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Generating Functions
-

Notation let Exjlsubsetsums)
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Realigning
Rent The location of roots of generating functions heavily influences
the distribution of their coefficients.

¥0

Thin (Newton /Classical) Let a.+ a,go . . tange Mlg] have all
real roots

.

Then Cao
, on, . . ., an

) is ultra log-concave, meaning

iii. slain
.

GI IF ai.O th
,
this sequence is log-concave and unimodal with no

internal
zeros.



Real-Rooted Generating Functions
-

Thin (Bender
'

731Classical) let X"'
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X
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. . .

be a sequence of discrete
random

variables with real -rooted probability generating functions

Eff
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Real-Rooted Generating Functions
-

Extlstiding numbers of the second kind) Hn,BSln,D, Skin))

X={set partitions offend
⇒ is asymptotically normal

stats #blocks
as my
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lydotomicGeneating.is
DefyBilley-S .

'217 A polynomial flop ek.dz] is a cydotomic generating
function (CEF) if it satisfies any

of the following equivalent conditions .
Ii) (Complex form) The complex roots of flop are all either roots ofunity or O,

d

liilkydotomic Form) ftp.a.gl?jToIg.lq) where Idk) -17g- explainid))
j

gcdj.dk/
liii) (Rational Form) ftp.agl?jT9p?qq where cayqstfqskq.in . -1g

."

is a g-integer



lydotomiating.ci
Why?

D Lemmaj (Kronecker) Suppose plop ENg] is monic and all complex roots
are of norm s l . Then the roots of p are

all either roots ofunity or O.

2) They show up a lot in practice, especially around root systems !

Next: examples !



Trample : Enumerative Combinatoricsc-

Exjlq-binomials)

MMD " lid where India:÷÷ni.I

Extlgfactosials- inversion numberlmajosindgegg, .az, /"" !
sninyp-snmailgt.cn} ! where n

-Dg" -Ng



ExampleiE-ieombinatoicsEDIIwah.ci
-Matsumoto

' 65
, Stembridge-Waugh '98, Zabrocki

'
see [1314520%83.1])

Foroesn
,

let bajlof-filn.it .
itleslo)

(GF !
Then gliajinrtpnln-Dawg- Thi" Generalizes

= Cilniq uniformly to
i iz

finite Weyl groups

Conjjlsfalorich) The coefficients of S!
"

Yg) are unimodal .



telepathy
ED (

g-Weyl dimension
Formula; see Stembridge

' 94
,
82.2-2.3)

let g- semisimple lie algebra over
Cl

OI= root system for g
④= choice of positive roots

q . .

,
an = corresponding simple roots

p= 's 1¥:
A =weight lattice for I
vi.= irreducible g

-module with highestweight t
→

B, = a weight space basis for Vx lie. respecting weight space decomposition)



telepathy
Fact Partially order A by top lane span%. {a, . ., an}.

Let A
,
be the subposet of A consisting of this weights.

Then (h
..
3) is ranked by Hpd syup" t IK lequivalently, Haiti ).-

din)sdrift when µ covers v

QD what is dimK, 1=113×11 ?

QI lRefinement) what is the rank generating Function
of (Bx
,
⇒ ?



telepathy
Thmj (

q
-Weyl dimension formula)

let Y, be an irreducible g-module with highest weight t .
Then the rank generating Function ofany weight space

basis B is

¥.!
""

;EdinNing
'"

si"n±.i÷i÷t:÷÷÷:*:".



Exampling
"
M"
" ""

s
,
a.gg, . . ..gg .. g.

E.""in
.It. "i÷;g fact

: unimodal

Thmj (Billey-S .
'204 These coefficients are asymptotically normal if

the m parts of t are distinct and m-o.

In other regimes, they are asymptotically Irwin
-Hall or

generalized uniform sum distributions.



