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Self-Organized Systems

Self-Organized Systems

Biology: flocking of birds, swarming of insects, fish schools
Traffic Dynamics, crowds, cosmology...
Social science: social networks, economics, linguistics, learning,
gossiping...
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Self-Organized Systems

Emergent behavior
Models of self-organized systems describe dynamics of objects:
xi ∈ Ω ⊂ Rn, i = 1, . . . , N , vi = ẋi
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Long-Time dynamics: • alignment: lim
t→∞

max
i
|vi − v̄| = 0

• flocking: sup
i,j
|xi − xj | ≤ D <∞
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Self-Organized Systems

Mathematical Models

Particle: Cucker-Smale (2007){
ẋi = vi,

v̇i = λ
N

∑N
j=1 φ(|xi − xj |)(vj − vi)

Kinetic

f εt + ω · ∇xf ε + divω(f εL[f ε]) =
1

ε
∆ωf

ε +
1

ε
divω(f ε(ω − vε))

L[f ]=̇

∫
Rd

∫
Rd
K(x, y)f(y, w)(w − ω)dw dy

Hydrodynamic Limits: ε→ 0+

Carrillo–Fornasier–Toscani–Vecil; Shvydkoy; Ha–Tadmor; Ha–Liu; Motsch–Tadmor;

Karper–Mellet–Trivisa; Ha–Huang–Wang; Ha–Kang–Kwon.
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Euler-type Flocking system

Euler-type Flocking system

∂tρ+ ∂x(ρv) = 0,

∂t(ρv) + ∂x
(
ρv2 + p(ρ)

)
=

∫
R
ρ(x, t)ρ(x′, t)

(
v(x′, t)− v(x, t)

)
dx′

Pressure p(ρ) = α2ρ , α > 0 .

All-to-all interaction K(x, y) = 1

(ρ, v)(x, 0) = (ρ0(x), v0(x)) x ∈ R .

Initial Data


supp{ρ0} = I0 =̇ [a0, b0]

ess infI0 ρ0 > 0 ,

(ρ0(x), v0(x)) = 0 ∀x 6∈ I0 .

ρ0(x), v0(x) ∈ BV (R) q :=
1

2
TV {ln(ρ0)}+

1

2α
TV {v0} > 0
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Euler-type Flocking system

Aim
For entropy weak solutions,

global existence + time-asymptotic flocking
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Euler-type Flocking system

Global Existence and Structure

Global Existence and Structure

Theorem (Amadori-Chr., preprint (2021))

• The Cauchy problem admits an entropy weak solution (ρ, ρv) on
R× [0,+∞) .
• There exist two locally Lipschitz curves t 7→ a(t), b(t),
t ∈ [0,+∞) and a value ρinf > 0 s.t.:

(i) a(0) = a0 , b(0) = b0 ; a(t) < b(t) for all t > 0 ;

(ii) 
supp{ρ(·, t)} = I(t)=̇[a(t), b(t)] ,

ess infI(t) ρ(·, t) ≥ ρinf > 0 ,

(ρ, v)(x, t) = 0 ∀x 6∈ I(t) .

• Conservation of mass and momentum.
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Euler-type Flocking system

Global Existence and Structure

Strategy of the Proof Step 1:

M=̇

∫
R
ρ0(x) dx > 0 , M1=̇

∫
R
ρ0(x)v0(x) dx .

RHS = ρ(x, t)

{∫
R
ρ(x′, t)v(x′, t) dx′ − v(x, t)

∫
R
ρ(x′, t) dx′

}
= ρ(x, t) (M1 − v(x, t)M)

= Mρ(x, t) (v̄− v(x, t)) , with v̄ =̇
M1

M

System equivalent to{
∂tρ+ ∂x(ρv) = 0,

∂t(ρv) + ∂x
(
ρv2 + p(ρ)

)
= −Mρ (v− v̄) .

(1)

p(ρ) = α2ρ , α > 0 .
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Euler-type Flocking system

Global Existence and Structure

Translate to v̄ = 0:{
∂tρ+ ∂x(ρv) = 0,

∂t(ρv) + ∂x
(
ρv2 + p(ρ)

)
= −Mρv .

p(ρ) = α2ρ , α > 0 .

Balance Laws:
Dafermos-Hsiao ... dissipative source (strongly or weakly)
Main Difficulty:
loss of strict hyperbolicity - vacuum present in R \ [a0, b0]
Physical vacuum

T.-P. Liu, Liu–Yang, Huang–Pan, Huang–Marcati–Pan, Huang–Pan–Wang, etc
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Euler-type Flocking system

Global Existence and Structure

Step 2:
Recast from Eulerian to Lagrangian variables: (x, t) 7→ (y, τ)

y = χ(x, t) =

∫ x

−∞
ρ(x′, t) dx′ ∈ [0,M ] , τ = t

u =̇ 1/ρ , v(y, t)=̇v(x, t) .

