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Computing reflection centralisers
in hyperbolic reflection groups

A. Kolpakov (Université de Neuchatel), joint with N. Bogachev (Skoltech)



Howlett, 1980: Brink, 1996

Structure of centralisers in Coxeter groups

Let (W, §) = Coxeter system, and s € .5 a simple reflection.
Cy/(s) = (s) X (W, ') =the centraliser of s in W.

Here W, is generated by the reflections in Cy,(s) other than
s,and ' = 7 ("odd" Coxeter diagram of (W, 5)).



Allcock, 2013

Structure of centralisers in Coxeter groups

Explicit set of generators: we only need to use linear algebra
to get them, once (W, §) is given: either W < Isom(H") or

W has geometric representation (Jacques Tits).

If the “odd” diagram of (W, §) has no cycles, then
Cw(S) — <S> X WQ.



Now we can....

Project underway

Program (in SageMath) a fairly general version of the
algorithm. Play around with it (soon on GitHub).

Prove that once I ', is trivial then W, gives a new

(quasi-)arithmetic reflection lattice once Wis a

(quasi-)arithmetic lattice (have more general results in
Belolipetsky, Bogacheyv, K., Slavich, arXiv:2105.06897).
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Presentations for cusped arithmetic hyperbolic
lattices

Alice Mark (Vanderbilt University),
Julien Paupert (Arizona State University)



We present a method to compute in principle a presentation for
any cusped, arithmetic hyperbolic lattice, and implement it for:
» the Picard modular groups PU(2,1, O4) with d = (1,3), 7
(d = 3,1: Falbel-Parker '06, Falbel-Francsics—Parker '11)
» the Hurwitz modular group PSp(2,1,H) with
H = Z[i, j, k, K] the ring of Hurwitz integers
» David Polletta successfully applied this method to the Picard
modular groups with d = 2,11.



Rough idea:

Let X be a negatively curved symmetric space, [ a non-cocompact
lattice in G = Isom(X), 0o € 05X a parabolic fixed point of I
and Ny, = Stabr(o0).

Assume that I has a single cusp, and let B = B,, denote the
(open) horoball at height v > 0 based at cc.

» For u > 0 small enough, X is covered by B,

» Then by Macbeath's theorem, I' admits a presentation whose
generators correspond to pairwise intersections B N yB, and
whose relations correspond to triple intersections
Bn~yBN~'B.

» Both of these sets are infinite, but they are finite modulo the
action of I

> (... make this effective)



Example: a [-adapted horoball covering for I = PSL(2,7Z).

Questions: Assume [ has a single cusp.
» How can we find "the” optimal height ug such that B,
covers X7
» How can we understand/control the corresponding horoball
intersections?

Idea: Use levels/depths coming from arithmetic structure (and
geometry!)



Computational output

(#generators,#relations)
» For d = 1,3 the covering depth is 4; we obtain (8,247), resp.
(8,583). Magma reduces this to (2,6) for d = 1 and (3,19)
for d = 3.

» For d = 7 the covering depth is 7; we obtain (18,406);
Magma reduces this to (3,13).

> (Polletta) For d = 2 the covering depth is 16; he obtains
(54,~ 5800) (!); Magma reduces this to (3,29).

For d = 11 the covering depth is 43; he obtains (263,~
24,000) (!!); Magma reduces this to (5, 26).

» For the Hurwitz modular group the covering depth is (at
most) 4. We obtain (33, ~ 10°) :( Magma is not happy either,
but we can cajole it into giving some results about the group,
eg abelianization and nice generating sets.
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