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NETEATE
Pre-Talk Advertisement: Neuro-VISOR Project

VISOR = Virtual Interactive Simulation Of Reality

Real-Time HPC PhD student J. Rosado using our VR system
— Small-scale simu-
lation runs in real time;
reacts instantaneously
(no restart) to user
manipulating state.

— Rapid prototyping
and intuition building.
— New HPC challenges
(<10ms per step);
time-steppers must deal

well with discontinuous

changes of system [B. Seibold, G. Queisser, R. Chinomona, many students]
(e.g., user places Oculus and desktop version:
voltage clamp). '} https://github.com/c2m2/Neuro-VISOR

Testers welcomel
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Pre-Talk Advertisement [ENEUTRVINION

Overview

@ Order Reduction (of Runge-Kutta Methods) for Stiff ODE
© Order Reduction for Initial Boundary Value Problems

© Weak Stage Order and DIRK Schemes

@ Numerical Results

© Breaking the Weak Stage Order 3 Barrier

© Insights and Further Thoughts
[ TEMPLE

——8 UNIVERSITY
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Order Reduction (of Runge-Kutta Methods) for Stiff ODE

Overview

@ Order Reduction (of Runge-Kutta Methods) for Stiff ODE
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Order Reduction (of Runge-Kutta Methods) for Stiff ODE Concept

Implicit Runge-Kutta (RK) Methods )

Butcher tableau with A invertible: clA E= A& e— |:
b T > - ) - :
1

Def.: If A is lower triangular, scheme is diagonally implicit (DIRK).

Thm.: Stability function R({) =1+ CET(I — CA)~1€ measures growth
u™1/u" per step At, when solving u/(t) = Au. Here ( = AAt.

Order Reduction for Stiff ODE Error Convergence (DIRK3)
y' =My — o(t) + ¢'(1) =
with i.c. y(0) = ¢(0) and Re A < 0. 10°
Exact solution: y(t) = ¢(t). o0
Convergence At — 0: 101
e Traditional limit: ¢ — 0. Observe 02

scheme's order.

e . — slope 1.0

o Stiff limit: ( — —oco. Reduced
order. ) 10°® 10 dt 102 10")
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Understanding Order Reduction for (Linear) Stiff ODE
Model equation [prothero-Robinson]: y' =AMy — o(t)) + ¢'(t)
Apply RK scheme. Error at t,+1 (with { = AAt):
= R(C)e" +ChT (I — AL 4 gL
Truncation errors at intermediate stages and end of step
S =S A U (t,) , g =Y A (BT e - 1) g0 (1)
jz2 j>1
in terms of derivatives of ¢, and. ..

Def.: Stage order residuals 7U) = Ag¢/—1 — Jl.(__"f , Jj=12,...

Def.: Scheme has stage order q if 7U) =0 for1 <j < q.

Convergence:
e Limit ¢ — 0: Order conditions [b™A & = m for 0<j+k<p—1]
imply order p (as ((I—CA) ™ = (+CPA+C3A+. .. and b7 70) =0 for j < p—1).
o Stiff (— —o0: Order < p (as ¢(/—CA) ™! = —A*1—<*1A*2—C2A*3—. .. and
b7A‘7U) £0 for £<0). In fact, can guarantee stage order g. -
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Overcoming Order Reduction for (Linear) Stiff ODE

Need that error term (b7 (I — CA)~15,"1 is high order, where

Frtl= (J_A_tlf)! 7Wel)(t,)
j=2
and stage order residuals 7U) = Agi—1 — jl.E'j.
Fact: If stage order g equals order p, i.e., 7() = ... = 7(P) =0, then

order reduction is avoided.

Problem: DIRK (non-EDIRK) schemes are limited to stage order g = 1.
[Kennedy, Carpenter, 2016 review]: “To date, we are not aware of any efforts to rem-
edy boundary order reduction by using Butcher coefficients for DIRK-type methods.”

Goal: Concept weak stage order that also remedies order reduction, and
that is compatible with DIRK structure.

One simple Idea: Require A7U) = NJ-FU) for some pj for 1 < j < g.
Why does it work: b7 (I — CA)"170) = (1 — () tb 770,
Application in which stiff limit arises naturally: PDE IBVPs.

MOL perspective, “PDE IBVP is just a stiff ODE", is insight-limited.

