k ⌘ 2 (mod 4)
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(b) Theorem 4
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• The point process Dp = Q \ [0, 1]
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p� : Q \ [0, 1) ! X = R \ {0}.
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• The counting function
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Np(I, U) := |{t 2 Dp \ I | p(t) 2 U}| .

<latexit sha1_base64="HrGDBgvaHKlU5nv5mH5kDTUW5Ko="></latexit>

H�(t+ h)�H�(t) =

Z

R\{0}
yNp�(I, dy)

=

Z 1

0

⇥
Np�(I, [y,1))�Np�(I, [�y,�1))

⇤
dy.
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Theorem For I ⇢ [0, 1), the function

|N |p�(I, r) := Np�(I,
�
�1,�r] [ [r,1)

�
, for r > 0,

satisfies the bounds

|N |p�(I, r)  C�|I|r�1/(1+�) + 1, all r .� 1,

|N |p�(I, r) &�
|I|

log(c�/r)
r�1/(1+�), all r .� |I|2(1+�).
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+ Jarnik‘s theorem about the Hausdor↵ dimension of the “ir-

rationals”.
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