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Example . Gr 1214) & Uz,y

The Grassmanman Grlz,4) a pH)
-I
via the PI oker

embedding :

A -- III. I:3:3. a) '→ cpi; detlaa aa liii et'd )

and is cut out by the equation piypzz
- Pizpzytpizp34 .

Points in Grfz,4)
0
are realizations of the uniform

matroid .



trop (Girl2,410 ) is t Unreality space .
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DressIans M rank r matroid on [n]

Grlr
,
n) ↳ 1PM

"
cut out by Grassman- Plucker relations .

Setting variables indexing non - bases of M to 0 gives equations

cutting out the points of frfr, n) realizing M .

Theorem [Dress -Wentzel , Speyer, Hermann-Jensen- losing - Sturmfeld

The Dress,an of M is :

• tropical prevariety
. valuated matroids

• matroidal subdivisions
- tropical linear spaces
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Example . (Ui ,y , Uzis) ←flag matroid

CA) Illini 4) ↳ lP3xlP
'
cut out by:

/

GP on U2,4 IP putting point a line

tropical prevariety : ← Flag Bresnan

CC) Base polytope : subdivisions into flag matroid polytopes :
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(D) tropical flags of a point in a une in MP3 :



Flag Matroids

Definition . A flag matroid is a sequence of matroids

(M , , . . . , Mk)

of ranks In , . . . , rn) on Cn] such that every

circuit of Mj is a union of circuits of Mi for icj .

Example . l U , ,4 , U2,y ) is a flag matroid of rank 11,2) only)
.
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Valuated Flag Matroids

Definition. A valuated flag matroid is a flag matroid

(M , , . . . , Mk) together with functions (v, , . . . , Vk ) ,

v
;
: BIM;) → IR

such that for j si, J E BlMj) , It BlMi) , and e EJII ,

there exists f-EIIJ such that

✓ ( J) tVII) 3 VIJI {e3u{f}) t VIIIEf} u {e3) .



Tropical linear spaces ID)

let u,M ) be a valuated matroid . (valuated flag matroid length 1)

This data gives a tropical linear space

trop in = A {ueknltnseminamme.fr?uiutYceMiBiei }
T rankr

tropwid . . . tropCVD Itt -- rtl



Base Polytopes of flag Matroids (C) IM , . . . .,MK)

§;± ,.com/eB1BEBlM;
)) a IR

"

-

-
Base polytope of Mj

Minkowski

Weights : e IRIBIMDI a .
. . .×pdBlMk

"

( Vii . . ., Vic) -s ( uPer+e×l→ min {VilBD
t - - it VielBu) (P=eB,t . - - tep,!)



Main Theorem . The following are equivalent :
CA) win . ,Vic) is a point on a tropical prevariety called the Ftpagegg ,an
(B) (Vii - - -i Uk) is avaluated flag matroid on the underlying

flag matroid IM, . . - i Mk)

(C) (v, . ..
.

, Vic) induces a subdivision
of the base polytope

of CM , , - ., Mk) into
base polytopes of flag matroids .

(D) the tropical linear spaces form a flag
: trophy) c - - - c trop(Uk)



Realttlblllty
Theorem

. Every valuated flag matroid on n S5 is realizable
.

The tropical rotation of Fdlr, c . - , ricin) equals the flag Dresscan .
Example . Flu,2,3 i4) . The tropicalstation of Fluid i3; 4) is the

flag Dress Ian which parameter
ites a point in a line in aplane

in 1123. Thinking of the plane dually , this is 2 points in ahue .

f-vector of trop(Fla ,2,3 ; 4)I = 11,20,79,78)





Example [failure of reahtibllity for n-s) .
Consider (Uz,6 , My ) : It's Bresnan :
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trop

/
variety
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All points in Drlhlz,6) and Drlmy) Charo

are realizable . So, points in the triangle

correspond to two realizable
valuated matroids

that fall to form a realizable quotient (as pictured)



Points in the triangle have the tree :
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So
,
over the residue field , we dually , this means finding

need a une intersecting at
f-6 , 3=4,

2=5 611
,
512

, 413 .

(can only do in char =3)



Prevariekg
Theorem A :

g, definitional ←
valuations

proof (A) (→ (B)

← [ not too bad
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