{
∂τu− ∂yv = 0,

∂τv + ∂y(α
2/u) = −Mv

(2)

for the unknown (u(y, t), v(y, t)) while y ∈ [0,M ] and t ∈ [0,∞) .
Wagner (1987) – equivalence of weak solutions? Need to be established!!!

• I.D.: (u0, v0) ∈ BV (0,M) , ess inf(0,M) u0 > 0 ,
∫M
0
v0(y) dy = 0 .

• Boundary Data: non− reflecting boundary conditions at
y = 0,M .
Existence: Nishida (M = 0), Dafermos (1995), Luo–Natalini–Yang (2000),

Amadori–Guerra (2001) –but Cauchy problems; Frid - different bdy data
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Euler-type Flocking system

Global Existence and Structure

Step 3: Front-tracking approximate solutions (uν, vν)

• interactions • time steps tn = n∆t • standby fronts

Linear Functionals:

L(t) =
∑
β∈J(t)

|εβ| , Lin(t) =

N(t)∑
j=1

|εj | .

0 < y1 < y2 < . . . < yN(t) < M

L(t) = Lin(t) + L0,out(t) + LM,out(t), ∀t .

• Lin(t), L(t) are non-increasing in time
• L0,out(t), LM,out(t) standby fronts at the bdy y = 0, y = M .
• bounds on uν and vν

0 < uνinf ≤ uν(y, t) ≤ uνsup, |vν(y, t)| ≤ C̃0 ∀ y ∈ (0,M), t, ν .
• finite number of interactions
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Euler-type Flocking system

Global Existence and Structure

Step 4: A weighted functional

Lξ(t) =

N(t)∑
j=1, εj>0

|εj |+ ξ

N(t)∑
j=1, εj<0

|εj | ξ ≥ 1 . (3)

Amadori–Guerra (’01); Amadori–Corli (’08); Amadori–Baiti–Corli–Dal Santo (’15)

Lin(t) ≤ Lξ(t) ≤ ξLin(t) ≤ ξLin(0+) ∀ t > 0 .

If 1 ≤ ξ ≤ 1

c(q)
, then ∆Lξ(t) ≤ 0 for any t 6= tn

• At interactions (same family), ∆Lξ(t) + (ξ − 1) |εrefl| ≤ 0
• At time steps tn, ∆Lξ(t

n) ≤ M
2 ∆t (ξ − 1)Lin(tn)
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Euler-type Flocking system

Global Existence and Structure

Step 5: Vertical Traces:
Given y ∈ (0,M) and t > 0,

W ν
y (t) =

1

2
TV {ln(uν))(y, ·); (0, t)} .

and use Lξ(t) to prove:

W ν
y (T ) ≤ C̃1Lin(0) + C̃2M

∫ T

0
Lin(t) dt .

For every T > 0, there exist positive constants C and L
independent on ν ∈ N such that for all y ∈ [0,M ]

TV {uν(y, ·); [0, T )]} ≤ C , TV {vν(y, ·); [0, T )]} ≤ C ,

and∫ T

0
|vν(y1, t)− vν(y2, t)| dt ≤ L |y2 − y1| ∀ y1 , y2 ∈ [0,M ] .
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Euler-type Flocking system

Global Existence and Structure

Step 6: Convergence in Lagrangian!
• a subsequence of (uν , vν)→ (u, v) ∈ L1

loc ((0,M)× [0,+∞))
• the map t 7→ (u, v)(·, t) ∈ L1(0,M) is Lipschitz cts in the
L1–norm
• 0 < uinf ≤ u(y, t) ≤ usup , |v(y, t)| ≤ C̃0

• as ν →∞∫ y

0
uν(y′, t) dy′ →

∫ y

0
u(y′, t) dy′ ∀ y ∈ (0,M) , t ≥ 0 .

• for every T > 0, the map y 7→ (u, v)(y, ·) ∈ L1(0, T )
v(0+, t) ∈ L1

loc([0,+∞))
∫ t

0 v
ν(0+, s) ds →

∫ t
0 v(0+, s) ds

• Entropy weak solution (u, v) to{
∂τu− ∂yv = 0,

∂τv + ∂y(α
2/u) = −Mv
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Euler-type Flocking system

Global Existence and Structure

Step 7: From Lagrangian to Eulerian
For each ν ∈ N, define the approximate boundaries:

aν(t) =̇ a0 +

∫ t

0

vν(0+, s)ds , bν(t) =̇aν(t) +

∫ M

0

uν (y, t) dy .

