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IMmExschemes

Goal Time Step ODE: u; = Lu + f(t)

where given initial data and: [, € RV*N  w(t), f(t) € RY

if L stiff, tymMEX U = Au + Bu + f(¢)

\_'_I \_'_’

IMplicit EXplicit
A where [ = A+ B (NOT uniquekample: A
A Convention: A stiB  natiff, | (%1 —wa) = Awnys + Buy,
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Difficulty: Both A B are stiff

A Occurs wher B is difficult to treat implicitly.

Example 1Variable coefficient diffusion, try splitting

Uy = (d(a?)ux)m = QUgpy + ((d(:z) — cr)um)

AAu = aug, (IMplicit) Not trivial to avoid
ABu = ((d(;{j) — @-)um) (EXplicit) diffusive time step.

A Old idea PuglousDupont 1971]

A For ¢ large enough, simple Euler scheme hiBtime step restriction.
(Unconditionally stable); same type of approach as comamcavesplittings
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Difficulty: Both A B are stiff

Example 2(Original motivation) IncompressikMdavierStokes

w=uVu-—Vp—(u-Viju+f, V-u=0
Boundary conditions u = ()

To avoid saddipoint problem, split Stokes operator:

[S., Rosales 2011], see also [Henshaw, 1994], [Johnston, Liu 2002, 2004] and [Liu, L
Pego 2010]

u; = uVau — Vp(u) — (u : V)u + 1 |
BCnxu=0 V-u=0. uViu  (IMplicit)

Vip=V- (f — (u-V)u) Vp(u) (BXlicit)
BC:n-Vp=n- (;LVQU +1f — (u : V)u) + \n - u | (U. : V)u (E>fJ|ICIt)
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Assumptions and Outline:

Consider multistepMEX  u; = Au + Bu + f(t)
\_'_I |_'_,
IMplicit EXplicit
A Assume that BOTA  ¢Bl are (possibly) stiff.
A AssumeA symmetric, negative definiech as previous examples)

AT =4 (x,Az) <0, forallz # 0

1) Sufficient conditions founconditional Stability Done by

= defining an

2) Necessary conditions fd&tnconditional Stability uncono?monm
~ stabilit

3) Applications: Including the dispersive shallow diagrayn_

water equations.
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ODE Stabillity:

Numerical stability : u; = Au

A Decouple!

Absolute stability region J Spectrum
(Property of timestepping scheme ONLY (Property of matrix only)

(¢) Uy = Aw  kTimestepl 5(4) = {\: Au = \u,u # 0}
A:={kX € C: (%) bounded}

Stability:Necessanandsufficient to(A) C A

A Allows design of timstepping for classes of problems (matrices).
A Unconditional stability is easy to analy: A must contain a cone).

Difficulties forlMEX  u; = Au + Bu

A Matrices do not commute, necessary and sufficient conditions more difficult
A No decoupling. Our approach introduces a stability diagram.
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Multistep IMEX

Multistep IMEXtakes form: [Crouzeix1980], AscheyRuuth Wetton, 1995]

r

1 r
E Z a‘jun—{—j — Z (Cj44un__{_j + bjBun_—{—j + bjfn—{—J)
=0

j=0

A T is the order, i.e. time stepping error sca O (k")
A b, = 0 so that the scheme is explicit B
A Coefficients are not independent. Satisfy order conditions.

Example EulersBbDF1) Example semiimplicit backward differentiation 3

co=1 ¢,=0, cg =0
E(umrl N u”) — Au'ﬂ+1 + Bu, (o = 3/2; a = —2. ap = 1/2

])2 = O bl = 2 bo = —1
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Unconditional stability
Multistep IMEXtakes form:

k Z(IJ n—{—; — Z (jj44un.+j + Z)jBu?z.+j + bjfn+j)
7=0

Unconditional stability:

Solutionsu,, remain uniformly bounded fornull k>0

A Not a trivial property due to the explicit term (demanding a lot!
A Property depends oBOTHcoefficients(a;, b;, ¢;) AND(A. B)
AG9l AASNE G2A4DB)FHteél S sKSY

A For a proposed splittind A, B)  one may to ch(a;,b;, ¢;)
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Unconditional stability diagram

Quick derivation: seek solutions of forru,, = z"v v e CV

T

| -
E Z AjUWUp g = Z ((:J-A’u,nﬂ + bjB’U,n+j>
i

j=0

Nonlinear eigenvalue problen (%a(z) —¢(z) A —b(2) B)'v =0 (%)

k
With polynomialcoeft: a(z) =) a2/ b(2) = ibjg:f c(z) =) ¢
(not independentg order conditions) =0 j=0 J=0
Dot (x) through b(-4)>~tv yields (o (=4))
(v (A l)
a(z) = y(c(z) — pb(z)) where (v, (=AY~ Bo)
| =
(p ¢ a real number, some freedom to choose) / (v, (—A)Pv)
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Unconditional stability diagram
Then, if knew eigenvectov ¢ CV forafik > 0

oA (APl B

(w,(—A)pToy M T T A)p)

a(z) = y(c(z) — pb(2)) ()

Have |z| < 1 , then sufficient for stability.

