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Let CW,s) be the Coxeter system associated to a Weyl gap

WE V the refkctimrepn w/ basis kisses .
Action is determined by the

Cartan matrix last) via slats at - asks .

Let R=Sym×N) graded w/ degV=2 . WE R .

RW the invariant subring .

Geometry : Rs HIGH -- HI Ipt) Rws HEAD
C :-. Rhp:p HY%) ← convoying

Them :( ShephardTodd
,

Cheralley) : D RW is a poly ring w/ same # of generators as R
.

2) R is graded free over RW of finite rank = # W
.



Tim : (Demazure
,

"

Upgraded Chevdkythm
") RER is a (graded) Frobenius extension !

I. e.
,
Ind 1- RestInd (up to shift) . Equivalently , I RW- linear map 2W :R→RW

St . Cf
,g)↳ rdwffg) has dual bases

. FrobeniusxD
*"""t "

AHH
€Wt """" "" " * W )p¥I B ← generates R

-was RW-module

qty : H:(pt) HIGH is integration along QB fibers
,

"

Poincare Duality
"

⇒ HMB) is Frokag. over H'Ypt) ← ignoring subtleties with choice of
base ring

Demazure's proof that 2W is frob
.

trace really used :



AIgtcomb.TW can also be constructed using the Nil Coxeter algebra .
For Sts

,

let Bff) :-. t.gs ← this is 2µs, for parabolic subgp CD.

Inside EndrwlR) E Mat#WIRY these generate Ncw .

Presentation : Ncw = Cds / 25=0 , braid reins) ⇒ 2W :-. Is
,

. . . Lsd for red
. exp.

Them : 2W saw . . Any 2 can be
"

extended" to 2wo=Qdw by a anger. ←usepdj D's
mya
¥ : Relating Fob ext for different pggabdics . RWR R

two WI' 2¥

Osten : Finding dual bases for Row RW.

"

Schubert Calculus
"

fit hate
me)

Rmk : For Cle
,
not so bad . For Rhew , harder . . . wtf)}



generalizations :

D W finite Coxeter gp: Chartley Upgrade NC✓ Geometry Shadows of geometry
✓

E.g
: C has Hard Lefschetz / Hodge-Riemann .

2) W infinite) Coxeter gp ! Cheralley
X
(maybe RW is poly ring but RKR infinite extension)

But OK for R'↳R when WEW is finite I is fantasy.
•
U B R⇐ s•I•
, Rst Rtt Tru commutingfrobenwsbe

,¥¥u#Rtt The input to the construction of

ps singular Gergel bimoduks

Alga comb . category encoding gem .

of P&G
,



3) W a Ex Refl Gp : ChevalkyV Upgrade
? ?
NC

?? Geometry shadows
??

(For Gcm ,
1
,
n) and Gcm .mn) , Shoji -Rampetasdid% but different from our approach .)

4) today g-deformation Rq for W in type AT .

Where Geometric Satake relates Singular Gergel Bundles for Waff with Rep g- ,

Shadows of GS relates Singular Gergel Birdies q with Rep Uglsln)
and interesting stuff happens at q= roots of unity .!

Redi Quantum Satake in type A : part I ( E .
' 14)



00 Where did that

¥
.

is:*:i
Work in prep . w/

¥
.
⇐ ⇒ → ⇐⇒ ..

÷:":::i "
Rink : When astat I then mst=3 so still actin of Waff on 74g, Las> =Vq
Risk : Lustig proved

"

F of 1-param family deforming V in types ATE .

But our parametrization is awesome , b/c Gsg and
. . .



Rectal : Waff I wf.mx/lrt-- Sn t Z
""

← dts in 2
"

where E.coords -O
.

1hm : When q=Jmn Is a primitive ninth ro
.
o. then Waff → End (Vg )

Waft . Art⇐ dm .mn) but not your standard presentation ! ! ! ¥aff/m%
.

So S -T-Cher says RYA"CR, is finite free !! rank = n ! M"
"

R

Upgrade ? Nc ? Schubert ? ¥:÷:i÷¥¥
→ t d

?

Prop : Wafflm . Art still has a sign repn .

