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Part I
The Stability Theory
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ImExschemes

Goal Time Step ODE:

where given initial data and: 

If,        stiff, try IMEX: 

IMplicit EXplicit

Åwhere                            (NOT unique!)

ÅConvention:        stiff,      non-stiff, 

Example:
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ÅOccurs when        is difficult to treat implicitly.

Example 1: Variable coefficient diffusion, try splitting

(IMplicit)

(EXplicit)

Å

Å

Å Old idea [Duglous, Dupont, 1971]

Å For large enough, simple Euler scheme has NOtime step restriction. 
(Unconditionally stable); same type of approach as convex-concave splittings. 

Not trivial to avoid 

diffusive time step.

Difficulty: Both      ,      are stiff
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Difficulty: Both      ,      are stiff

Example 2: (Original motivation) Incompressible Navier-Stokes

,

Boundary conditions:

To avoid saddle-point problem, split Stokes operator:
[S., Rosales 2011], see also [Henshaw, 1994], [Johnston, Liu 2002, 2004] and [Liu, Liu, 
Pego, 2010]

BC:

BC:

Formulation allows for:

(IMplicit)

(EXplicit)

(EXplicit)
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Assumptions and Outline:

Consider multistep IMEX: 

IMplicit EXplicit

ÅAssume that BOTH       and      are (possibly) stiff. 

1) Sufficient conditions for Unconditional Stability.  

2) Necessary conditions for Unconditional Stability.

3) Applications: Including the dispersive shallow 

water equations.

Done by 
defining an 
unconditional 
stability 
diagram.

ÅAssume       symmetric, negative definite. (such as previous examples)

, , for all 

ICERM, Jan. 10, 2022 D. Shirokoff



ODE Stability:

Numerical stability : 

Spectrum
(Property of matrix only)

Absolute stability region
(Property of time-stepping scheme ONLY)

Decouple! 

Stability: Necessaryand sufficient
Å Allows design of time-stepping for classes of problems (matrices).
Å Unconditional stability is easy to analyze (       must contain a cone).

Difficulties for IMEX
Å Matrices do not commute, necessary and sufficient conditions more difficult. 
Å No decoupling. Our approach introduces a stability diagram.

Time step
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Multistep IMEX

Multistep IMEXtakes form:

Å is the order, i.e. time stepping error scales

Å so that the scheme is explicit in

ÅCoefficients are not independent. Satisfy order conditions. 

Example: Euler (SBDF1) Example: Semi-implicit backward differentiation 3

[Crouzeix, 1980], [Ascher, Ruuth, Wetton, 1995]
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Unconditional stability

Multistep IMEXtakes form:

Unconditional stability:

Solutions         remain uniformly bounded for all      and             .  

ÅNot a trivial property due to the explicit term (demanding a lot!). 

ÅProperty depends on BOTHcoefficients                    AND

Åά9ŀǎƛŜǊέ ǘƻ ŀƴŀƭȅȊŜ ǿƘŜƴ                ŎƻƳƳǳǘŜ όƴƻǘ ŀǎǎǳƳŜŘ ƘŜǊŜύ

ÅFor a proposed splitting                one may to choose 
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Unconditional stability diagram

Quick derivation: seek solutions of form

Nonlinear eigenvalue problem:

With polynomial coeff.:
(not independent ςorder conditions)

Dot         through by                    yields

where

(p ςa real number, some freedom to choose)
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Have                 , then sufficient for stability.

Unconditional stability diagram

Then, if knew eigenvector                    for a fixed    

Could compute

Then if all solutions to

5ƻƴΩǘ ƪƴƻǿ                   Φ LƴǎǘŜŀŘ ŘŜŦƛƴŜ unconditional stability region

Some similarity to diagrams defined in [Frank, Hundsdorfer, Verwer, 1997], [Koto, 2009]

Worst case when

Big simplification.
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Shape of Unconditional Stability Diagram:

ICERM, Jan. 10, 2022 D. Shirokoff



U. Stability: Nec. & suff. Conditions

Sufficient condition:

Let all allowable by      ,     .

Right:          for two 

popular IMEX schemes

If then IMEXscheme is unconditionally stable. 

Necessary condition:

Generalized eigenvalues

Is necessary for unconditional stability.
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Remarks:

For computations can be written as a numerical range (chebfun):

1) The set

where

2) If matrices are normal and commute, then         is the convex hull 

of                         , i.e. necessary and sufficient are almost the same.

3) The sufficient condition using       is weaker than other 

unconditional stability criteria, i.e. [Akriviset. al, 1998, 1999, 2003].

4) Choose time-stepping coefficients for a fixed set of matrices.

рύ 9ǾŜǊȅǘƘƛƴƎ ƛǎ άŜŀǎƛƭȅέ ŎƻƳǇǳǘŀōƭŜΦ
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Time-stepping coefficients with big 

Small Smaller Even smaller

Small regions limit the unconditionally stable matrix splittings

We would like to have BIGregions (if possible).

How? General idea for new coefficients:
1. Use 

2. Implies want            small when       on (or in) unit circle.   

3. Using order conditions, implies need roots of            closeto 1. 
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New IMEX coefficients

ÅOne parameter family,                   , reduce to SBDF             . 

ÅOrders

ÅDefined by polynomial coefficients. 

where 

(Coefficients are zero stable)
For order r = 2, some similarity to [Akrivis, Karakatsani, 2003] 
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For New IMEX coefficients

SBDF2

Big

Bigger

Huge (asymptotic circle)

Circle: 

Centre 

Radius

Regions can be made 
arbitrarily large (Real part < 1)
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Part II
Idealized Examples
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For order,               use any value  

Implications/Examples 

Consider:

Where:

Numerical range:

Choice of     :

guarantees

Get unconditional stability.
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Example: New IMEX, variable diffusion

Satisfies the sufficient 
condition for 
unconditional stability.   

Spectral discretization in 
space N = 64 modes.   
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Variable diffusion: SBDF Limited 2nd Order
Given

Splitting

Either spectral or finite difference spatial discretization.

New IMEX coefficients, 3-5th order schemes unconditionally stable: 
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Example: New IMEX, Variable diffusion

Exact solution:

CFL = 

BLUE REGION 
NOT Possible 
with SBDF!
Regardless 
of how one 
chooses      . 

(Explicit schemes)
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Nonlinear problem 

Nonlinear 
Diffusion
Example

Combine:

Splitting:

Avoids nonlinear implicit terms ςwith a constant in time linear implicit term! 
- Similarity in flavor to Rosenbrockmethods (but no Jacobian here)
- Avoiding implicit nonlinear terms also see: [Duchemin, Eggers, 2014], [Bruno, Cubillos, 
2016] and [Bruno, Cubillos, 2017] on quasi-unconditional stability, for compressible Euler. 

Use new formulas for parameters.
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Nonlinear diffusion in a periodic domain 

Top: Ref. Sol. BDF2 65,000 time steps (run overnight)
Bottom: 32 time steps (a few seconds)

Visual inspection
(N = 1283 Fourier modes)
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Anomalous diffusion: decay of peak

Gray: Ref. Sol. BDF2 65,000 time steps (run overnight).
Dashed: 256 time steps (< minute), several digits of accuracy.
Red: 64 time steps (seconds), a few digits of accuracy.

Slope of 
Linear diffusion
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