Ty
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Order Reduction for Initial Boundary Value Problems

Overview

@ Order Reduction for Initial Boundary Value Problems
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Initial-Boundary-Value Problem (IBVP) Example: 1D Heat Equation

up=Lu+f forxeQ,te(0,T) ur = uxx + f(x,t) PDE

u=g for x € 0Q,t €0, T| u=g(xp,t) b.c.

u = up forx e Qt=0 u = up(x) i.c.
where L differential operator. | where x € [0, 1]. )

Implicit Time-Stepping of IBVP
Why? Avoid At < O(Ax?) time-step restriction of explicit schemes.
Semi-discretization in time (Rothe; justified if uncond. stable) yields BVP:
ﬁ(u"—H _ u") = Lyt 4 1 0 Q

ymtl = gntt on 99

Local (one time step) truncation error: O(At?)
Global (O(1/At) time steps) truncation error: O(At)

Backward Euler: {

Order reduction is a temporal error phenomenon.
(~ use super-fine spatial grids in examples)
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Order Reduction for Initial Boundary Value Problems Concept

Initial-Boundary-Value Problem (IBVP) Example: 1D Heat Equation

up=Lu+f forxeQ,te(0,T) ur = Uxx + f(x, t)

u=g for x € 9Q,t € [0, T] u=g(xp,t)

U= g forx e Q,t=0 u = up(x)
where L differential operator. where x € [0, 1].

v

PDE
b.c.

i.c.

Diagonally Implicit Runge-Kutta (DIRK) Schemes

Rothe-DIRK paradigm: user designs spatial problem for backward Euler;

high-order via only minor modifications of that call in each stage
(cf. nontrivial (b.c.) coupled system in full IRK schemes).

ul™t = u" + Aty(Luftt 4 £1H) in Q
n+l _ nty o0
DIRK2: {1~ & . o
u™ = 0"+ At(L—)(Luf T+ FY) + Aty(LumFE 4 £ in Q
untl = gntl on 99
Y Y
Butcher tableau: 11—y v wherey=1— % :
1=y v -
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(o1 Y N [T T R (T L NEI NI ETVAVEINEN SO ER  Measuring Convergence Orders

Example: 1D Heat Equation Method of Manufactured Solutions
U = Uy + f(x,t) PDE Choose u(x,t). Calculate f, g, and wug
u=g(x,t) b.c. s.t. IBVP has the chosen solution.
u = uo(x) c Simplest example: u(x, t) = cos(t);
x €[0,1], t € [0,1].
DIRK1 (backward Euler) Second-Order DIRK2
1o Heat Eqn. DIRK1 102 Heat Eqn. DIRK2
, W e e T
g ) gm: ..............
MSE
g 10 g pl==c=s" it
% % 0
5104 é 10®
U w .
. 10 O~ (beh)
° 07> il
107 “ 107! ") 3 2 === -1
10 10 10 @ 10 10
mpl
Expected orders in u. Loss of half an order in vy for DIRK2. I IEMEJ‘E
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(o1 Y N [T T R (T L NEI NI ETVAVEINEN SO ER  Measuring Convergence Orders

Example: 1D Heat Equation Method of Manufactured Solutions
U = Uy + f(x,t) PDE Choose u(x,t). Calculate f, g, and wug
u=g(x,t) b.c. s.t. IBVP has the chosen solution.
u = uo(x) c Simplest example: u(x, t) = cos(t);
x €[0,1], t € [0,1].
Third-Order DIRK3 Fourth-Order DIRK4
102 Heat Eqn. DIRK3 102 Heat Eqn. DIRK4
10"
O o w7 s e e 1 7 A} Ot
Bl | e 5| e
el T Sl e
T e £ | o
2 w0} ¥ :
5t
10° O~ (bc0) 10-\5 - =O-u (bc0)
10710 ::‘ln:’:)‘?z -7 ::’l:,;(;:j‘g'z
- : ; = =aaslope = 1.5 ’ il : : = =auslope = 1.5 ’
10 10 @ 10 10 10 10 @ 10 10
g TEMPLE

DIRK3/4 only as accurate as DIRK2. Order-loss in v (and uy). B osversry
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Order Reduction for Initial Boundary Value Problems JES|IET NI MEIIEI NS

Shape of Temporal Errors

2

errorinu

%10 1D Heat Eqn. DIRK1, single step error in u

0.2 04 x 06 08
1D Heat Eqn. DIRK1, global error in u

errorinu
a

0.2 0.4 X 0.6 0.8
1D Heat Eqn. DIRK2, global error in u

o

errorinu
'Y

~

o

x10°

0.2 04 x 06 08
1D Heat Eqn. DIRK3, global error in u

~

errorinu

old

Why are there Boundary Layers (BL) at all?
DIRK1 one-step error €(x) solves BVP
€ — At ey = —Atsin(At) for x € (0,1)
e=0 for x € {0,1}
Singularly perturbed problem:
e= O(At?) outside BL; BL thickness O(At%).

