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Setup

Let I " be discrete subgroup of Lie Group,

In particular, SL or SP over Z and its friends (rings of
integers, localizations).

G < I given by finite set of generating matrices.
Can we compute the index [1": G] ?

Toolset: Computational Group Theory,

Isomorphism y: ' — 1" with Ffinitely presented
explicitly given. Reduction ¢, modulo integer m.



Algorithmic Tools

Finitely presented groups: Matrix groups over finite

Coset Enumeration fields:
Reidemeister-Schreier Composition tree
Quotient Algorithms Homomorphisms
Knuth-Bendix Finite group calculations

General Paradigms:

Groups given by small set of generators

Orbit algorithm, Schreier Generators.

Subgroup chain data structures for decomposition
Infinity representable by finite information only
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Software Stack Used

@ Free and open system, group theory and
related areas.
@ Powerful: Extensive finite group theory

® Mature: Developed for 30+ years.
@ Used: e.g. within Sage for group theory
® Numerous packages for particular areas.

GAP ( www.gap-system.org )



http://www.gap-system.org

Software Stack Used

arithmetic.g routines

(github.com/hulpke/arithmetic)

matgrp package

package/ § package/

recog package
GAP ( www.gap-system.org )


http://www.gap-system.org

GAP 4. 12dev built on 2021-06-07

GAP https://ww. gap-system org
Architecture:. x86 64-apple-darw n20.5.0
gap> Read( airthneiic gy

SEoading " Forms', .1.2.5

Loading orb 4.8.3 (Methods to enunerate orbits)
Loading genss 1.6.5 (Generic Schrei er-Sims)

0

!1

0

C

@

0

0

0
i_oaclng recog 1.3.2dev (Group recognition methods) .
ihvatri x Group Interface routlnes C
@

0

o

0

0

0

®

0

0

0

-

o= C- 0_‘_0:-‘;_0_“0»'& o -«

Aqlthnetlc group routlnes Version 1.11, Alexander Hul pke e
»-gap> pS|:-SLNZFP(3) # also SPNZFP

s, T 20 T23, 31 132 ->
SR o [0, 1,0, [ 0, OgSE[EITT ]

»-gap> F: Source(p3|)

B REslERen 112, 13, t21, t23, @R S0 ] >
.Zgao> Range( psi ) ;
oc<matrix group with 6 generators>

. gap> Inage(p5| PseudoRandon(F r adi us: -100))
08 1es6, 1904]; [1381, - 2181, 2192182498 3935 “Ra61] ]
o-gap> PseudoRandon( Range(psi)); #forced short to 20 m nut es®
R U eger k44, 984 ( 1615719e0FdingirEs) >, | ..] | .




Constructing SL,(Z|1/7])

Following SERRE (choose p = /).
i ; SERRE
Take SL,(Z) = {a,b | a®,a” = (ab)’)
.vgao> ® =kreeGroup( a., "bh | SLrees
@ gap> g: =f/ParseRel ators(f, "a4, a2=(ab)3"); | P.31
»fl GfOUp on the generators [ a, b J>

—
Two matrix representations: a: a.» < i 1), (1 0>and

-1 0 1 1
0O 1/7 1 —1/7
s a,b .

-gap> mats: =[[[0,1],[-1,0]],[[1,0],[1,1]]];

s:gap> alpha:=GroupHomom ByImages(g,Group(mats), GeneratorsOfGroup(g) mats);
=[ab]>[[[01][10]][[10][11]]]
agap> S = B LT e S O o el e it IR I 7 4 EEN 0 ] e Il

¢ gap> beta:=GroupHomomorphismByImages(g,Group(new),GeneratorsOfGroup(g), new),
.[ e e e 0] Y -], 0, 1] ]]

5 o



Nonprincipal congruence subgroup (., :)modulo 7:

EEEEEune =One(CGE(7 ) marer=ut S one;;

i el o e e B A A A S B AR B T el A B B B B
ST =S aDl T2l Changel red) [ U, I~ 0ne, Cntrnes);
By e e GO R T e R A R G 6 v o i R
» 9ap> sub: =Prel'mage(red, sub),

Group(<fp ‘no generators known>)

gap> gens: =CGenerat orsO G oup(sub);

[a’\2 et 22T 2 3t b2, (at =2t (b’\2) b’\ 3/ a*b’\2]
‘gao> gens: =gens{[1,2,4,6]},;;
.t gao> suma: =Li st (gens, x- >l nage( bet a, x) ) ; v e

L=t L R O e S 4 R
Factor generators (done on the side — see later)

.‘"gap>wrd SEEEEET (- B 2), (a2

.-gap> Li st (wrd, x- >l magesRepr esent at i ve(al pha, x) ) =sums;
;true#verlfled words —

=k
.'gap> red:=GroupHomomorphismByImages(g,Group(mare),GeneratorsOfGroup(g),mare); ¢

" L a
a WI l .

