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Schubert Polynomials

Part 1: Schubert
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Schubert Polynomials

Schubert Polynomials

The divided differences operators is given by

f—S,’f

Xj — Xi+1

oif =

Definition

For a permutation wp = (n,n —

1,...,1) € S,, we define its Schubert
polynomial as

~1 n-2
Guo = X7 X8 2 xp_q € Qx1, X2, - - -

For a permutation w € S,,,

9. — Gus, if l(wsj) = L(w) —1
T lo i f(wsp) = £(w) + 1.
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Schubert Polynomials

Definition
Given a reduced decomposition h = (hy, hy, ..., hy)). Let C(h) be the
set of all £(w)-tupels (a1, ..., ay)) of positive integers such that

° 1§a1§a2§...§a4(w);

e a;j < hj;

° o < jt1 if hj < hj+1.

Theorem (Billey-Jockusch-Stanley, Fomin-Stanley)

For any permutation w € Sy, its Schubert polynomial is given by

Sy = g g Xog Xewy ** * Xeg

heR(w) acC(h)
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RC graphs/ Pipe dream

wl=4 2 1 6 5 3 7 8 degrees of x;
'H e :
2 f—o— + 2
3 2
4 —— 1
5 0
6 0

7 74 0
8 0

Proposition (Fomin-Kirillov)

For any permutation w € Sy, its Schubert polynomial is given by

gERC(w)
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Schubert Polynomials

Theorem

There are unique constants ¢, u,v,w € Sy such that

u,vo

GuGy = > ¥, 6.
wE Sy

Furthermore, ¢\, u,v,w € Sy are non-negative integers.
b

Problem

Give a combinatorial interpretation of c,’,,.
’
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Operator V

Theorem (Hamaker-Pechenik-Speyer-Weigandt)

For any u € Sy,

V6, = > kGs,u-
keN: {(sgu):=0(u)—1
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Stabilities

Let 7 be a shift defined by
Tw(i+1)=w()+1, i €Z,

where w € Sz is a permutation of Z fixing all but finitely many elements.
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Stabilities

Let 7 be a shift defined by
Tw(i+1)=w()+1, i €Z,

where w € Sz is a permutation of Z fixing all but finitely many elements.

Stanley symmetric function for w € Sy is given by

Fw(xt,x2,...) = kﬂToo Sy (X1, x2,...) € A[xi, i > 1].
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Stabilities

Let 7 be a shift defined by
Tw(i+1)=w()+1, i €Z,

where w € Sz is a permutation of Z fixing all but finitely many elements.

Stanley symmetric function for w € Sy is given by

Fw(xt,x2,...) = kﬂToo Sy (X1, x2,...) € A[xi, i > 1].

Back stable polynomial for w € Sy is given by

Sulxi,i€Z) = lim &k, (xi_k %0—ks-..) € N[xi,i < 0] @ Q[x;, i € Z)].
k—~+o0
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SIELIEEERIRS T A IIVIINIEIS  Stanley symmetric function

Theorem (Edelman-Greene)

.FW(Xl,X27 .. ) = aW,)\S)\(Xl,XQ, .. .),

where a,, ) are non-negative.
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Stabilities of Schubert polynomials Back stable polynomials

Theorem (Lam-Lee-Shimozono)

There are unique constants ¢/, u,v,w € Sz such that
= 4= —
6,6,= Y 6,
weSy,

(e L\ ER A (el =V RN TG RUNOVIER)] Differential operators for s, and GW March 24, 2021 10/ 40



Stabilities of Schubert polynomials Back stable polynomials

Theorem (Lam-Lee-Shimozono)

There are unique constants c”

u,v?