Spatial boundary layers, caused by the
temporal error.

Why loss of 1/2 order in u,?

Error away from BL: O(AtP);
error on boundary: 0;
BL thickness: O(At’?®).

Why DIRK 3 and DIRK 4 only second order?
Stages have different BL thickness. No order p
Taylor series cancellation inside BLs. Error as
accurate as each stage (O(At?)).

E

v

; - X X y
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Order Reduction for Initial Boundary Value Problems JES|IET NI MEIIEI NS

Shape of Temporal Errors Boundary Layer Error Theory for General
%10% 1D Heat Eqn. DIRK1, single step error in u RUnge—KUtta Schemes

2

Spatial Manifestations of Order Reduction in
Runge-Kutta Methods for Initial Boundary Value
N Problems, arxiv.org/abs/1712.00897

0.2 04 x 06 08 1
1D Heat Eqn. DIRK1, global error in u

errorinu

@ Modal analysis of semi-discretized (in
space) system: i"(x) = V(x)e™Atn,

_ @ Yields BVP V=M - LV + M- 6.
n’oj 02 04 x 08 08 ‘1 e Spectrum of M:

errorinu
a

10 1D Heat Eqn. DIRK2, global error in u A ¢
s _ ST
: M_ieiwmfleb + AtA

— ~——
O(1) rank 1 matrix ~ O(At) perturbation

@ One O(1) eigenvalue, others O(At).

© Hence: Single-stage methods are devoid
of OR. RK methods have BlLs.

@ Avoiding OR means: BLs are present but
are of the order of the method (or higher).

errorinu
'Y

~

o

o 0.2 0.4 X 0.6 0.8
%10 1D Heat Eqn. DIRK3, global error in u

~
e

errorinu

E

%

; - X X y
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Weak Stage Order and DIRK Schemes

Overview

© Weak Stage Order and DIRK Schemes
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Weak Stage Order and DIRK Schemes High Stage Order

Stage Order Concepts (assuming sufficiently high order p)

Def.: The j-th stage order residual is 7U) = Agi—1 — Jl.E'j forj > 1.

Def.: A scheme has (strong) stage order g if 7U) =0 for1<j<gq.

Def.: A scheme has weak stage order (WSO) § if there is an A-invariant
subspace V that is orthogonal to band 70 eV for 1 <j<4q.

Def.: A scheme satisfies the weak stage order eigenvector criterion of
order Ge if A7U) = 1;70) for 1 <j< §e and bT7U) =0.

Properties
01<g<ge<q.
@ WSO is the most general condition that ensures
CbT(I —CA) 170 =0 forall ¢ >0and 1< <§.

v
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WSS Y- W00 YT T WD) [ 3 QT 1Y Ol \Weak Stage Order Avoids Order Reduction

‘Thm.: For the linear stiff ODE, WSO § > p avoids order reduction.

Proof:  One-step error:

el — Z (J.Ajlf)! ¢(f)(to)(C5T(l —CA)! ;(J')) + O(AtPHY

Jj>q+1

In the sum, the first j < § terms vanish to to weak stage order, because
F0) ey YA (a7 ey YE BT _ ca) 170 o
Hence ¢! = O(Atm'“{q+1’p+1}). One order is lost for global error.

Thm.: For a linear IBVP, WSO G > p — 1 avoids order reduction.

(constant coefficient differential operator)

Mechanism:
Stage order g makes all stages O((At)9+1).

In contrast, weak stage order § makes some eigenfunctions of the global
error O((At)3*1), and renders the remaining (low order) ones unused.