— - oy " o
a 5




Redundancy amongst generators:

gap> suma: =Li st ( gens, x- >l nagesRepresent ati ve( beta, X)) ;

[[[-1,0],[O,-l]],[[l,O],[?,1]

],
[ [ _31 _1]1 [ 71 ]
[ [ 3’ '1]’ [ 7’ ]

],
] ]

@

o oo S e : or LT , =
GFOUIO([ [ Z(7)" T R PAG G R A T R o e R R N

.. gap> sub: =Prel ne@e(red, sub); * 7Y
TToup(<fp "no gefierators known>) i Be
..gap> gens:=Gener pt or sOf Group(sub) ; e | ”.
JEZEtE bz a2 b oS 2, (a2 R O A 0 2 e
iga:)> gens: —genS{[I 4 R o | ‘ HPY
agao> suma: =LI st (gens, x->I mage( bet a, X)) ; e e
o L[-1, 0110, -11], [TL, 0], 07 1), [[-3 -1, 17 2]], [ .}] .
,.Factor generators (done on the side — see Iater) k
. a2 T (A D2y, (S D= 2) 1, . e
».gap> List(wd, x- >l nagesRepresentati ve(al pha, x)) =sung,; e
.3true # verified words e
32 6..,




Nonprincipal congruence subgroup (., :)modulo 7:

EEEEEune =One(CGE(7 ) marer=ut S one;;
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a’ablab3lalb*ba~1b?
az'b7'(a—1b)b2'(a—1b—1)b‘2

Amalgamate the subgroups through generators
.gap> HFReeGEalip e, " bh" AR

. gap> rels: —Pa.rse_Rela,tors(f a4 a2 (ab)3 X4, x2= (xy)3 x2 a2\

o[> y7= ab/a b3l al b2/y3xy2 b 3/ ab2y3x/y2"); am f/reIA;s

Combine the matrix representatlons:

. gap> mat s: =Concat enati on( mat s, new) ;

o gap> iso:=GroupHomom ByImages(am,Group(mats), Genera,torsOfGroup(am) mats); »

‘[ a b_x vy I ->1][01] 1-1,0]1,J[10] 11 1] [[01/7].
PN L. -1/ 7] (0. 1]]]

Since we did not add an NC this verlfled that the
map is a homomorphism.

== D W N p-
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az,ab/a,bB/a/bz,b_Ba_lbz String goes over
= 20, 1 — -2
A T ) G

Amalgamate the subgroups through generators

. gap> I =—feeeCrolup( a , " b LAVAS _jie
. gap> rels: —Pa.rse_Rela,tors(f a4 a2 (ab)3 x4, x2=[%y) 3, x2=a2, \ i
o[> y7= ab/a b3l al b2/y3xy2 b 3/ ab2y3x/y2”); am f/reIA;s e

more than one line

Combine the matrix representatlons:

. gap> mat s: =Concat enati on( mat s, new) ;

o gap> iso:=GroupHomom ByImages(am,Group(mats), Genera,torsOfGroup(am) mats); »

‘[ a b_x vy I ->1][01] 1-1,0]1,J[10] 11 1] [[01/7].
PN L. -1/ 7] (0. 1]]]

Since we did not add an NC this verlfled that the
map is a homomorphism.

== D W N p-
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Index In Congruence Images

Congruence images are approximations. There is a
largest principal congruence subgroup I; < 1" of

level [, such that (I';, G) < (I';, G) for any k.
Find this level [ and index

[T, G)] = [D):0(G)].

Two part problem:

DETINKO,

: ; SOl FLANNERY,
 Find primes dividing [ o

Math.Comp.

2017

DETINKO,
FLANNERY,

H.
Exp.Math.

2020

B Find [ from primes.




Structure Of Congruence Image

Image A, = (1) is classical group (SL/Sp) over
Z,=ZIlZ

A, subdirect product of A . for prime powers p©in /.

Ape is iterated extension of adjoint module (Lie sense)

by group A, over prime field.

Generically, these extensions Ape are not supplemented,
thus if [A,,., * ¢,,.,(G)] = [A,,  ,(G)], no further
factor of p in L. Thus find maximal prime powers.



Structure Of Congruence Image
Image A; = @,(I') is classical group (SL/Sp)

Z=27IZ

Exceptions for small

Al subdirg primes (2,3) and small  "SHeleluislgs
dimensions ( < 3), resolved

LUNIEle. by starting W|th s odule (L

P
power p°.

Generically, these extensions Ape are not supplemented,
thus if [A,,., * ¢,,.,(G)] = [A,,  ,(G)], no further
factor of p in L. Thus find maximal prime powers.



Finding Primes
Same argument, primes dividing [ are (disclaimer for
p = 2,3) those p, such that ¢ ,(G) # A,

Criteria: a) Given transvection stays transvection
b) Adjoint repres. of G mod p abs. red.

Theorem: An (irreducible) representation
a: G — GLi(Z) is absolutely irreducible modulo

every prime that does not divide the discriminant
of the Z-lattice spanned by a(G).