Orbit of as in BK) is finite .

2wtf ) :-. E C- D
""
wtf))# p) still makes sense

. Agrees w/ frobtae if one exists .



Ex : n=L
. 9- San . (I ) is the cartan matrix for theDihedral Gap Idm) l!

It's a Coxeter gp , so have Upgraded
✓

Setting g. Sam imposes new rdna NCaff . Now =2Bm becomes a

f. d
. algebra .

Azide : n=2 case explains general case. Let gags at . . .+ an, highest finite root

thing = longest finite reflection
Then so - Ting - translation by Hoyt Art .

Cartan for Earning} is (% - GL) so doting)%1 .



⇐ mn 32 612,431554 w/ unusual presentation . ¥, §! 4,7¥ waftfstsn.us
#Win each length: 1,36 , 9,5 gdMpwR : 1,3 , 5,6 ,5,3!

The operators 2,2. ,2a generate a f. d. algebra NG w/ reins :

• 25=2.3230 gdimNCq
• 744=92,2+2,

,
etc

.

} true-Vm ,
• 2,2+22, .iq?2u2s2tt9Y2u2s2t2u=OJThm:senerahzestodlm , 6g

and flipped version . rdn in length 2M .

go

"

longest
6 element

"

• 2+2772+24222=72327+22+232 ←ingesting!
" eggs

and rotations
Top degree is Fnb .

trace ! dim M¥6



A-3 m=3 examplegd.mn#Note:PancaneofWaffsNCatfis 1,316,912,15 , . . .
Imposing twoknanrdnsmdegree.IM makesitfd

, 1,349,12/5,16 ,15,139,431

¥2345678 dear 121314151617
O l l l l l l l 32 48 60 72 84 94 96
I 3 3 3 3 3 3 3 33 45 57 69 81 93 99
2 6 6 6 6 6 6 6 34 21 54 66 78 90 100

3 9 9 9 9 9 9 9 35216 51 63 75 87 99
4 10 12 12 12 12 12 12 36 I 48 60 72 84 96
S z 6

,

15 IS 15 IS 15 IS 37
24

21 57 69 81 93

6 16 18 18 18 18 18 38 6 54 66 78 90
7- IS 21 21 21 21 21 39 I ④ 63 75 87
8 6

,
22 24 24 24 24 40 21 60 72 84

9 6 21 27 27 27 27 41
1 6 57 69 81

10 18 28 30 30 30 42 21 1 52 66 78
H g 6 27 33 33 33 43

2
21 63 75

12 1 24 34 36 36 44 6 60 72

13 21 33 39 39 45 18 1 52 69
14 12

6 30 40 42 46
g

21 66

15 1 27 39 45 47 6 63

16 321033g 446g 48 3 1 52

17 6 49 8
2'

18 1 30 SO 6

19 21 51 I
20 6 6
21 I
22

DIM 13684153243351480630 144016941970226625812917



It's utter chaos
,
but in all cases we're checked the word

S!§gU§t§gU§tsu . . . is equal to 2W up to unit (and is Fnb extt

#also
,
words obtained by symmetry

} µ If true Fm
,
we're close to proof of Fob . ext .

ANY IDEAS ?



THALLI



Geometricsatakepnmerj Hype A)
AT.io?hfgI vertices form a group r

± Auth , for sln

I think of Reprdn as a 2 -category . 0bar . Hmfx ,
xD = Repxsx

Tink : If V has hw
.

in X
'
-X then V④A goes from Rep, to Rep,

SingsBim is a 2-cat
.
Qb : Bintangsubsets of AI,
Hom c (RTR's) -b.modules

generated by restriction µRIp¥←) and induction p.IE#H for ICJ

AND DIRECT SUMMANDg
⇐RERI



GS is a 2-functor Repton→ Sing im

T X→I ←a maximal Antony parabolic , WayneWfm
full + faithful to f%i→ Re:# Ind? tf

degree SO
maps o

'→ Rest: Ind?' t t
we:* fitments #s-oss.sn#iesRepthryfacts become Fnb ext facts

.

Elias- Snyder -
Williamson

⇐ AT Pa -3) .

dime" -2 → 21%1=-2