Ty
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AWEEVSSIZ-CNOTE TEET MBI I QSIS SISl DIRK Schemes With High Weak Stage Order

Fundamental Limitation of DIRK Schemes

Thm.: The stage order g of an irreducible DIRK scheme is at most 2.
Moreover, if A is non-singular, then g = 1.

Proof: Verify by first two components of 7(2) and 7(3).

DIRK Schemes With High Weak Stage Order

Thm.: (Limitation of eigenvector criterion) DIRK schemes with
non-singular A have g, < 3.

Proof: Technical (study solutions of nonlinear relations).

Thm: DIRK schemes with §. = 3 and orders 3 and 4 do exist (next slide).

v

WSO Conditions

Thm.: WSO § is equivalent to bTAL7U) = 0 for 1<j<gand 0<l<s—1.
Yields, with order conditions, polynomial equations for the entries of A.
Solve via Matlab’s optimization toolbox, minimizing (proxy for) LTE.

Resulting schemes likely reasonable, but not guaranteed to be globally optimal.

Ty
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DIRK Schemes with WSO Eigenv. Crit. (all stiffly accurate and L-stable)

Order 3 and WSO 2 ~~ full 3rd order for IBVPs, 2nd order for stiff ODEs:

0.01900072890 | 0.01900072890
0.78870323114 | 0.40434605601  0.38435717512
0.41643499339 | 0.06487908412 —0.16389640295 0.51545231222
1 0.02343549374 —0.41207877888 0.96661161281 0.42203167233
0.02343549374 —0.41207877888 0.96661161281 0.42203167233

Order 3 and WSO 3 ~ full 3rd order for IBVPs and for stiff ODEs:
0.13756543551 | 0.13756543551
0.80179011576 | 0.56695122794  0.23483888782
2.33179673002 | —1.08354072813 2.96618223864  0.44915521951
1 0.59761291500 —0.43420997584 —0.05305815322 0.88965521406
0.59761291500 —0.43420997584 —0.05305815322 0.88965521406

Order 4 and WSO 3 ~~ full 4th order for IBVPs, 3rd order for stiff ODEs:

0.0796724 0.0796724
0.4643647 0.3283554  0.1360093
1.3485592 | —0.6507728 1.7428591  0.2564730
1.3126642 | —0.7145806 1.7937458 —0.0782548 0.3117538
0.9894693 | —1.1200928 1.9834523  3.1173939 —3.7619302 0.7706460
1 0.2148237 0.5363674  0.1544881 —0.2177486 0.0722264 0.2398430 E
‘ 0.2148237 0.5363674  0.1544881 —0.2177486 0.0722264 0.2398430

r

.
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Numerical Results

Overview

@ Numerical Results
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Numerical Results SiEiiNeIp]S

Prothero-Robinson ODE

ut:A(u_¢)+¢t
with i.c. u = ¢(0),

true sol. ¢(t) = sin(t + %)
and A = —10%.

Result
High WSO: As expected, better

non-stiff ( < 1 regime.

convergence in stiff > 1 regime.

Possibly also better error constants in

v

Error Convergence with Various WSOs (and Stage Orders)

-4

Linear ODE test problem, \ = -10%, DIRK3 WS01,2 & 3

Linear ODE test problem, \ = -10%, DIRK4 WSO1 & 3

10 1 10 b
10° b e e el 10 B e
10°® £
=
2 410
w
-O- DIRK3 WSO1
1012 —>- DIRK3 WSO02 10712 1
-0 DIRK3 WSO3 —O- DIRK4 WSO1L
BRa EDIRK3 SO2 _1a8 =P~ DIRK4 WSO03
107°Q ===sslope 1 10 ===sslope 1
== slope 2 === slope 3
m— slope 3 = slope 4
107 : 8 10716 D> s L
10 10° 10° 10 dt 102 10°
E UNIVERSITY

Benjamin Seibold (Temple University) Order Reduction and Weak Stage Order 01/13/2022, ICERM 21/32



NI MEET S Schrodinger Equation

Schrodinger Equation

Uy = —

u(x, t) = exp(i({x — wt))

with £ =27, w=>5,and T =1.2.