Method: Approximate this lattice until full rank.
Problem: Dimension k2. (Too) costly for ad;. rep.
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Same argument, primes dividing [ are (disclaimer for
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b) Adjoint repres. of (& abs. red. mod p

Theorem: An (irreducible) representation
a: G — GLi(Z) is absolutely irreducible modulo
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Finding Primes
Same argument, primes dividing [ 2
p = 2,3) those p, such that ¢ (G e

Criteria: a) Given transvection stays imventiones
b) Adjoint repres. of G abs. red. m 1984

To find in practice:
» ¢,(G) is in maximal subgroup of A,

& Aschbacher classes for maximal subgroups —
stabilizers of geometric structures, order bounds.

& Translate stabilization to calculation on entries of
element(s) in G. Test prime divisors of value.



Finding Primes
T e dividing £ are (disclaimer for

candidate only — test at (pp(G) == Ap.
whether ¢,(G) # A,

vection stays transvection
s, of G abs. red. mod p

b) Adjoint ré
To find in prat
> @,(G) is in

B Aschbacher claQges for maximal subgroups —
stabilizers of geoRetric structures, order bounds.

& Translate stabilizaNon to calculation on entries of
element(s) in G. Test prime divisors of value.

ximal subgroup of A,



For Example

Convention:a € A, g € G (pseudo-)random.

Order Bound: | a | < b implies exponent a® = 1. For
| ¢| = o0, consider Icm of entries of g€ — 1.

Tensor Product: If a = a; @ a,, then coefficients of

(X)) = H (x — al-ﬁj) satisfy syzygy condition.

L]
Reducible (not absolutely): Run irreducibility test (MeatAxe)
generically over Z. Collect primes modulo which reduction fails.

+ further cases ...



Hard (?)

FO I Exam p I e commutative

algebra problem
Convention: a € Ap. g € G (pseudo-)random: 5 P

Order Bound: |a | < b implies exponent a® . For

| g¢| = o0, consider Icm of entries of g€ —

Tensor Product: It a = a; @ a,, then cgffficients of

(X)) = H (x — al-ﬁj) satisfy syzygy condition.

L]
Reducible (not absolutely): Run irreducibility test (MeatAxe)
generically over Z. Collect primes modulo which reduction fails.

+ further cases ...
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'©

s.gap> g: =Bet aT(27);
o.<matrix group wthn 3 generators>
s.gap> pr:=PrinesNonSurj ective(g);

s

'

O

#

#

T

#‘,
-

El ement Order - foun
Simlarity - found:
Monom al - found: |
Solvable - fTound: |

|3 | new | . ]

[ X
Slod iy, Al e
3] new ]

s 7 23 157 ]

.»gap> thPCSPrlnes(g or

5171 Tty 15122 ¢
Try 1162104003 3 Y
Try 1162104003 17
Try 1162104003 23
Try 1162104008 151

BRI ec e 2

fevel = 1162104003 =379 1/~28° 151
1162104003, 9854089154390043625196124257904 ]

Absol ute i rreduci b ||ty = found: | L& 23,:

iv 28 781 | HeW

Examples chosen to

_ry BTy 302, [ ] Try a1 . :
“Try 1781 Try 17A2 illustrate, even if
“Try 231 Try 2372 results known.

LONG,
REID

Exp.Math.
2011

= ~ - ¥ 3
. - E < n- o -
~ K > = < —— a
= - . . ‘ s ‘ ‘ ' ‘ .




ﬂ+é

gap> g:. =Bet aT(27) ;

. <matrix group with 3 generators>
o gap> pr: =Pri mesNonSurj ective(g); v
o[l Absolute irreducibility - found: [ 17, 23, 151 |
of##l Element Oder - found: [ 3] new[ ] =
o i Tarity tound: [ 37 17, 23, 161 ] new [ ]

.# Monomi al - found: & osienicve | e

.:#1 ol Vable - found: T 3] mew[ |
of[ 3, 2 151
o gap> I\/IaxPCSPrl rres(g pr)

e 302 [ ] Try 3710
o LY 71, Try 172
see e Try 2372
ol iy 5171, Tty 15170 ¢

Ty 1162104003 3

ol B I 162104008 17 = S aN
ol 01162104003 23 ;

~#  Try 1162104003 151
oo#l  Try extra 2

@L# Level = 1162104003 =379*17*23*151

o | 1162104003, 9854089154390043625196124257904 ]

! ! | | | | | | ‘
| | | | | | | | & | ] | : |
y ! - g ] ~ ~ - = - > 1 3 M -~ - 0 o i O A W N |oo . J
g - ~ - 1 - - N - o v « d O e W N S > - & i J s
- 1 XX > - @ N p- W R - 2= - - =
N @ N = T : o = =
e e e o ¢ ¢ o o e 6 e o ¢ ¢ o o e o6 o . +



.

o gap> g. =Hof mannSt r aat enExanpl e( 3, 4) ;
s.<matrix group with 2 gener at or s>

* gap> RankMat (g. 2- g. 270) ;

. 11

# Calabi-Yau Threefolds

@ gap> EfisnENReEEeiSe( g g. 2, Sk) . £ Use Lransvect] o

.[ 2 ]

° gap> MaxPCSPr | nes( g, pr, SP) ;
AT o0 D13 |

el Ty G 3D 303

o iy 60

oftl Try 36 3

ol BBUEl = 36 = 227372

ei#l Index = 3110400 =2"9*3"5*5"2
o [ i85 3110400 ]

-

HOEMANN,

VAN

STRAATEN,

JAustr.\M.S.