Could compute

Then if all solutions to

52y QU veCVNg unconditional stabilityregion
D= {y : stable Vi < 0 Worst case when
{1 € C: (xx) stable Yy < 0} P

={p € C: ub(z) = ¢(z) stable} | Big simplification.
Some similarity to diagrams defined in [FraHkndsdorferVerwer 1997], [Koto, 2009]
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Shape of Unconditional Stability Diagram:

Theorem 1 (SBDF) The set D is simply connected, contains the origin
0 € D. and has a boundary parameterized by the curve

~.T

oD = {:r — [E Iy |zl =1, arg 2o < arg 2 < 27 — arg :0}.

A

where: zp = 1. for order r = 1. and
! f ders 2 <r <5
70 = , or orders 2 <r <5,

L —2cos(m/r)erm/r

The right-most m, and left-most m; points of OD are on the real axis where:

forr =1, m; = —1 and m, = 1,

for2<r<5 my=—(2"=1)"1 and m,= (1 + 27 COb’T(ﬁ/?’))_l
Proof 1 'D = (T) is the image of a triangle T under the conformal
mapping p(z) = _1) and a correctly chosen branch cut.
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U. Stablility:Nec &suff Condltlons

1} SBDF1 r=1 11 SBDF2

: r:2"

Right: D for two ol os|

popularIMEXschemes | ol <>

-0.5¢

'1'. 1t

Sufficient condition: s 00 1 05 0 05 1

Let W, :={(v.(-4)""'Bv) : (v.(-A)"v) =1} all allowablep by A B .
If W, C D thenIMEXscheme is unconditionally stable.
Necessary condition:
o((—A)7'B) = {p € C: u(-A)u = Bu,u # 0} Generalized eigenvalue
o((—A)~'B) C DuU{1} Is necessary for unconditional stability
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Remarks:

1) The setiv, := {qn_ (—AYP~1Bo) : (v, (—A)Po) = 1}
For computations can be written asnamerical rangedhebfun):
W(X):={{x. Xx): ||z| = 1.2 € C"} where X = (-4)>" !B (-4)""

Lo

2) If matrices are normal and commute, thv), IS the convex

of «((-4)7'B) ,i.e. necessary and sufficiealrmastthe same.
3) The sufficient condition usirD IS weaker than other
unconditional stability criteria,e. [Akriviset. al, 1998, 1999, 2003]

4) Choose timetepping coefficients for a fixed set of matrices.

A

PV 9USNBUKAY3I A& aSlarteég O2
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Time-stepping coefficients with bigD

1 SBDF1 r=1 1 SBDF2 r=2 1r SBDF3 r=3
05 0.5} 0.5}

° O
0.5 0.5}

: 0.5}
Smaller Even smaller

-1 Al 1

405 005 1 05 0 05 1 R

Small regions limit the unconditionally stable masptittings( A, B)
We would like to hav8IGregions (if possible).

How? General idea for new coefficients:
1L.Use D={pueC:ub(z) = c(z) stable}

2. Implies wam]_)(_z) small wh 2 on (or in) unit circle.

3. Using order conditions, implies need roots ¢(z) closeto 1.
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New IMEX coefficients

A One parameter famiho < 6 < 1 ,reduceto 'y = 1
A Orders1 < r < 5
A Defined by polynomial coefficients.
(Implicit coefficients) c¢(z) = (z —
(Explicit coefficients) b(z) = (2
o o ~ f9(1)
(Derivative coefficients) a(z) = Z (z — 1)/

where f(z)

(Inz)(z —1+9)"

(Coefficients are zero stable)
For order r = 2, some similarity tKrivis Karakatsani2003]
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D For New IMEX coefficients
| = ' Bigger

Huge (asymptotic circle)

Circle: 1 o
/ r -+ <

Centre ~ —(r9)~!
| — | Regions can be made
-4 -3 -2 -1 0 1 arbitrarily large (Real part < 1
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Part ||
ldealized Examples

ICERM, Jan. 10, 2022 DIt D. Shirokoff



Implications/Examples

Consider: u; = —10u = —u — Yu
Where: Au=—u Bu= -9

Numerical range W, = {(’L’f. (—APIBv) : (v, (—A)Pv) = 1}
W, = {-9}

5 =0.04

Choice 09

5 < 2(1 = (0.9)Y/7)
For order, » =5 use any value
0 < 0.04 guaranteesW, C D

> A N ON DM O

Get unconditional stability.