J Manufactured Solution

Schroedinger Eqn. DIRK3, WSO3

Schroedinger Eqn. DIRK4, WSO3

102
£ £ £
g g g
£ g w0’ £
£ E £
3 2 t
£ -0~ u £ £
8 . g g -o- u
"o oo +u "o ? -
«=+slope 2.0 == . < ——slope 4.0
0 —-slope 1.5 ol —%101'p 3.0 Lo 10%0—0— <xslope 3.5
104 108 dt 102 |— slope 1.0 o 104 100 dt 102 |—=slope 3,0J
WSO2 recovers full 3rd order in u. Loses half order in uy.
Due to dispersive waves, order-reduction effects away from BLs.
Same error results for heat equation (not shown here).
g TEMPLE
——8 UNIVERSITY
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Numerical Results Advection-Diffusion Equation

Advection-Diffusion Equation Manufactured Solution
u(x, t) =sin(2r(x — t))
with e = 1073.

U + Uy = Elyy + F

Adv.-diff. Eqn. DIRK3, WSO1 Adv.-diff. Eqn. DIRK3, WS02

£ ‘- £
[=] [=]
c c
5 n/O/) 5
£ o7 | 2
5 O 5
s - Uy =
£ w(0,1-56v] | £
s u, [0,1-50]| §
] ——slope 3.0 i ——slope 3.0

====slope 2.5 ==s=slope 2.5

= =slope 2.0 = =slope 2.0

— =slope 1.5 — =slope 1.5

102 107 102 107

v
WSO2 recovers full 3rd order in u. Loses half order in uy.
W TEMPLE

Order reduction not visible for large At (physical BL dominates). Iy | e
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Numerical Results Linear Advection Equation

Linear Advection Equation

ur=—ux+f
Advection Eqn. DIRK3, WSO1 Advection Egqn. DIRK3, WS02
10% 1
10°
E E
[~] [=]
< < 102 1
£ £
= =1
E E 10"
© ©
= =
£ £ 10°
g ]
] W 498
=—slope 3.0 =—=slope 3.0
10 ==«xslope 2.0 10 =«==slope 2.0
10 _ |=—=slope 1.0 10 _ |==slope 1.0
10 1072 dt 102 107 107 107 dt 102 10“)
A full order is lost per spatial derivative.
WSO2 recovers full 3rd order in wu. TH TEMPLE
M UNIVERSITY
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Numerical Results Nonlinear PDE: Viscous Burgers' Equation

Viscous Burgers' Equation Manufactured Solution

ustuuy = vu+f, v=01] u(x,t)=cos(2+ 10t)sin(0.2 + 20x)
4
Viscous Burgers Eqn. DIRK3, WSO1 Viscous Burgers Eqn. DIRK3, WS02 Viscous Burgers Eqn. DIRK3, WSO3
> T4 <
102 " > 102 102
g -4 g -4 g -4
S 10 S 10 S 10
E £ £
5 5 5
E E E
% s = 6 X 6
g o £ g
£ - U, £ £
8 > s s -0 u s
o 108 —slope 3.0 & 10® - u o 108 -0 u
+eeeslope 2.5 > . - u,
— = slope 2.0 ——slope 3.0 > .,
0 — slope 1.5 - <=+ slope 2.5 o0 —slope 3.0
10 10 dt 107 10" 10 10°  dt 107 10" 10 10°  dt 107 10“)

Even for this nonlinear problem, the errors scale in accordance to: WSQO?2
recovers full 3rd order in u, and WSO3 also recovers full 3rd order in u,y.

However: WSO does not guarantee this, because linear theory. These
results are better than the theory.
g TEMPLE

=8 UNIVERSITY
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\ILISIEINAEETIEM  Stiff Nonlinear ODE: Van der Pol Oscillator

Van der Pol Oscillator Parameters
xX'=y and y =pu(l —x?)y —x w1 = 500,
(X(O)7y(0)) = (2a 0) 7_final = 10.

Van der Pol, 1 = 500 Van der Pol, ;. = 500

W e 108 L
--------- >
- 10-10 L S T N 10-]0 ..........
e v S A Y O e v I e
i@ S ST s L T
BE /.Y i ol —O-DIRK4 WSO1
10 =O-DIRK3 WSO1 10 —>-DIRK4 WSO3
=P~ DIRK3 WSO02 =0~ EDIRK3 SO2
=0~ DIRK3 WS03 ===slope 4
=== slope 3 == slope 2
1 i i ====slope 1 " . i === slope 1
1 10° 102 dt 107 w 10 102 dt 107 10")
For this nonlinear problem, WSO does not remedy order reduction.
Interesting: EDIRK with stage order 2 remedies order reduction,
but does so by yielding larger errors for large time steps. = TEMPLE
=8 UNIVERSITY
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Breaking the Weak Stage Order 3 Barrier

Overview

© Breaking the Weak Stage Order 3 Barrier
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SICEINL R CRAEENSS EECNOIG TN SRl Use Generalized Weak Stage Order Theory

Breaking the Weak Stage Order 3 Barrier via WSO Theory

Recall: WSO eigenvector criterion (A7U) = 11;70)) limited to § < 3.