< w ST
v = E CU,VGW

weSy,

u,v,w € Sz such that

Theorem

Given a pair of permutations u,v € Sz, the following holds:

(u) +£(v) B c
("0 ) R@IRMI= X et RE),

weSy,

where R(u) is the set of reduced words of u.
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Stabilities of Schubert polynomials Back stable polynomials

. ) X . Xl | X
xzxx XX | [X X

%

Figure: Merge of reduced decompositions,

- - - -
S (01324) S (02314) = S (12304) T S (02413)-
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L subilties of schubert poiynomials SRR
Operator £ on &

Define € as

of
f):= lim coef. of xX"x, in f)-x" = |lim —.
5( ) ’yezzéo(k%—oo k ) k——o0 an

For Back stable Schubert polynomials, we have

— e
€6, = > S s.u-

k: U(su)=0(u)—1
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el
%
Operators £ and V on &

bows <
€6 u = Z (G} Sl
k: (su)=0(u)—1

V%u = Z k%SkU'
k: O(su):=0(u)—1
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el
%
Operators £ and V on &

bows <
€6 u = Z (G} Sl
k: (su)=0(u)—1

vVe.= Y k8.

k: O(su):=0(u)—1

Proposition (N.)

For any u,v € Sz, we have

R~ S~~~
E(Gugv) = (€6u)6v+ GU(SG\/);
o 4o R
v(6u6v):(V6u)6v+ 6u(V6v) )
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Stabilities of Schubert polynomials Back stable polynomials

Theorem (N.)
If an operator ( satisfies:
— —
© (6 u =72k y(spu)=t(u)—1 Puk & seus buk € Q;
R~ S~~~
0 ((6,6,)=((6,)6,+ 6,(&,),

then ( is a linear combination of £ and V.
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Stabilities of Schubert polynomials Back stable polynomials

Define the vector space QSz as formal finite sums of permutations with
rational coefficients, i.e.,

k
QSz:=1¢> aw: keN, a;€Q, wl) €QSy
i=1
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Stabilities of Schubert polynomials Back stable polynomials

Main theorem (weak form)

A descent of u € Sz is a position k € Z with u(k) > u(k + 1).

Theorem (N.)
Let f: QSz x QSz — QSz, f(u,v) =3 ,cqs, bivw be a linear map,
such that
Q b, =0 ifl(w) # £(u) + £(v) ;
@ by, =0 if k is a descent of u and w(a) < k for all a < k;
Q f(id,v)=v;
Q (f(uyv) =1 (Eu,v)+ f(u,év);
@ Vi(u,v)="Ff(Vu,v)+f(u, Vv).
Then by, = ¢, forall u,v,w € Sz.
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Stabilities of Schubert polynomials Back stable polynomials

Main theorem (weak form; symmetric)

Theorem (N.)
Let f: QSz x QSz — QSz, f(u,v) = ZWGQSZ by, w be a linear map,
such that

Q by, =0 if b(w) # £(u) +£(v) ;

@ b)), =0 if k is a descent of u or v and w(a) < k for all a < k;

o f(id,id) = id;

Q (f(u,v) =1(Eu,v)+ f(u,&v);

Q@ Vf(u,v)=~f(Vu,v)+ f(u,Vv).

Then by, = ¢y, forall u,v,w € Sz.
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Stabilities of Schubert polynomials Back stable polynomials

Main theorem (weak form; positive)

Theorem (N.)
Let f: QSz x QSz — QSz, f(u,v) = ZWGQSZ by, w be a linear map,
such that

Q by, =0 if b(w) # £(u) +£(v) ;

Q by, >0;

Q f(id,id) =id;

Q {f(u,v) =F(8u,v)+ f(u,&v),

Q@ Vif(u,v)="f(Vu,v)+f(u,Vv).

Then by}, = ¢, for all u,v,w € Sz,

Remark

My proof of this theorem is different from proofs of the previous two
theorems.

v
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Stabilities of Schubert polynomials Back stable polynomials

Bosonic operators

Define the sequence of bosonic operators

o pM) =g

ki1) . PRV pRKy v pk)
o p( + ) = - _ P - p )
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Stabilities of Schubert polynomials Back stable polynomials

Bosonic operators

Define the sequence of bosonic operators

)i=¢

(k) v/ (k). -V p(k)
k+1) .__ 1P/, _
op( ).—[k]—p kp.