2015

~—array~ - S B - @ N a - =s = ¢ - = <
® 6. 6.0 6 6. 6.0 0 6. 6.0 6 ¢6-¢6.0 0 -0 .5:90




¥ ONLY is the index of e ki |
O MCI RO SO o P! ©(3, 4); # Calabi-Yau Threefolds

ators>
subgroup above, not 4= N i e

liEe k=S 61 0100 —2/9*3/5*5/2 (S S
e AR

i i ! |
! | ! ] | | |  ERESCENR| - N
: : : - ' » AR B - P | W - -
. - 2 e T - > e C S 00 N G- @R > W 3 - -0
- - TR T YN o N =5 ©6vNoe e L) ¥ < - - . —
< PO . O N P TR - = -~ 2
. . = ‘ . . ‘ = . ‘ ‘ ‘ . . . . vy . - . = »

— |/
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Verifying The Index ldaidas

Unless we know the subgroup to be a congruence
subgroup , the maximal index in a congruence
image is only the index of the smallest congruence
subgroup above, and will never show infinite index.

Thus consider problem in finitely presented pre-
image under y :

B Pre-image of matrix is word in generators

& Hope fp-group methods finish



Finding Words

To find pre-image under y, need to express matrix in
I as product of elementary generators:

Try possible words of short length: Limited scope
Word in A, : Deterministic, but might need huge m.

Hermite NF: Only for SL, Long Words: ( We

1000 21)
care not about Normal Form but transform matrix.

Ultimately Use: Norm-based reduction (row+column)
heuristics. Produces reasonable words for SL and Sp.




Finding Words

To find pre-image under y, need to express m
I as product of elementary generators:

H.

ISSAC
Try possible words of short length: Limited s 2018

Word in A, : Deterministic, but might need huBe m.

Hermite NF: Only for SL, Long Words: ( We

1000 21)
care not about Normal Form but transform matrix.

Ultimately Use: Norm-based reduction (row+column)
heuristics. Produces reasonable words for SL and Sp.




'@
;
,ga
aga
a<f
aga
a>

. [ Ul*(UZ" LUl et Y S LYo -1 "l -1 " Y& "1 721" UL *Ya, Y&7-1 |

ga
s ga
. 31
i‘,
’ ga
ga

. [ 2]

. gap> MaxPCSPri mes(g, pr, SP);

o[ 4, 160 ] # level 4, |ndex 160
o ga|f)> w:=List(GeneratorsOfGroup(g),x->PrelmagesRepresentative(psi,x));
.[ U2/ - 3* UL* U2/ - L 1*Y2" Y UZe e Yo 2 - 1]g}
..gap> | ndex(F,S);
o Error, coset enuneration defined nore than 4096000 cosets

0> psi . =SPNZFP(4) ; ; F:. =Sour ce( psi ) ;

g itoapaon the generators | Y1, Y2, Ul, U2 o
p> W =Li st (Gener at or sOF G oup( g),

X- >Pr el nagesRepresentati ve(psi, X)),

b & =Subgr oup(F, w) ; ; .
p> | ndex(F,S); e A
10400 L hqy___e proven thﬂe finite index & il pUl €s

p> g: =Hof nennSt r aat enExanpl e(1, 4); ; # known infinite index
B —Prl rresForDense(g g. 2SR

> g: =Hof mannSt r aat enExanpl e(3, 4) ; ; # as before — 36, 3110400

® 6. 6.0 6 6. 6.0 060 6. 6.0 06 ¢6-¢6.0 0 -0 .5:90




» gap>

. 3110400

. gap> g: I—Iof mannSt r aat enExanpl e(3, 4) ;; # as before — 36, 3110400

, F. =Sour ce( psi ) ;

G oup(g) .

# WP Droven the finite index, 5 minutes

|
3 n

»-gap> g: =Hof ne

@’ gap> pr —Prl

St r aat enExanpl e( 1, 4) ;; # known infinite index

il 2 ]

« gap> MaxPCSPr i s(gpr =R

.[4 160] R

‘Error

, coset enuneration defined more than 4096000 cosets

T L R i E

{ | | !
{ ! | | ! | |
| | | { | | | | SR | : ‘
1 i : 3 : — - ! == ® - ) B WEF O~ O A | — y,
g » oo - © ¢ 10 e W N PS5 5 - o < | ) _ =
== = = = o 6 —~T TS S R C B O 0 NG e SN p- FIE b~ -~
T —a S e -8 © e o p- = = = :
. ‘ :- ‘ . ‘ ‘ = . ‘ ‘ ‘ . . -y - = e