°
@ But: General WSO (bTA!7U) =0 for £,1<j<4§) is not.
@ Goal: find L-stable DIRK schemes with (p, §): (4.4), (5,4), (5,5).
@ Challenge: Brute force optimization does not work well.
@ (A Biswas PhD thesis]: Use WSO theory to construct feasible (starting)
schemes with A-invariant subspace 7U) € V having dim(V) = 2.
S oraoano ?a e'(;Q aos 765e—;3 9 (5, P; a) = (7’ 47 4)
8e+00 | -1 151 e+00 1221 2 01
2975701803613543&+00 1475353790517696801 3.618481772236499¢-01  -5. 01 2. 5.742190161395324e-01
1 2012023940726332: 02 -191 02 -5.556044541810300e-03  3.707277349712966e-01
1 +00 | 2. 01 4. 1 151213300e-02  6.01 1e-02 6. 0! -1.270730910442124e-01 3.395048796261326e-01
2. 1 4. 1 1 935151213300e-02  6.01 6. 5 -1.270730910442124e-01 3. 6e-01

2USTIABITIEOL | 2 HSIIBBAG2TIE 0L

(s,p. &) = (12,5,4)

Lo0000000000donte 00 | 1.4
T4

s rsasanresse

LTINS SOTSIe TSSO L TS0 e 00 0TI DSOS SOt 2 oo a2 SO AISDs 2712 e
TACEOARETO00G5% 0] 2 OO TII<0F OSSO 1 T ATSO00R s 100 2 05T 02T 5 1 DRSNS TSIEe T IO R e N e e

o

(s,p, 4§ )—(1255)
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Breaking the Weak Stage Order 3 Barrier Results: Schrédinger Equation

Schrodinger Equation Manufactured Solution
iw — “(x — $)2 ;
U= g+ f u(x, t) = exp(—(x — t)*) cos(10x) sin(t)
§ J withw=2r =20 and T=12.
V.
Schrodinger Eqn: DIRK-(7,4,4) Schrodinger Eqn: DIRK-(12,5,4) Schrodinger Eqn: DIRK~(12,5,5)
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Same outcomes as before: WSO recovers full order.
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Breaking the Weak Stage Order 3 Barrier Results: Viscous Burgers' Equation

Viscous Burgers' Equation Manufactured Solution
urtuuy = vug+f, v=01] u(x,t)=cos(t)
v
Viscous Burgers Eqn Viscous Burgers Eqn Viscous Burgers Eqn
DIRK-(7,4,4): u(x,t)=cos(t) DIRK~(12,5,4): u(x,t)=cos(t)_ DIRK~(12,5,5): u(x,t)=cos(t)_
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For this nonlinear problem,
@ WSO does not recover the full order;
@ but: WSO is beneficial (observed order 3).
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Insights and Further Thoughts

Overview

© Insights and Further Thoughts
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Insights and Further Thoughts

Insights

Order reduction (OR) is a fundamental problem in high-order time stepping.
In PDE problems, OR manifests in numerical boundary layers.

Weak stage order (WSQ) is a mechanism to remedy OR.

Linear concept. But also benefits in some nonlinear problems.

WSO compatible with DIRK structure. New L-stable stiffly accurate DIRKs.
Multistep methods do not suffer from order reduction (not even in uy).

Further Thoughts

General WSO theory in upcoming manuscript.
WSO conditions not dissimilar to other (ROW)

conditions from [Scholz 1989], [Ostermann, Roche 1993].
If willing to be spatial-specific: modified b.c.

Here fully implicit. Splitting methods offer more
flexibility to remedy OR [s. Roberts PhD thesis].

Rothe vs. MOL: insight on error's spatial boundary layers. If errors peaked
near boundaries, why care? lift/drag on airplane wing.

Modﬁmd b.c.
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