Exampling
EdlStanley's g-hook length formula)

smarmier. .
"".¥÷÷Y:: ::is:*: is

for characterization

conj lBKS20 b, conj. 9 . I ] The LGAs SfTNmailg) are parity -unimodal,
meaning

their even- and odd-indexed coefficients are separately unimodal.



Exemplify
ED The cohomology of the complete flag manifold is

QExyyxn]<
9
,
. . .

, On
?

with Hilbert series In} ! . This is unimodal by the Hard Lefschetz Theorem .
The Hilbert series ofthe t- isotopic component is SITA)MajG) .

ask.geometgshedlightm.is:1?:n:;.:n.:mtsg::i;.:ddit



Exampling

Deft let Bsklxi, . . ., em ] be a polynomial ring with grading deglxi) c.%, .
Let Q

. .
.

,
Dme B be homogeneous polynomials. Set As KLA, . . ., Om] .

The
sequence Q, ..., Om is a homogeneous system ofparameters (HSOP)
if B is a finitely generated A-module

.



Example : commutative Algebra
-

Thin ( Macaulay ; see Stanley
' 78
,
Cor

.

3.2-3.3)

Let Q
,
. . .

,
Om be an HSOP in klx.. . . ., xm ] where ai

= Leg Hi) and bisdeglx;).
Then Rs KG

,
. . ,
xm] HA

,
. ., Om) is a finite-dimensional k-vector space,

and its Hilbert series is the cyclotomic generating Function
Hillock; ops

;
§ Him Kj) gi s

,!I%g e B.old .



Example : commutative Algebra
-

Lemmat IF a ,
s . . . Sam and basins bn arise From an HSOP

,
then ai3 bi Vi .

Ed 6343343483flag
1-
EDGED, gap , Cag

" "29+294295+496+25-12g"-12g "+ q
"
c.%
.

is a CGF that arise From an HSN?

QJ IF i.MY?fgeB.oEq3, does a, s . am majorize bis . - Ibm in the sense

that § a %
,

bi and Ieais. bi ?



Asymptotic
Third (Billey-S.

'2K) let Mad, Pdq), .. . be a sequence
of cycloTomic generating

functions with Pirlo)-- g
"
Liam, Cah 4,1%, lb3g . Let Xi, Xz, . . . be a

corresponding sequence of random variables with Elgin]= PalmPall).
IF

tipsy ¥wn"
and £.. hi - D

' t

thin cnn.at?g.a.p=o/ "

generic case
"

then Xi
,
Xz
,
.. .
is asymptotically normal.
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(GF Gamma Expansions
-

Deft Given a symmetric polynomial of degree n, its gamma expansion is the
sequence of

its coefficients in the
"centered binomial " basis {qklkg)

""3
.

Ed Mt = kg +3943opt 5g
"
+ Soft 7g

'

+6g
'

-17g8+99+55+343gig
"
t

g
"

CD
, of334231

= 1. goat g)
"
t fl3) ng'll +g)

"
t 68241 top

"

tf183) .q
'll tq)
'

+ 268 -
g
'll top46206).gs/ltqYt72g4ltqPxf8).qYltq)

⇒ 180,81
,
. . .) = It
,
-13,68, -183,268,-206,72, -8)



]

(GF Gamma Expansions
-

⑤ The absolute value of the coefficients of the g
-expansion of

any cyclotomic generating function are unimodal.

PFJ Uses Lucas atoms of Sagan-Tirrell
' 19 t and work of

Bennett-Carillo -Machacek-Sagan
'20

.



Further Directions
'

-

QJ How many
monic CGF's are there of degree n ?

Warmups How many monic polynomials in Ng
] of degree n have unit roots ?

QJ What are the minimal generators of the monoid of monic CGF's ?
What about the unimodal or log-concave submonoids ?
How do the volumes of these cones compare

?

QJ Are there unimodal CEF's whose coefficients are not asymptotically
DUSTPAN distributions? Gee Billey-S. 20t)
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