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Artin
groups

and normal forms

Braid
group : Bn ={Q , . . ., q , | a- G.

=QQ ti- jl > 1

QQG. = GQ Oj ti
-j 1=1 }
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¡F- ¡
=
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To work with Bn algebraically , one uses
the

monoid of positive braid ,

BÍ = ( Same presentafin§
← ( Presentation as

a monoid : no

inversas )

Fact : BÍ cmbeds in Bn [Garside '

69 ]

( tuvo positive words which are equivalent in Bin ,
are also equivalent in Ón)

.

laser : Bnt satis fies Orés conditions : it is onulláhie

and acry two elements have a least common right mnlhpte .
⇒ BÍ embeds in its group i of fractróns , which is Bng



②
Hence

, every
braid ✗ can be decomposed as

✗ = a-
' to with a

,
te Btn

. By symetry .
also

as ✗ = cd
"

-

BÍ ={Q , . . ., G. , | 9- G. =qq.li
- ji > 1

+

QQ.CI. =GO.iq/i-jt--1)Relationsarehomogeneous⇒ All words

representany a given element
have the

samelengthv.aeÓn
,

tal = length of any Representative .

Standard generator s {G. → Q.nl :{dli . of length}

They are callad atoms



③
Lattice order in BÍ

Given a .be BÍ
,

we Sag that a is aprefixofb
( a Sb ) if j.cat/ac--b .

[Similar ly ,
there is a snffixorder y ]

Properties of the partid orden &

① It is invariant under left - multiplicación
a sb ⇐ ✗a = ✗ b

② It is a latte order :

V-a.beBÍ
.

7 ! anb ( g.c.d. or me
et )

7 ! a v6 ( l.cm
.

or join )

Example : Q v0, = QQ = QQ

Q ✓Q = QQQ = QQQ

( can be easilyshown , by length arguments )



④
For langer elements , one can draw a diagran

QQ ✓ QQ Os = 999999=999999

4.
→→→

→↳÷:-.
"

→→
%

t.E.k.li!÷!

To compute gcd 's ,
we reed more properties .

-

Garsideelement
Lcm of all standard generatorsi

D= arar . .
.ua

. .

"

¡
"

Half twist
"

D= Q KG ) (GH ) - - - (On -i - 9) = G- G- i )Kiki) . --19919
= (En - "G) (Q -I "G) -

- - (Onion
-a) 0mi



⑤
Properties of D :

• Bydefimtion: V-io-q.jo?TI
• ti G. ☐ = En

+ , _ i
= DE Ü

EEE - E
• Héroe JEZ / Bn) . Actnally 2- (a)= < Ó >

r

center [Chow ,
1948]

• Also
: ☐ ÓNLÍ = BÍ ( conjugación by D just

permites the generator)
• Conjugación 6yd preserva the lattice structure .

• Every ✗ c- Bn can be written as ✗=G. p

where me Z
,

PEBÍ
.

Proof : - Write ✗ asawordin {Q
"

,
. . .

>
OÍ ! }

.

- Replace each q.
" with dla.IO

'

.

-

"

More
"

all Ó 's to the left , using the conjugación
relación

. ✗



Usingtlesefacts.Garsidesolvedtheword@probleminBn.Giuen
tuvo words w

, , wa .

do they represent the
Same element in Bn ?

[Garside , 1969] Write [w,] = LT:[✓D
,

Iwa ] --LT ? [ 41

(Can assume m
,
= mi ley inserting D-

"

Ú in one

of them . if necessary) .
[ w ,] = LE [Y]

,
[wz] = [ Va ]

Then [W , ] = [wa] ⇐ [ va ] = [ va]
~ s
Positive words !

Applyall possible relatores in BE to vn
,

to generali
of word s represas ting [un] ( a finitesetofwords) .

[ vi = [v4 ⇒ y is in that set
,

VERY BAD ALGORITHM !



⑦
Improvement [ Adjani Dehjne , Elrifai . Morton ,Thurston]
✗ = Ñ P

←
☐campo se P in amiga Wag .

The factor will be the prefixes of 0 ,

also
callad simple elements or permntationbraids

{ Permntatias in Sn} { prefixesof D}

÷ = o

te braids in which

{ erery tuvo stands } = {Prefixes of a }Cross atmostonce
.

Left greedy decomposition of a positive element P.

×
,
= Un P ( biggest simple prefix of P )

Write P = ✗ R
. Define ×

,
= Un Pr

Write P = xsx, P, Define × ,
= Un Pz . . .

etc



⑧
One obláins P = ×

,
- - - Xr
-

Simple factors
All D factor s , ifany ,

are on the left .