- &

o

»'gap> g: =Hof mannSt r aat enExanpl e(4, 4) ; ; # known finite index
.’gao> pr: =Pri mesFor Dense(g, g. 2, SP) ;

. [ 2
o gao> VEXPESRE BmeS(d, pr, SP);

off 64, 47185920 ]

- gap> w:=List(Generators0fGroup(g),x->PreImagesRepresentative(psi,x));

off Ul @il 1"U1 " U30-1)" R Y1 1"Ya©- [ *U"-1*Y3-1*Z1 *I8* ¥, Y2 -1 ]
..gap> S: =Subgr oup(F, w) ; :
»-gap> I ndex(F,S);
ofError, coset enuneration defined nore than 4096000 cosets
o br<> return

o [ | coset enuneration defined nore than 16384000 Cosets
o gao> LoadPackage( ace");

s Loadi ng ACE (C code by George Havas, Colin Ranmsay)
. gap> TCENUM =ACETCENUM ; #change default TC

‘.,

o4

~ e P - L [ )
e e 6 @ @ @ ¢ & @& & 0 0o & o o o 0 e ¢ .0 O




'Y

- Could use external binary for

o more powerful coset enumerator.
Note that it requires to set

i B SRUIIS SIS options to use more than basic
s gap> pr: =Pri nmesFor Dense(

o[ 2 memory:

o gap> MaxPCSPri mes(g, pr, JEAETE0 BRI MEN 0 4S

o[ 64, 47185920 ]

o~ gap> w:=List(GeneratorsOfGroup( g PrelmagesRepresentative(psi,x));
."[UIAZ*(UZ" 0] ) 2 Y] e ] U1 YR -1 ] EHE e Y- ]

»:gap> S: =Subgroup(F, w);

»-gap> | ndex(F, S);

asError, coset enunerat@n defined nore than 4096000 cosets
o brk> ret urn;

o coset enumeratifon defi ned nore than 16384000 cosets
. gap> LoadPackage("ace");

.- Loadi ng ACE (C code by George Havas, Colin Ransay)
.- gap> TCENUM =ACETCENUM ; #change default TC




Use Intermediate Subgroup

Coset enumeration must store row for every coset,
and intermediately might need more than index.

5 generators, index 47185920 needs at least 30 GB.

Instead find a subgroup S = T < T'. Rewrite

presentation to 1" and then (in new presentation)
1 : 5]

calculate [T: 5] = - |
1 : 7]

Price: Generator number of 1" grows with index, but
subsequent Tietze transformations tend to reduce.



Use Intermediate Subgroup

Coset enumeration must store row for every coset,
and intermediately might need more than index.

5 generators, index 47185920 needs at least 30 GB.

Instead find a subgroup S < T = I'. Rewrite
presentation to 1" and then (in new presentation)

1 : 5]
calculate [T: 51 = - .
1 :T] DETINKO,
. ey FLANNERY,
Price: Generator number of 1" grows withind 4
Exp.Math.

subsequent Tietze transformations tend to reg

2021+




Use Intermediate Subgroup

Coset enumeration must store row for every coset,
and intermediately mig Change presentation in

5 generators, index 47 vt lntaiusil G5B
' trying to delete generators '

Instead find a subgroyel s
Heuristic driven.

en (In new presentation)

presentation to 1" a

IE
calculate [T: s] =

Price: Generator glumber of 1" grows with index, but
subsequent Tietze transformations tend to reduce.



gao> ri ng: =l ntegers nod 8; ; |
»- gap> red: =Mappi ngGener at or sl mages(psi )[ 2] *One(ri ng) ;
a[ Al A v o e e
»: gap> red: =G oupHononor phi snByl magesNC( F, Group(red)
s > Mappi ngGener at or sl mages(psi)[1],red);;
. gap> red: =red* | sonor phi snPer na oup( Range(red)) ;
s gap> Endexdifls Kermel (1 ed) ) ;
o 754974720
et gap> qg: =l mage(red); ,; gs: =l mage(red, S);; | ndex(d, gs),;
0 184320
- gap> ac: —AscendlngChaln(q qs),,Llst(ac X - >|ndex(q x))
a;[ 2949120, 737280, 368640, 184320, 46080, 23040, 11520
ag 5760 pENdy 20, 560, 180, 1. ]
o gap> R Prelnage(red ac[8])
o C?oup(<fp no generators known>)
»- gap> i so: —IsonnrphlsanG?oup(R)
~ [ Ul*YlA geen el 1] -> [ F1, F2 3=es F4, F5]
o gap> Index(Range(lso) Inage(lso S): hard, Wb: —1OA8)
o 8192
o gap> 8192*5760:;
o 47185920 # this Is the proof of the I ndex

{ . - L - == e S & b - B = e - & Al /
S e - = - = e P Aodn @ A p- ; g ~ e » o — - g
® ©6-6.0 0 6-6.0 0 06-0.0 0 6-0:.0 0 0-6 : 8-
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Image is finite group, in which we can do all kinds of calculations.
Eg | nt er medi at eSubgr oups(q, gs) ; finds the 2301

subgroups (many b/c of the p*~! mod p* layers) above (I'g, S).
Use modulo level (64) to find all finite index subgroups above S.

