
Hyperelliptic Hodge Integrals

Hg ,2g+2

Lj
∫
Hg,2g+2

(ψj)
2g−1−iλi = ?

Eg

∈

2 : 1

P1

λi := ci (Eg )ψj := c1(Lj)∈ ∈

A1(Hg ,2g+2) Ai (Hg ,2g+2)



Theorem (A)

∫
Hg,2g+2

(ψj)
2g−1−iλi =

(
1

2

)i+1

ei (1, 3, 5, . . . , 2g − 1)

As you insert more λ-classes into the integrand, these intersection
numbers exhibit more complicated combinatorial phenomena. But
that is a story for another time.
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Identities From prime rings to polynomial rings

Identities in prime rings

n∑
i ,j=0

λija
ixaj = 0, for all x ∈ R

�

�

�

�
a algebraic with minimal polynomial p iff

f (X ,Y ) :=
n∑

i ,j=0

λijX
iY j ∈ 〈p(X ), p(Y )〉

Main Theorem

If p :=
∏m

i=1(X − λi )ei then f ∈ 〈p(X ), p(Y )〉 iff

DX rY s f (λi , λj) = 0

for all λi , λj and all 0 ≤ r < ei , 0 ≤ s < ej .

Jose Brox (CMUC) Identities in prime rings 17/02/21 1 / 2
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Plots

I X 2(X − 1) is a possible minimal polynomial, X 2(X − 1)2 is not

Jose Brox (CMUC) Identities in prime rings 17/02/21 2 / 2
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Multistationarity in chemical reaction networks

Laura Brustenga i Moncusí
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Reaction networks

SIS epidemiological model

2 H + O2 2 H2O
C + O2 CO2

Combustion

Krebs’ cycle



The model: Mass-action law

3 Y 2 Y + X
Y + 2 X 3 X

ẋ = k1y3 − k2y2x + k3yx2 − k4x3

ẏ = −k1y3 + k2y2x − k3yx2 + k4x3

x

y

∆(k) < 0
x

y

∆(k) > 0

1 using Nemo # polynomial manipulations, exact operations,...
2 using Polymake # cones intersection, outer normal cone,...
3 using PolynomialRoots # find k's with some properties



Taylor Brysiewicz - Numerical Algebraic Geometry

Solving systems

Solve 0-dim systems by approximating solutions

Can prove approximate sols ↔ actual sols

Can prove approximate sols ↔ real sols

Positive dim’l varieties

Study positive dim’l varieties via slices

Irreducible decomposition, multiplicity, local
dimension, etc...

Projections are easy

Study parameter spaces

Great for enumerative problems (Schubert, sparse, etc)

Understand special fibres

Monodromy groups

Search for fibres with certain properties



Classification of quintic spectrahedra

Combinatorial type a spectrahedron:
(#real singularities on ∂X ,#real singularities on ∂X )

Theorem (Brysiewicz, Kozhasov, Kummer 2020)

There are 65 combinatorial types of quintic spectrahedra.

Witnesses for each of the 65 different combinatorial types of quintic spectrahedra.



Combinatorial Aspects of Convex Algebraic Geometry
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Department of Mathematics
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Combinatorial Aspects of Convex Algebraic Geometry-Papri Dey

Definition

A form F ∈ R[x0, x1, . . . , xn] is hyperbolic w.r.t e ∈ Rn+1 if
1 F(e) 6= 0
2 F(a + te) ∈ R[t] is real rooted for all a ∈ Rn+1

Consider the family of cubic forms Fc = zy2 − (y− 1
c z)(y2 − cz2) where c ∈ R \ {0}.

2 / 3



Spectrahedra-Papri Dey

1 Determinantal polynomials: f (x) = det(
∑n

i=0 xiAi) ∈ R[x] where Ai’s are symmetric or
Hermitian matrices

2 Symmetroids: V(f ), zero set of the determinant of a symmetric linear matrix form
3 Spectrahedra: S(f ) := {x ∈ RPn :

∑n
i=0 xiAi is semidefinite}.

3 / 3
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On the deformation rigidity of smooth projective
symmetric varieties with Picard number one

Shin-Young Kim (IBS-CGP)
joint work with Kyeong-Dong Park
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Feb 15 - 19, 2021, Virtual Conference



1. Symmetric varieity

Theorem (2010 A.Ruzzi)

Let S be a smooth projective completion of a symmetric space
G/G θ with Picard number one. If S is non-homogeneous, then the
restricted root system is either G2 or A2. Moreover, S is a section
of a homogeneous space.

Combining this with geometric Freudenthal-Tits magic square,

G/G θ S C(S)
G2 G2/(SL(2,C)× SL(2,C)) Gr(3, 7) ∩ L27 ⊂ P34 P1 × P1

G2 × G2/G2 Grω(7, 14) ∩ L46 ⊂ P49 G2/Pα1

A2 SL(3,C)/ SO(3,C) LGr(3, 6) ∩ H v4(P1)
SL(3,C)× SL(3,C)/ SL(3,C) Gr(3, 6) ∩ H P(TP2)

SL(6,C)/ Sp(6,C) S6 ∩ H Grω(2, 6)
E6/F4 E7/P7 ∩ H OP2

0

where H is a general hyperplane and Lk is a linear subspace with

dimension k .



2. Results, global deformation

Theorem (’19, K.- and Park)

Let π : X → ∆ be a smooth projective morphism from a complex
manifold X to the unit disc ∆ ⊂ C. Denote by S the smooth
equivariant completion with Picard number one of the symmetric
homogeneous space SL(6,C)/ Sp(6,C) or E6/F4.

Suppose for any t 6= 0, the fiber Xt = π−1(t) is biholomorphic to
the smooth projective symmetric variety S . Then the central fiber
X0 is biholomorphic to either S or an equivariant compactification
of the vector group Cn, n = dimS .
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