Lagrangian Eulerian

Iν(t) = (aν(t), bν(t)) , Ων = {(x, t); t ≥ 0 , x ∈ Iν(t)}

Set ρν(x, t) =
1

uν(χν(x, t), t)
, vν(x, t) = vν(χν(x, t), t) x ∈ Iν(t)

ρν(x, t) = 0 = ρν(x, t)vν(x, t) x 6∈ Iν(t) .
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Euler-type Flocking system

Global Existence and Structure

Step 8: Conclusion

• As ν →∞,
aν(·)→ a(·) , bν(·)→ b(·)

uniformly on compact subsets of [0,+∞).
• Uniform bounds on approximate solutions:

TV {ρν(·, t);R}, TV {vν(·, t);R}

• Define

xνj (t) = aν(t) +

∫ yνj (t)

0
uν
(
y′, t

)
dy′ j = 1, . . . , Nν(t)

the Rankine-Hugoniot conditions are approximately satisfied across
the piecewise linear curves xνj (t)
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• Approximate total momentum Iν(t) =

∫ bν(t)

aν(t)
ρν(x, t)vν(x, t) dx ,

|Iν(t)| ≤ e−Mt · eM∆tν · M
ν

+
C̃

M
ην + C̃ην∆tν , t ≥ 0 (4)

for a suitable constant C̃ > 0, which is independent on t and ν.
• (ρν , vν)

ν→∞−−−→ (ρ, v) in L1
loc (Ω),

m(x, t) =

{
ρ(x, t)v(x, t) (x, t) ∈ Ω

0 (x, t) ∈ R× [0,+∞) \ Ω .

• Conservation of mass∫ bν(t)

aν(t)
ρν(x, t) dx

ν→∞−−−→
∫ b(t)

a(t)
ρ(x, t) dx ν →∞ ,

• Conservation of momentum∫ bν(t)

aν(t)
ρν(x, t)vν(x, t) dx

ν→∞−−−→
∫ b(t)

a(t)
ρ(x, t)v(x, t) dx = 0. #
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Time-Asymptotic Flocking
1 alignment : the support I(t) remains bounded ∀t

sup
0≤t<∞

{b(t)− a(t)} <∞

2 flocking : the oscillation of the velocity satisfies

lim
t→∞

osc {v; I(t)} = 0

where

osc {v; I(t)} = sup
x1,x2∈I(t)

|v(x1, t)− v(x2, t)| .

.

.
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Time-Asymptotic Flocking
1 alignment : the support I(t) remains bounded ∀t

sup
0≤t<∞

{b(t)− a(t)} <∞ ***

2 flocking : the oscillation of the velocity satisfies

lim
t→∞

osc {v; I(t)} = 0 ?

where

osc {v; I(t)} = sup
x1,x2∈I(t)

|v(x1, t)− v(x2, t)| .

*** Immediate

b(t)− a(t) ≤ 1

ρinf

∫
I(t)

ρ(x, t) dx =
M

ρinf
∀ t > 0
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Time-Asymptotic Flocking

Theorem (Amadori-Chr., preprint (2021))

Let (ρ, ρv) be the entropy weak solution with the initial data
(ρ0, v0) ∈ BV (R) satisfying q > 0 as obtained in Theorem 1.
Suppose that

e2qM2 < αmax {ρ0(a0+), ρ0(b0−)} , (5)

holds true, then the solution (ρ, ρv) admits time-asymptotic
flocking.

More precisely, ∃ t0 > 0 such that

osc {v; I(t)} ≤ C ′2e−C
′
1t, ∀ t ≥ t0

for some positive constants C ′1, C
′
2.
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flocking. More precisely, ∃ t0 > 0 such that
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′
2.
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Strategy of the Proof Step 1:

• k ≥ 1 - generation order

Fk(t)=̇
∑

ε>0, gε=k

|ε|+ ξ
∑

ε<0, gε=k

|ε| , F̃k(t) =̇
∑
j≥k

Fj(t) (6)

• Decay estimates via the total variation weighted by generation
order

V (t) =
∑
k≥1

ξkFk(t) NEW

•

V (t) ≤
(

1 +
(ξ2 − 1)

2
M∆t

)n
V (0+) ,

while t ∈ [tn, tn+1) and ξ ∈ [1, c(q)−1/2].
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Step 2: • the maximal existence time length T ν1 for the waves

of k = 1 to reach y = 0,M is T ν1 = M
α u

ν
sup = e2qM

α min{ũν0 , ũνM},

t
Elt) -0 Ht> KT,

"

^ ITI-

•

a Élt=É&H= . - =Élt)

÷!
"" """I:*:]
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• Using that ξ ≥ 1, we have the relation

F̃k(t) ≤
1

ξk

∑
j≥k

ξjFj(t) ≤
1

ξk
V (t), ∀t

• Prove for some ξ̄ > 1,

lim
t→∞

F̃1(t) = 0, since MT ∗1 < 1 (7)

Lin(t) ≤ F̃1(t) ≤ C2e
−C1tq ,

Step 3: • Time-asymptotic flocking #
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THANK YOU
&

Xgioria Tlogja

Sais
Kayne!
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