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IÉÉÉes
for now

,

R=QEa . -Ma] poly ringof
dimension d

%

Dpi-RLQ-r.ca> ring
ofdifferential

operators

Dri __ ¥,R.ch?----dIdopaHorsofordereigr0rdlDR=R-LE.a....,9a] commutative

polynomial ring
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dimensionof a Dr
-module

M = DR . {me , --1Mt} fg .

Dr -module

grordcm) = ④PÉ{mmt
}

DEYma- int}
Fg . gr°r4D2 -module

µ

uh { usual notion ofdimensionof a module
→ dimmt-dimg.ro#ppgCgrodCMl )

,

^
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Bernstein 's inequality
theorem -432] : If M is a nonzero

Lingen .

Dr-module the
dimm)Zd⇐dinmlRD

A holonomic Dr- module is a

Dr -module with dimension d for zero

module) .

Includes : R
, Rf , HEIR

)
, Rfcs) -Is 18¥:*)

.
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consequences of BZ

Bz a- multiplicity
It

holonomic modules have finite length
as Dpi modules

⇐ →

every holonomic every nonzero

FER has a÷:::÷÷÷;every
local cohomology Bernstein- Sato

polynomial
many

associated

primes as an
R-module

y
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main theorem
, vaguely

thin CAHJNTW) : BZ holds

for certaingraded singularities
in a sense suchthat we can

recover the consequences above .

D- modules , group
actions

,
and

Frobenius : computing on singularities



I.Ringsofdifferatialgaaa.to#TDe-fCGrothndieck) : Given AER

commutative rings , inductively define
DEA = HompfR,R)={ multiplication /fer}

by F

D¥A={ sc-HomalRRIIL-SFIC-D.EE }
-

all f- c- R .

DRA = ¥µD¥A G- HomaCR ,R)
is a (noncommutative) ring
that naturallyacts on R .

-

DRA naturally acts on
Rf , HICR) ÷ .



examples of rings of
differential operators

°

1) S = GEE
,

- -

,
XD]

Dsk = Son . - -Da>

( usual

ringof
diffie operators )

( Finitely gene
-

alg
• left& right Noetherian
* grandCDs*) is (commutative) poly ring
↳ structurally nice

→

many operatorsof negative degree& S B a simple Pact-module
↳ action is potent
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2) T = EEG . -

,
✗a)
*
= EEE?Eta

,
. .
.

,
XP]

[Kantor]

DT☒ = Ds1¥
)
= 1%121,14-02 , - . . , ✗add,

OI
,
Ada

,
-
. -

,
did >

*

Finitely gem E-alg( left& right Noetherian* grandCDH is (commutative) F.g.
E-algebra

→ structurally nice

*

many operatorsof negative degree↳ T is a simple D-☒ -module
↳ action is potent
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3) U =
①☒ ' Y'Z]y3+z3)

( Bernstein -Gelfand -Gelfand]

Due

Y
Not Finitely gene-alg

* NOT 2-sided -ideal Noetherian

* grordCD.ua) is NONf.g. E-algebra
↳ structurally bad

§ NO operatorsof negative degree
* U B NOT a simple Due- module
action is defective

.

I
① = Way,⇒ is a Dale-module

of dimension zero < 2=dixUU)
⇒ no BZ can hold on a

.
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4) ✓ = Q[KYF4W]✗×3+y3+z3+w3)
[Mallory]
Due

* NO operatorsof negative degree
* V13 NOT a simple Driémodle
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1
'
) s '=Fp[×± , -→ Xa]
Ds'#p= S

' ( da . -
,
da

, ¥

.dz?---F-p:oIif--a:dE,..-7Ds'llFp(N0TFinik1ygenFp-a!:p
* NOT 2-sided ideal Noetherian

* grordldsir-p.is NONf.g. Ep-algebra
↳ structurally bad

( many operatorsof negative degree* St Ps a simple D.si#p-module
↳action ispotent
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41) V1 = Fp [✗ iyitiw]✗×3+y3+z3+w3)
Dr'1Fp

P NOTfig . Fp- alg ,
NOT 2- sided woe.tk

,

gro
"
CDs I #p) NOT Fg . #p-ay

*
many ops of negative degree, v

'

simple/Dv¥p
[Smith]
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II.fi/traTions&ho-onomiityRecall:-The Bernstein filtration on

Delta
.
.
-Ad] IG is

Bi = ④ ① ✗E-- -✗a%¥ .
- did

latlbki

= E- { 8 homogeneous lord
(8) +2dgAki

can define this more generally :
De If R is a graded k-algebra ,
the Bernstein filtration with weight w
on DRIK is B•w

,
where

B = K { 8 homogeneous lordG)+ wdeg (ski} .

If R is gen . as a k-alg.in degree <w,
thin dimKIBI) < is all i
& .YBiw= Dprk .
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A filtration F. on a DR -module M B

compatible with B•w if

• Bin . FJE Fitj

• each FJ is a find'm k -us
.

* Y.FI = M .

Say CM ,
F.) is a CDR , B. %)

-module

For short .