Here we can Write HXE Bn :

✗= LT ×,
- - - ✗
r

where ✗ ¡ c- Oivk) ) { 1,0 }
LEFT GREEDY NORMAL FORM

✗
¡
= Un ✗

¿
-Xr

This decomposition is nnigve .

Fact : xi . -xr is in normal form ⇒

Vi
,
✗
¡
= Un ✗

¡ ✗ in ( saytlat ✗ ix.+ , is left-weigted)
"

Local property
"

HOWT-ETE-THENORMALFORMGiuena.beoirlo) , if ab is not left -weighted .

F- Let S = dia ) n t
Write 6 = st

.EI
Then (as) - t is left- weighted .



⑨
Exempla : a = QQ

,

6=999 in By

¡ÉEFÍEI i. . .
G a os 9 9

Is there son atom ,PTU ,

which can

be added to a. keping its simphühj
?

G does :

Now we can slide Es too :

I Et
a Osqos . q ← Left -weightedfadérizahon



①

Ingeniera : Tak P
,

written asa product of
simple elements (mayte atoms) :

P = S
, Sz - - - Sz

• Tak
any pair of consecutiva factor s , and make

it left -weiglted . (If 2nd factor becomes trivial , removeit)
• Repeat .

This terminales
, produring the left greedy

normal form of P .

Complexity : Given a word of length l in Bn ,
Con compute its normal form in Olénlogn)

VERYÍTST ! [Epstein etal . 92]
Thurston



①Some interestmg properties

① The latin order extends to Bn

V-a.be Bn a < 6 if fce BÍ / ac = b .

⇐> áb c- En

☒ anb ? Tak N » o st
.

Ana
,

Ób EBÍ

Compute g =
dan Ó 6 c- BÍ

Then Eg --0%4^04 )=a ]
② There properties holdinall Artn groups
of sphericaltype

For each pair ti , j) , atmostonereln .

}A = {ar , - - - -san | of type aiajai . . . = ajaiaj " '

→ .

-

Same length
Spherüal type if Akai

.

. .

,
a;»

= :W is finito
9

Exeter
group



④
③ Gar side

groups are groups satisfying
this kind of properties

• Monoid C Group .

• Lattice order

• Garside clement D

• finileness conditions .

④ To compute gcd 's .

Tuvo options :

a. 6 c- BÍ

1) Final so that as ON
,

BE ON

Write
= a. á = b. b

'

Computa ✗ = a
'

Tb
'

( lcm for suffix order )
Tlan arb = ×

"

"



①
2) Compute the normal formsi
a = X

,
- - -Xr b = y ,

-

Js

If ✗uy , = 1 ⇒ arb = 1
.

If ✗uy , = 4=11 ,

write a = qa, , 6=46 ,

Repeat with an and be
.

The product 4h . . - ✗ c. when the
proms

ends

is an b
.

-

⑤ Otter Garside structure in Bn

Birman - Ko - Lee structure ( dual structure)

Atoms :
o g

O a

aij i.E
'

O

°

y



④

Garsideehmat : Ó
.

- ÷
.

la
• !
"
← A

Simpleelementsi
• •

Non - crossing partition,
@

°

¥

# ({simple elements }) = Con ← Catalan member .

⑥ Using there normal formas , One can
solve the conjugay problem in

Garside
groups .



⑧
?⃝ó Mixednormalform
From ✗ = ×

,
. . - xr

,
we have adecomposition

✗ = á:p
,

with ×
, peón ( they conld )be trivial

Let D= ✗ rp ,

and write ✗ = da
, A- dt

Then
✗ = áddb
✗ = a-

'

to with an 6=1

This de composition is uniqe .

( NP - decomp .)

If we compute the left greedy normal forms
of a & b : a = ai . -ar

6=61 . . . los

✗ = ái . . -áibr . . . los Mixed normal form (Thurston)
It is a geodesia in the Cayley graph of On
with simple elements as generators . [Charney

'

9s]



①
This normal form provida a bi - automatic

Structure for Bn [Thurston
'

92]
[ Charney

'

95]

☒ Garside
groups are

torsión - free

Proof : Let G be a Garside group .

Let ✗ c- G be such that ✗El foramen> o

Considere ✗ = 1 n ✗ ríen . . - nxm
- ^

Then
✗✗ = ✗(rrxn . .

- rxm
"

) =

= ✗ nÁr . .
- - n ✗

m- ' rxm = ✗

%

So ✗✗ =L in G
. Hence ✗ = 1

y


