
M. Slemrod ( Univ. of Wisconsin, Madison) and M. Mussel ( NIH)

Conservation Laws in Biology
Two new examples.
( Quarterly Applied Mathematics, 2021)



1. Action Potentials via Continuum Mechanics

2. Biological form via differential geometry



1. Action Potentials via Continuum Mechanics

Scientific Reports nature.com, Feb. 2019

Matan Mussel and Matthias F. Schneider,

Similarities between action potentials and acoustic pulses in a van der Waals fluid. 

An action potential is typically described as a purely electrical change that 
propagates along the membrane of excitable cells. However, recent experiments 
have demonstrated that non-linear acoustic pulses that propagate along lipid 
interfaces and traverse the melting transition, share many similar properties with 
action potentials. 

http://nature.com


Hodgkin and Huxley, J Physiol, 1952

Classically, action potentials are explained by 
an analogy to an electric circuit

https://www.khanacademy.org
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Chap.1 , The Hodgkin-Huxley Equations



van der Waals constitutive relations

Model assumptions: Conservation laws

• Mass (continuity equation)

• Momentum (Newton’s 2nd law)

• Energy (1st law of thermodynamics)
Albrecht, Gruler, and Sackmann, J Phys, 1978

Surface pressure—area 
isotherms in a lipid monolayer
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Model of sound waves in lipid membrane near 
phase transition
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Model of sound waves in lipid membrane near 
phase transition

MM and Schneider, 
Sci Rep, 2019

van der Waals constitutive relations

Model assumptions: Conservation laws

• Mass (continuity equation)

• Momentum (Newton’s 2nd law)

• Energy (1st law of thermodynamics)
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Theory

Density and pressure aspects vary nonlinearly 
near phase transition

Shrivastava and Schneider, 
J Royal Soc Interface, 2014

T ∼ 106D − 106- 𝑠
U ∼ 0.1 − 100 𝑚/𝑠

Lipid monolayer experiment
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MM and Schneider, Sci Rep, 2019

𝑇 =
𝜁
𝑝J
∼ 106-𝑠

𝑈 =
𝑝J
𝜌J
∼ 100 𝑚/𝑠

Hodgkin and Huxley, Nature, 1939

Action potential

𝑇 = 2 ⋅ 106D𝑠
𝑈 = 21 𝑚/𝑠



vdW fluid equations are similar to the 
generalized Fitzhugh-Nagumo equations









Density-voltage relation

By calculating the charge density of the lipid membrane and its interaction with ions accumulating 
on both sides of the membrane, an electric potential difference arises

𝑉 ∝ 𝜌
when the symmetry across the lipid membrane is broken.

HH-model APSound pulse in a lipid 
monolayer vdW fluid model

MM and Slemrod, Q Appl Math, 2021



JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 36, 22-40 (1971) 

Nonexistence of OscillationsIn a Nonlinear Distributed Network, 
M. Slemrod, 

Center for Dynamical Systems,
Division of Applied Mathematics, Brown University.



2. Biological form via differential geometry



Cell structure
Wallace F Marshall. Differential geometry meets the cell. Cell, 154(2):265–266, 2013.

``a century ago D`Arcy Wentworth Thompson proposed that physical 
principles such as surface tension would dictate biological form.’’ 

``The evidence of...proteins goes against the concept of 
D`Arcy Thompson and appeared to be the final nail in the coffin of 
his Pythagorean approach to cell biology. But a paper by 
Terasaki et al. ...breathes new life into the old dream of mathematical 
biology by describing that connections between endoplasmic 
reticulum (ER) sheets mimics a well-known class of mathematical 
surfaces, and this shape is in fact predictable 
from simple physical rules governing membrane energetics.''



(a) and (b) show two different 
view angles of a 3D 
reconstructions of stacked 
ER sheets. 

(c) Construction process of a 
helicoid from a helix by 
drawing lines (blue lines) 
perpendicular to the axis 
(black line) through the helix 
(grey curve). 

(d) a 3D helicoid shape. 

Reprinted with permission from Elsevier.



The ER model of Terasaki et al.

Sketch of an ER membrane





(Willmore energy)
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