754974720

‘gap> d: =l mage(red),; gs:=lmage(red, S); ;I ndex(q, gs);

- 184320
- gap> ac: =Ascendi ngChai n(q, gs) ; ; Li st (ac, x- >l ndex(q, X)) ;
il Syl 20 (37280, .368640, 184320, 46080, 23040, 11520

SRR 720, 360, 180, 1 ]
itap> R ~Prel nage(red, ac[ 8] );
' G oup(<fp, no generators known>)

- gap> | SO: =l sonor phl snFpG OUp( R) :

AUl B aEnE s O Rl & Vo>l Fl, F2 e e

gap> | ndex( Range(1so), | mage(i so, S): hard, W: =10"8);
8192

gap> 8192*5760;

47185920 # this is the proof of the | ndex

1
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gao> ri ng: =l ntegers nod 8; ;

. ‘gap> red: thplngGEneratorslnages(p3|)[2] One(r|ng)
o [ el ZmnanZEp) (1, 40) [l

s gap> red: =G oupHononor phi snByl rmgesNC(F Group(red)

> > thp|ngGEneratorslnages(p3|)[1] red),,

a gap> red: =red* | sonor phi snPer na oup( Range(red)) ;
. gap> Index(F seEmel (ped) )

o- 754974720 .

e: gap> (: —Inage(red),,qs —Inage(red )
» 184320 Combination

»: gap> ac: =Ascendi ngChai n(q, gs) ; ; LANNOENTe [N C=IaN ) ) ;
oi [ 2949120, 737280, 368640, 1843 Schreierwith 520

3iw_5760 8946 720, 360 180 158
»- gap> R Prelnage(red ac[8])

; ‘Goup(<fp, no generators known>)
ot gap> i so: =| sormrphl srerGr oup(R);
o [ Ul*Yl" 2* UL* Y1, el -=> [Fl, F2 F3 F4, F5]

o gap> Index(Range(lso) Inage(lso S)- hard, ww 10“81
. 18192

o gap> 8192*5760:;

R A7185920" " # this is the proof of tthe l ndex

I

! { ! ! |
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! . i 2T | g —y T - FF EX 10 e W N ® : .- 1% y.
Y p- T X P O W N p- - o = — — <
e 6 e o o ¢ @& & & o o & o =y =0




%;gao> r'ing: =l nt egers 4 8 et
.- gap> red: =Mappi ng GG iilol-S (eI ) [ 2] * One(ri ng) ;
SRR A2 CLPZS YREE subgroups work well

. gap> r ed: =G oupHol F, G oup(r ed)

. > Mappi ngGener at ol for ||.1d|ces |n4 |
s gap> red: =red*| sont magnitude 10 ange(red)):

.*§5p> I ndex( F, Ker ne
BA0TAT20.
e: gap> (: —Inage

. - 184320 Combination

»- gap> ac: =4#endi ngChai n(q, gs) ; ; of Reidemester '9BF o5

ay[ 29491 g 737280 368640 1843 Schreier with 520
of D60 SfAAG “720, 360 180 158
»- gap> R Prelnage(red ac[8])
; ‘Goup(<fp, no generators known>)
i gap> i so: =l sormrphl sanGr oup(R);
.A[ ik AR 2*Lﬂ*\4.[ gl -= i Fl, F2 F3 F4 F5] g

o gap> Index(Range(lso) Inage(lso S) hard ww 10“81
. £8192

o gap> 8192*5760:;

920 = this is the proof of the | ndex

| | | | | | |
| | | | | | | | & | ] | : |
y ! - - 1 -~ ~ - = - > 1 S N -~ - 0 o i O A W N |oo . J
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Bt G 0 == T v ” = =
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Proving Infinite Index

Some attempts of proving infinite index:

pFind an automatic structure that proves infinite
index. (Requires suitable embedding.)
Normal forms for subgroup elements might show
that there are infinitely many cosets.

&Show that one can find an infinite index in a

suitable quotient image of normal subgroup.
(Applicable, if CSP does not hold.)



The
PrOV| n g impossibility results for

algorithms for FPGroups
mean it can never be more
than attempts.

Some attempts of proving infinite index:

pFind an automatic structure that proves infinite
index. (Requires suitable embedding.)
Normal forms for subgroup elements might show
that there are infinitely many cosets.

&Show that one can find an infinite index in a

suitable quotient image of normal subgroup.
(Applicable, if CSP does not hold.)



Proving Infinite Index

Some attempts of proving infinite inde

pFind an automatic structure that proviisl
index. (Requires suitable embedding.) PN
Normal forms for subgroup elements
that there are infinitely many cosets.