Proposition

For any k € N and u, v € Sz, we have

(5,6, = (NE,)E, +6.(NGE,).
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Stabilities of Schubert polynomials Back stable polynomials

Bosonic operators

Define the sequence of bosonic operators

k+1) . [fR V] p.w—v.pk)
o pltD) .= PNV _ pOV-v0
Proposition

For any k € N and u, v € Sz, we have

o e —
P(k)(GuGV) = (p(k)GU)Gv + 6u(p(k)Gv).

Theorem (N.)

Operators p(K) k € N commute pairwise.

(e N\ ER A (el 3V RN TG RUBOVIEE)] Differential operators for s and GW March 24, 2021 19 /40



Stabilities of Schubert polynomials Back stable polynomials

For a partition A we define operator £* as

A
=% Xt ) ol

Z
L

Proposition

For any u,v € 57 and A,

AR Z JES )78 ),

where ¢} are Littlewood-Richardson coefficients.

("%
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Stabilities of Schubert polynomials Back stable polynomials

Theorem (N.)
For a permutation w and a partition A\, we have

ST <—
f GW: Z aA,u6u_1W,

£(u)=IA|
L(u=tw)=£(w)—|)|

where ay , are coefficients in the expressions of Stanley symmetric
functions in terms of Schur functions.
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Stabilities of Schubert polynomials Back stable polynomials

Main theorem

Theorem (N.)
Let f: QSz x QSz — QSz, f(u,v) = EWGQSZ by, w be a linear map,
such that
@ b, =0 ifl(w) # l(u) +£(v) ;
Q by, =0 if k is a descent of u and w(a) < k for all a < k;
Q f(id,v)=v;
Q foranyd e N, &f(u,v) = Z/d:o F(EDu, eld=Ny).
Then by, = ¢, for all u,v,w € Sz.

Remark

We can replace conditions (2) and (3) with symmetric or positive
conditions.
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Stabilities of Schubert polynomials Back stable polynomials

Main theorem

Theorem (N.)
Let f: QSz x QSz — QSz, f(u,v) = EWGQSZ by, w be a linear map,
such that
@ b, =0 ifl(w) # l(u) +£(v) ;
Q by, =0 if k is a descent of u and w(a) < k for all a < k;
Q f(id,v)=v;
Q foranyd e N, plf(u,v) = f(pDu,v) + f(u, pDv).
Then by, = ¢, forall u,v,w € Sz.

Remark

We can replace conditions (2) and (3) with symmetric or positive
conditions.
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Part 2: Schur
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A permutation is a Grassmannian permutation if and only if it has at most
one descent.

Aw) = (wk — k, wk—1 — k+ 1, weo — k+2,...).
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A permutation is a Grassmannian permutation if and only if it has at most
one descent.

Aw) = (wk — k, wk—1 — k+ 1, weo — k+2,...).

2 1

5 >< 2

7 3

1 4 -

3 5

4 6

6 7 ‘

A reduced decomposition of (2571346) € Sy and the corresponding Young
diagram (4,3,1).
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A descent of w € Sy is a position k € Z with w(k) > w(k + 1).
A permutation is a Grassmannian permutation if and only if it has at most
one descent.

)\(W):(Wk*k,Wk—1*k+1,wk_2—k+2,...).

Theorem

Gy = S)\(W)(X,', I'S k)
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We denote by ) the set of Young diagrams (partitions), i.e.,
A=(A1,.- s ) €YV st Ay > ... > N >0, \j € Z>p. For example,

(4,3,1) =
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We denote by ) the set of Young diagrams (partitions), i.e.,
A=(A1,.- s ) €YV st Ay > ... > N >0, \j € Z>p. For example,

(4,3,1) = |

Define the vector space QY as formal finite sums of Young diagrams with
rational coefficients, i.e.,

k
QY:=4{> ax): keN, aeQ \Vey
i=1
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Define two linear “differential” operators on QY. For a Young diagram

A€, we have

and
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E(N) = Z N

(ij)EN?
N=A\(ij)€Y

VA = )

(ij)eN?
N=X\(if)eY

G—iN.