/
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dimension & multiplicity of a filtration
If CM

,
F.) is a (Dr ,B•w) -module ,

dim 1M , F.) = inf{TER>ol&mkFi< it}all i >>o

e Cm
,
F.) = limsupdimp.FI

i→ as ¥Ñ
( if dimlm ,

F) < is ; csotenwise)
"

If R=Q[×z
,
-

→
Xd]
,

dim CU)
" s defined earlier,

= iwf@iuCMiF71lMiF7alPR.B5) -module }
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Banta showed BZ for

polynomial rings of dorp
in the

sense ofthe definition above .

Lyubezuik gave characterization atholonomic modules as
dim = rd & suite multiplicity
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E.Berusteinalgebrasreca-lli.tlnoncommutative ) algebra A
is simple if
Fa c- A 10 ,

I C- A • a.A.

DEI A 1noncommutative ) filtered algebra
CA

,
F.) is linearly simple if

Fc : Fa c- Fino ,
I c- F' i. a.F!

DEI A commutative ) graded K-algebra
R generated in degree Er is a
Bernstein algebra if for some l⇐>

every )
w > Vg

• CDR
,
BE) is linearly simple

• dim / DR
,
BE ) = 2. dim R

• e CDR
,
B:) Be 0
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then IAHJNTW) : If R is a

Bernstein algebra , and CM , F.)

is a (Dr
,
B;) - module

,
then

BZ holds /
"holonomic " makess

1) dim CM
, F.) 2 dim R

and if " = " holds
,
then

0 < ECM
, F.)

" holonomic "modules have finite length
2) if dim CM

, F.) = dim R and

eat
, F.) < is , then

it has finite length as a Dr-module .

the motioning D-module's are holonomic
3) M = R , Rf , HÉIR) ,
and in charo

, RfG)¥ (over Rasmus,)
admit Alterations F. with

dim .CM/F9--dimRandeCMcF9cs
.
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proof-of11-lc.fi Joseph , Bavula )

Take Cat . Se Bito⇒ 1- c- B
"

- 8- BY
for all j

and pick SEB 10 .

8 B Fi c- 8 Fcc+⇒i

⇒ Fi c- CBI . 8. BI ) - t-ic-B.IS F'⇐⇒ i

so Fito ⇒ 8 Fcc# c-

to
.

This means the action map
BE --→ Honk ( Ferdi, Fatali

is injective ,
so

dink CBI ) E dink ! 1=4+11 i.dim,,( Fatali

then just a little analysis .
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t-aclassesofBernsteinalgebrasth-mlAHJNTWI.IO
) R = KE , -→ Xd]G for

'

chalk)=O
,

Gfinite
,
or

P) R is a strongly F-regulargraded
K-algebra with Finite F-representationtype,

ten R is a Bernstein algebra .

char p case indudes

• invariants of finitegroups
• Toric rings
• coordinate

ring of
Grant

Gives new proof of finitenessof AsstHÉIRD
in cases 01 , cps & of existenceof
BS polys in case lot .
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sketch of char Cd case sketch of char 0 case
want : Se BI

,
Rao ⇒ I c- B%¥o . 8. Bsmaee use

group
actions !

W
,
RG

where "small " = linear in t

right

D- modules , group
actions

,
and

Frobenius : computing on singularities
reduce to case G has no

"

pseudoreflections "

key point
:

grCBI.ro)=gr( BE,r)•
⇒ B:* is a good filtration
for DR as a right CDRQBE.ro/-mod .

small
⇒ FJq-yjsc-DR-BJw.REEJIBw.ro

sketch of char 0 case
use
group

actions !

Key point
: grCBI.ro)=grCB•w,rK

⇒ B:* is a good filtration
for Dr as aright CDRG, B%po) -module⇒ 781

,
. . -

,
8s C-DR

,

Xt IN : BEYREEK:B ¥
WLOG

,
take 5- c- DRE ⇐ Rt) n Bwfr

* f-" Ji c- BIFF for u > ord coil
1 small = linear in t)

* 7-C- Bwijall.fi?BsnaeeYR
smallc- ? But,Td_fn8i - BW.ro

c- FBwiiad.f.BI.EE
Apply Reynolds operator ¥ig*g
→ 1- C- § BEEF

. F. 13T¥. ☒
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WLOG
,
take F c- DRE ⇐ Rt) n Bwfr

* f-" Ji c- BIFF for n > ordcoi)
1 small = linear in t)

* 7-C-Bws.pt?fn.BsnaeeYRE.ZBw.Eaee-fn8i-BFiEll
c- FBwiiad.f.BI.EE

Apply Reynolds operator ¥ig•g
→ 1- C- FBI.IM. F. B. small4129 ☒
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c.harp case
D- modules , group

actions
,
and

Frobenius : computing on singularities
Dpi ¥µ EndpieCR)
"effective version of Smith

-Vandenbergh
"
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I.Nonexarnples-I-lxiyiz.WJK-3-y3-z.rs
+ w3)

is NOT a Bernstein

algebra :

( though rational /KLT sings)
cc is a D-module [Mallory]

*

is NOT a Bernstein algebra

KB a D-module

*

t-r.tw#isnoTlsu2x7-siny7-tuvxy+rutz2)
a Bernstein algebra
lthovgh rate/KLTOR Str

.

F-

reg sings
)

HI,y,⇒lR) w/infinitely may associated primesIsiah Swanson]