&Show that one can find an infinite index in a

suitable quotient image of normal subgroup.
(Applicable, if CSP does not hold.)
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1 3\ (1 0
(

<
0 1) \3 ) < SLy(Z)

faletn sl = =SENZERE2) - DB =Source( psi ).

gap> g:=Goup([[1,3],[0, 1], [[1,0],[3, 1]]);

- gap> w:=List(GeneratorsOfGroup(g),x->PreImagesRepresentative(psi,x));
s S 2S TS -1

.gap> LoadPackage("kbmag") ;

-Loadi ng Kkbmag 1.5.9 by Derek HoIt

-gap> R =KBVAGRewr | t 1 ngSyst en( F) ;

~gap> S: =Subgr oupCf KBMAGRewr i t | ngSyst eniR vv)

- 8ap> A:=AutomaticStructureOnCosetsWithSubgroupPresentation(R, S);
1irue

kgap> | ndex(R S):
infinity # proof!




1 3\ (1 0
(

0
ﬂ
3

‘gap> psi : =SLNZFP(2) : : F: =Sour ce(psi ) ; .
gl =G olplEEL Sy 1O P11,0] [ 3,1 ])5 X
. gap> w:=List(GeneratorsOfGroup(g),x->PrelmagesRepresentative(psi,x)); “
[ TAB, S*T/\_ 2*S*T*S/\_ 1*T ] ,.
. gap> LoadPackage("kbnmag") ; X
'0

0

@

0

0

0

0

0

0

0

-lLoading kbmag 1.5.9 by Derek HoIt

-gap> R =KBMAGRewr i ti ngSysten(F);

~gap> S: =Subgr oupOf KBMAGRewr i t | ngSyst eHigE vv)

- 8ap> A:=AutomaticStructureOnCosetsWithSubgroupPresentation(R, S);
jirue

igap> | ndex(R, S) ;
cinfinity # proof!

Might fai |l /fal se

2 &= ‘.M‘,__CGLU;UM‘U" v & ."\_IC‘__.A._?__‘ ¢ ¢ 9§ ©-0¢ §+6

Q Can this work in dimension >2 z




Example Second Strategy
R=2Z().+(=~1
[' = GL,(R) = (t,u,j,l, a, w) with
= (o 1)e= (o 1)o= (0 S)o= (o 2o ()= )
with relations tu = ut, j* tj = ]t Uj = ]u j =jl,
aj = ja I°, I~ tl—t_lu_ll lwl=t,a*=j

(al)? It (ta)’ = (z/;alﬁ = Jowj = jw, W',
wiw U, WUw tu, waw ™' = jl*a, wl = Iw
l\/\ARGOLIS/BACHLE. s [I" : G finite for
G = <m1, I, m3, mi, mj, mt> with SWAN
[ 9772 —112¢ — 5682 [ 56C+4187 56+ 112¢7
T\ ae+seer o1 )T \sec+ 11202 —sec+153¢2 ) | BullAMS

L ((560+2098% —56¢ + 56¢7 m—<0 1>m_ ¢ m_<< 1968
ST\ Ss6c 45602 —s6c—15¢2 ) \=1 0)"7 \ 2 )\




Example Second Strategy

R=2Z(), ¢ +(=~1

[' = GL,(R) = (t,u,j,l, a, w) with

= (o 1)e= (o 1)o= (0 S)o= (o 2o ()= )
with relations tu = ut, j* tj = ]t Uj = ]u j =jl,
aj = ja I°, I~ tl—t_lu_ll lwl=t,a*=j
(al)” = j (ta)’ = j (ual)® = j,wj = jw, w",

wiw ™ = u™! wuw™! = tu, waw™ 1—]lawl—lw

l\/\ARGOLIS/BACHLE. s [I" : G finite for
G = (my, m,, ms, m, m;, m,) with

97¢2 —112¢ — 56£2 56 +418%  56¢ + 11282
ml — ,m2 —_ !
112¢ + 56¢72 97¢7? 56 + 11282 —56¢ + 15382

_((566+209¢% —s6¢ +56¢2 m-—<0 1> . (G m_(«: o)
S\ 56C 45602 =56 —15¢2) 1 \-1 0/ \¢g2 ) \O ¢
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e T e LG N o sk e U el PR et - Lap i |
.<free group on the generators [ t, u, j, I, a, wl>
sidap> rels: =ParseRel ators(f,"tu=ut, j22, tj=jt, uj=sju, \
o I 5 173, [*-Ttl=t"-1u~-1,1"-1ll=t, a"2=j, \

o (al) 725, (ta)"3=], (ual)"3=i, w=jw w6, \
oWt WN- 1=u”-1, wuwr- 1=t u, waw*-1=j["*2a, w=lw");
'[ VP A e

o-gap> g:=f/rels; # different than f !

.<f:) gRotpRensEe T generat ors |t U0 eda ] =
o gao> zeta: =E(3); # cyclotomi c numbers .

