
Pure sinkings of polynomial ring .



A ring homomorphism R→S is fuse if ( R→ s )④em
is injective for each R-module M .

- We
say
R is a puce sinking ofS .

• Faithfullyflat⇒ pure
# For example , k[ñ, xy , y'] a- k[✗i ] is pure

• If Ross is R-split. then it is pure .

⇐ holds if R is complete local or if
R
,
S are IN -graded with Ro = So a field.

• KIM -¥÷¥,
↳ Bure but not kCñ -split

[CGM] .



Question : Let R be a f.g. algebra over A Ifield/21 Eep, ) .
Is R a pure subring ofa polynomial ring over A ?

is notunirahoial
, thigh it is• r :-. ¥÷¥-⇒

apure subring of ¢ [s.tl .
R④
☒
¢ = ¢ [s', St , ti ] a- Is

,
t ]

.

• A pure subringof a normal ring is normal
so Ali , is ] is nota fare snhrj ofa foolring .

• ttoehski : A normal affine semipof ring is
a pure subring of a polynomial ring Lin new variables



Let K be afield and G a linearlyreductive shgf
of Glu 1kt acting on a polytonality S over K .

Then SG is a pure subring of S . In particular,
the following anpure snbipfpolynomial rigs :

• Determinantssings
X : r ✗ s

Y : rxt -1

¢ [×]/It [× ) = ¢[YZ] → ¢14it ] 2- : t-i ✗ s

• Symmetric determinanhat rip X : nxu sym .

d.[×] /It 1×1 = ¢[y
"
y] ↳ ¢14 ] y : t- i ✗w

• Pfaffiau determinants nip * : nxn alt

Y : 2T -2 ✗ me

¢4T/pfz,µ,
= dairy] ↳04]

r :L: :)



Let Rbe an IN -graded ring , fin .gen . over afieldK: -- Ro .

Suppose Risa faure subring ofafslgiomidriup.TW :

• R is normal
,
Cohen - Macaulay [ Hochstein -Robots )

o R has not'd singularities ifchark=0 (Bartok )

• R is F- regular if char K>olHochstein - Huneke)
ACR ) co provided dim R >0 .

R : = KIK, , . .. in ]/(f) has aCRI = degf - n
If degf >n , Ris WIapure subring ofapd. ring

↳ 33)Shinoda: TT-pfwi.Y.tt/(wpe,-xpe1eypelezpei)isunirahIouol



Mining - Betancourt : If Ross ispure , or an idealofRiken-

Anita> finite ⇒ Sunken finite
Huneke -Sharp/Lyutgñh : If Sis afool. ring over af-old,- - -

then Sss Hha CS) is finite

S.-Sw_sou : K a field, R: =KC-r.SI/u.v,w,XiYiZI(su2x-sv2y2-tuvxy-vw2z )
has rat'dsingularities /is F- regular , but

Mess H}×,y
, -2,
(R ) is Infiniti .

R is notapure subringof a polynomial ring



Smitty : Suppose Russ is R-split where, say ,
R
,
S are K-algebras . Then

S is Dsik simple → R is Drue simple
Kathy : R:=%;+¥;;;÷,.am#e1o--0TteuceR

? Rz, 7- Rzz ? . . - are Dna - modules .

So R is not a direct summand ofany foolring 1¢ .

Question : Set A- = Épw¥÷;;?→, where f." 5-

Is Radiant summandofa fool ring ?



Question :& R : = Ep [um,w , ✗ ii. Z ]/Lux - vy +wz )

direct summand of a fslyuomid sing ?
O u v W )-u o -2 YNote : ux- vytw2- = Pfaff( v -z o *
-W - Y - ✗ 0 /



Jeffries , S.

: Let A be Z or Ép, and Rbeay of :
① A [it /detX X : nxu where n73

② AID/pfoffx × : nm alt, n > 4 even

③ AW/del-X X : nm sym , §:L'
n =3
,p = 2

Then R is not a direct summand ofa polyno- sing 1A .

Idea : Frobenius lifting ; wokof Zdanowicz



Suppose p is a prime integer that
- is not a

unit in a rings . A tiff of the Frobenius
endomorphism F of 51ps is an endomorphism

tip of S such

thotsIs
t
,
I commutes

.

51ps ↳ slps

If Ross is R - split then
slips has a Foot lift ⇒ Npr has aFoot. lift .

r



3×3 symmetric matrix of indeterminate tht

UY tux UZ +WX

def ( Zuxuytvx Zvy ✓2-+ wy ) = O
UZ +wx VZTWY Zwz

If ✗ is a 3×3 sym . matrix
,

Zµ× [ { ] = Zz[Ux , v4 , w -2, uytvx, uztwx , vzewy]
= Zz [UX, UY , UZ , VX, VY, v7 , wx , wy , wZ]&

where G is generality the involution indirectly
u → ✗

,
v→ y , W ← z