March 24, 2021
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Schur functions Key Lemma

Key Lemma

For the empty diagram, we have £(0)) = V((}) = 0, therefore we associate
the empty diagram with 1.
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Key Lemma
Key Lemma

For the empty diagram, we have £(0)) = V((}) = 0, therefore we associate
the empty diagram with 1.
Lemma (N.)

An element from Q) is constant if and only if both operators give zero,
ie.,

xeQ <= ¢(x)=V(x)=0.
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Schur functions Mutiplication

We say that a map % : QY? — Q) is a multiplication if
e nymeNand x; € QY;,i €[0,n],y; € QYj,j € [0, m],

(04 .- Fx)*xWo+ ...+ ym)= Z Xi * Y},

0<i<n
0<j<m

where x; x y; € QY(i1jy;
o fora,b e Q, ax b= ab;

o forany x,y € QV, {(xxy) = (§x) *y + x * (y);
e forany x,y € QY, V(x*xy) = (Vx)xy + x*(Vy).
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Schur functions Mutiplication

We say that a map % : QY? — Q) is a multiplication if
e nymeNand x; € QY;,i €[0,n],y; € QYj,j € [0, m],

(04 .- Fx)*xWo+ ...+ ym)= Z Xi * Y},

0<i<n
0<j<m

where x; x y; € QY(i1jy;
o fora,b e Q, ax b= ab;

o forany x,y € QV, {(xxy) = (§x) *y + x * (y);
e forany x,y € QY, V(x*xy) = (Vx)xy + x*(Vy).

Corollary

There is at most one multiplication map.
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Schur functions Mutiplication

Theorem (N.)

There is a unique multiplication map.
Furthermore, this map is linear and satisfies commutative and associative
properties and it is given by

Ax = Zc/\”,uy,
v

where cy . are Littlewood-Richardson coefficients.
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LI
Jacobi-Trudi identity

Theorem (Jacobi-Trudi identity)
For a partition A = (A1 > ... > Ax > 0), we have

h>\1 h)\1+1 h/\1+2 s h)\l-‘,-k—l
hy,—1 hy, b1 oo k-2
sy = det ) ) . , .
hy—k+1 hxe—kt2 hae—k13 - hx,
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Jacobi-Trudi identity
Proof

hy, hx +1 a2 oo Btk
? hx,—1 hy, P41 oo gk
sy = det) := det . . . _ )
hy—k+1 hxe—kt2 k13 - hy,

We prove it by induction by [A|= A1 + ... 4+ Ax.

Base case: |A\|=0. We have \; = A\p = ... = Ay =0, therefore
sy = 1 = dety.

Induction step. It is enough to check {(s) — dety) = V(s — dety) = 0.
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Proof; Induction step

hy, hx+1 a2 oo Bk
? h)\Q—l h>\2 h/\2+1 s h)\2+k—2
sy = dety, := det i i i . )
hy—k+1 hxe—k+2  hx—kt+3 .- hx,

We have
E(hn—itj) = hoy—1)—it)s
then after combining by rows we get

§(det>\) = Z dety = Z Sy = f(SA).

N=A\(i,\)EY N=A\(i j)eY
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Proof; Induction step

hx, hx+1 hyiv2 o hygk—
? hy,—1 hy, hyv1 oo hy,4k—2
sy = dety := det ) , ; .
hy—k+1 hxe—k+2  Px—kt43 .- h,
We have
V(hy—itj) = Ni—i+j—1)hy—itj1 =
= (A = Doy —1)—iej + U = Dhy—ivg-),
then
V(det )= > (Ai—idetv = > (j—i)sv=V(s).

N=X\(i,A\))€eY N=A\(/j)€Y
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Schur functions Dual Murnaghan-Nakayama rule

(k) (k). v —V-plk)
° p(k-i—l) — kV] _p vkvp '
Theorem (N.)
PN = Z (_1)ht(k\u)*1su'

p: BCA, |pl=|Al—k,
A\p is a border strip
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Schur functions Dual Murnaghan-Nakayama rule

P ppo = kdy -

Theorem (Murnaghan-Nakayama)

S\Pk = > (—1)PHEN g,

w: BCA, |pl=|Al+k,
u\A is a border strip
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Thank You!
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