-1 -9 -7 -5 -3 -1 1
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Example: New IMEX, variable diffusion

Ut = (d(:{:)um)m + f(z,t) d(x) =4+ 3cos(2ma)

Ahu ~ O Ugy Bru ~ ((d(&?) B O-)Uar)l,
Spectral discretization in ——— 01732
space N = 64 modes. n g = 2.69

D
Satisfies the sufficient
condition for of N
unconditional stability. Wy
W, CD =t
2 1 0 1
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Variable diffusion;: SBDF Limited®rder
Given Uy = (d(a’:)um)m + f(x,t)

Spliting  Apu ~ocu,, Bpu~ ((d(ﬂ?’) - U)u:r)

i

Either spectral or finite difference spatial discretization.

Theorem 2 (Limitations on SBDF) Fiz d(x) > 0. First and second order:
there always exists o that quarantees unconditional stability. Third order (or
higher): SBDF is NOT in general stable for any o. However, a modified
scheme (0,0) 1s ALWAYS unconditionally stable.

New IMEX coefficients;3" order schemes unconditionally stable:

- yyin | L
0 = dpin 0 < 2(1 — (1 — mm) ”), for 1 <r <5.

dm axr

dppin = mind(z), dye, = maxd(z).
ref) xref)
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Example:

New IMEX, Variable diffusion

Num. k Error | Rate|l Error Error Error Error

Steps r=1 r=2 r=23 r=4 r=2>5
5 1 7.9e+00 - 4.7e+01 3.4e+02 9.0e--02 8.8e--02
10 | 271 | 3.4e+00| 1.2 | 6.7e+01 4.9¢+02 2.20+03 4.3e+03
BLUE REGI( 20 | 272 || 4.3e+00 | -0.4 || 2.4e+01 5.6e+02 3.7¢+03 6.3e+03
NOT Possibl 40 | 273 || 1.3e+00| 1.7 || 3.5e4+01 5.4e+02 6.3e+03 5.8e+04
: 80 | 274 || 6.9¢e-01 | 1.0 | 7.1e=00 1.3e+01 7.4e+02 6.0e+03
with SBDF! 160 | 25 || 2.70-01 | 1.4 | 1.0e=00 1.1e4+01 530401 5. 701
Regardless 320 | 276 || 2.2¢-01 | 0.3 || 6.0e-01 2 5400 2.8e+00 7.1e+00
of how one 640 | 277 || 2.9¢-01 | -0.4 || 5.3e-01 6.3e-01 1.5¢-01 4.0e-01
, 1280 | 278 || 2.5¢-01 | 0.2 || 2.2¢-01 5.00-02 3.66-02 9.5¢-02
choose o 9560 | 2-9 || 1.60-:01 | 0.6 | 5.60-02 £.90-03 3.50-03 9 8004
5120 1271900 0.1e-02 | 0.8 | 1.2e-02 8.56-04 2.0e-04 1.0e-05

1.0e4-04 | 2711 || 4.8¢-02 | 0.9 || 2.8¢-03 1.3e-04 1.1e-05 3.8¢-07

2.0e4-04 2712 | 2.5e-02 | 1.0 || 6.7e-04 1.8e-05 6.1e-07 1.3¢-08

4.1e404 2713 1.2e-02 | 1.0 || 1.6e-04 2.4e-06 3.6e-08 1.1e-09

824042714 || 6.3e-03 | 1.0 | 4.0e-05 3.0e-07 2.2¢-09 1.4e-09

1.6e+05 (2715 || 3.1e-03 | 1.0 || 9.8¢-06 3.86-08 2.3e-10 2.8¢-09

CFL:k <2718

(Explicit schemes)

Exact solution:u* = sin(20t)esn(277)

tf=5
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Nonlinear problem

- pr +V - (Vp) =0 (Conservation of mass)
Nonlinear >
Diffusion V =——Vp (Darcy’s law)
Example [
p=pop” (Eqn. of state)
Combine: pr =V - (pﬁ”Vp>
Spliting: ~ Ap U A Ty Bu~ V- ((p"f(a:) - a)Vu)

Use new formulas for parameters.

Avoids nonlinear implicit termswith a constant in time linear implicit term!

- Similarity in flavor tdRosenbrocknethods (but no Jacobian here)

- Avoiding implicit nonlinear terms also seBuchemin Eggers, 2014], [Bruno, Cubillos,
2016] and [Bruno, Cubillos, 2017] on quasconditional stability, for compressible Euler.
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Nonlinear diffusion in a periodic domain

Ref. Sol.

1 —
2 t=

-

Visual inspection Top: Ref. Sol. BDF2 65,000 time steps (run overnight)
(N = 128 Fourier modes)  Bottom: 32 time steps (a few seconds)
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Anomalous diffusion: decay of peak

Slope of
Linear diffusion

Gray: Ref. Sol. BDF2 65,000 time steps (run overnight).
Dashed: 256 time steps (< minute), several digits of accuracy.
Red: 64 time steps (seconds), a few digits of accuracy.
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