3‘_§E;gao> L 0] g 11 U S[] 1, zeta] [ [0 1]

oigap> A =[[0,-1],[1,0 ],,J N,

.gao>L:"zeta’\2 0. 10, zetal]; W=l zeta @} [0,1]] ;5

e gap> epi: GoupHonDnDrphlsnBylnages(g Group(T UJ,LLAW,|
of > GeneratorsOfGroup(g) [T, U J, L A
SRR > [ ] [ 1 RS ] ]
.- gap> si m =| sonor phi snSi npl i fi edFpG oup( Q) ;
SRS e S [t oW Lt w, a2l ey o R
.?gap> hom —I nver seGener al Mappi ng(sim *epi; G =Range( hon) ; ;
.[t,&,\/\d->[[[1,1],[O,l]],[[O,-l],[1,0]],[[-E(3),O],[0,1]]]

. - L - == e S & b - B = e - & Al /
e & N a RS« vl S o " —— ——— - e —~ S )
® 6-6. 0 © 6-06.0 6 6-06.0 ¢ 6-06.0 ¢ &6 .58



s/gap> nornred: =function(phi, mt) [.] end;:

s-.gap> wl: =nor nr ed( hom nt) ;

a((t’\ fiwdea- 1°12-1)26) tw-1)

s gap> W2: =nor nt ed( hom n2) ; ; Ww3: =nor nt ed( hom n8) ; ;
a»gao> W :=nornred(homm);; w:=nornred(homnj);;

e gap> wt: =nornred(homnt);;

- gap> rg: =Sour ce( hon); ;

eo-gap> sub: =Subgroup(rg, [wl, w2, W3, wi , W , wt]);;# fp version
»-gap> reducenmodp: =function(g,p) [.] end;;

.gao> prd: 3*7*31*97*169*361 # found by trylng out
213852535323 .

?" gap> h: =reducenodp( G prd): :
aC}oup([[[ZnanZOb|( 1, 3852535323 ) F )
..gap> F|tt|ngFreeLlftSetup(h),,Slze(h)

o 295803518081960107436094259200

o gap> hs: —reducenndp(S prd),,FlttlngFreeLlftSetup(hs),,
. gap> S|ze(h)/S|ze(hs)
; 142580874240

1 - = - - - R , [ s - - i g _ -‘ .
i @ B x T E A @ A o : - = = -~ e !
e e e ¢ o ¢ o & o0& ¢ o e 6 e o o o ¢ o .o



: epgap> r:=r educenodp( Group(MappingGeneratorsImages(hom)[2]), 7) 4

. .gap> phi: =G oupHononor phi snByl mages( Sour ce( hom),

«.> Mappi ngCGener at or sl nrages(hom [ 1], Gener at or sCf Group(r))
a[ 9wy o> | [Z(7)“O O 0L 9 Al e 01
* gap> N: =Ker nel (phi):

s gap> | ndex( Source(hom , N) ;

e 2016

».gap> Abelianlnvariants(N); # rank 8
._}4»[0 ey 200 0 )

»-gap> ma: =Maxi mal Abel i anQuoti ent (N); ;
»-gap> gens: —GeneratorsO‘Group(sub),,
»-gap> i mgs: =Li st (gens, x- >l magesRepr esent at
a”’[ s 027 L [0 A(T) . ZLES
orgap> 1 se: =St abil | zer ( sub, Che(r), gems N
o Group(<121 generat or s>)

»-gap> mase:=List(GeneratorsOfGroup(ise),x->ImagesRepresent
»:gap> vecs: =Li st (mase, x- >Exponent Suns( Unde
.1"[:02-224-2000000
.. gap> RankMat (vecs);

o3 # proof that S has infinite I ndex

~ ~ Ao D B a e . o
e 6 e @ & e ¢ & 0o ¢ o o & & o e ¢ o o @




: @ gap> r:=r educenodp( Group(MappingGeneratorsImages(hom)[2]), 7) i

. .gap> phi: =G oupHononor phi snByl mages( Sour ce( hom),

s> Mappi ngGener at or sl mages(hom [ 1], Gener at or sCf Group(r))
ot a Wil > [Z(7)“0 MR
* gap> N: =Ker nel (phi): :

s gap> | ndex( Source(hom , N) ;

2016

o gap> Abelianlnvariants(N); # rank 8
gm0 w00, -0, 0, 0 |

»-gap> ma: =Maxi mal Abel i anQuot i ent ( N)
»-gap> gens: =Gener at or sOf Gr oup( sub) ; ;

a}};gao> 01 =L st{gens, x- >| magesRepr esent atlve(phl )
spiE e, 0 Z(7) |, [ 0"Z(7), Z(0es [ ], [.] ]]

o gao> isei =St abili zer ( sub, Ohe(r), gems inys. R ght );

o Group(<121 generat or s>)

ol gao> mase: Llst(GeneratorsOfGroup(lse)X>Ima,gesRepresenta,t1ve(ma, X)),,

o0 gap> vecs: =Li st (mase, x- >Exponent Suns( UnderlyingElement( x) ) ) ;
.?’[202-224-200000000[A]]
.- gap> RankMat (vecs):

o3 # proof that S has infinite index

&
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