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Overview: 1 $riends

Tvopical %owlatva tells v> how to relate tese Prends:

A'ﬂzmuc Geomdlrg CowomatovtCs

Poxt T: Embedded tropical geometvy via covves v e plane
Pt 103 Abstract tropical qeowebwng £t twe Yriends



Geometv\j over Now -Archumedean Hields

Tropicod Ge,omefyy deals with varviehes ove¥ Nown - Avchimedeom
fiads. These fields have a neorm that behaves vewy d.{wr.nhj

from the Ardunwdgan nevm on .
Defintion. (k, ) 15 an Avclumedean feld @ & satisfies

the Avchimedean Axiom :
for any xek] theve s an nelN sum tmat |nx|>L.

T oxiom fedts natvral and farnidiar — but R and € ave
the only  complete Arcumeedean fields (0stvoustit tusovem)

A non-Arcimedean field K 1 ane with a norm which fouls
s aaom.

K comes with a function called the yalvation
vod K = Ruje)
au—a-loallan a?0, 6 —> &®
- M "’Vl\/ld..Q valvation on aM,\’, k S oM oo, K = o
. The Puiseuvx sevies €35¢1] e

a Qz Gt c‘-EG
c =t Gt el ay an P ceq m @ v io}

W/ common denominator
a
norm:  |ctl= (Ve) ™

val:  yel, (e = -|03 (lewyl) = -log( ('/e,)a')
= -a, Iog('/e\ =aq,



Embedded tropicalization

How to find tue embedded tropicaliration of a
over a non-Avchimedean field .

Definitiov. Gwen a Lavrent  pdynomial
) = 2 Cux® e ki Xa

acgz"

s tropicali 2afton :R"=R J
mw) T

trop(€) (X) = 20w (valy.(ca) ¢ a-x) 1

Just as we con assoclale a variety to £, uhich woud be

a uypeyguvfau. n U‘*)‘: we will assacrate a hraplcad va.wdy
to trop (£)-

Definttion . The 4vopical hypww{’acc s Hae set
imt R" | the mmimvm wn jwplé) (w) 15 athneved oli}
Wast twlce

Wt £-= X4yl € ﬁﬁl’]‘}[x,ﬂ.
Then tvop (€ R? > R, and
trop (£) (W) = mwn (valy (1) + 11,0) (Wi, w2),
Vol L0) ¢ (0,1) -(w,,W3),
va, (1))

cEmi (w” W, O)

moke 3 coses:



o W, £0 ave MM wW=0, W, =0

e Wy L0 oL vt Wy =0, W20
rw=w,, w,£0-

o~ opreal Lve

(note : twts would be very melficent of you had
many terms)

Tweovern (kopranov ~> fndamen tal Th m)
The set tvop (VIE) & tae sarme as
T (Vatly) ooy Valyp (Yu)) | (9,,...,7,,)eV((?)]

Lt £=x+y+l € Cie) Y byl
y=-x- = ol sovs ave (X, -x-1).
Kopranov Theovem = tvop(V(£)) = § (valy),valyl-¥-)) | xe k}

Val, (x) >0 vekyl-x-1) =O
Val, (X)=0 ¢ Vale(-x-1) 20
Vale{-x-1) = Valye (XD
Wnat kwd of opject s a tropread vanety ?
A lot cam be saud about ifs Structuve [Stvuctuve Theovem]

r .



Proposihav [Practical method for curves i the plane by hamol]

Let ekl x5 The tropical Wpersvréace trop (v(ey)
5 e (n-)-skeleton of the polyhedral cemplex

duol to tac vegular subdivision of tue N
ewlo to
of £ mdoeed by Hre welghn val (Cq) adeh
e fley) =ty Xty ed® e Citthikoy)
| Newton Polytepe: ove lathice powt per mohnamiol

ye
¢ oox
2. chu\aw cubdivision
Oo o‘ m3

3. duod complax. (roface by 180)

vertex e~—> 2-diwm w\
edges &——

¥ \aj'es Ho?(@’
M\V\(1,X,7,I+X%y




Exercises.

Problem (. Wk k= 63¢43], and (et

B = ¢ ¢ bt D B3 2 by iy Y T gty 2

l. Compvte trop(f).

2. Uing anwy muthod oo ke compute oy ().

3. V() s am elphic cuvve. Evefg eliphe wrve over
d‘ﬁ&lt]‘ﬁ Can be re-emyedded s¢ Haat IS e?uahon
15 of the form Y =XPraxtb for a,b ¢ CIUR
( 1. What owve all e posubilities for
hropicalaations of elhphc towed 1 Wererstyasy fovm?

Problom 2. ek € CH31™ and b,ceCREIY.

I. Determine 4vap (V(a-X b)).
2. Determine trop(V(a-x® + bx +C)).

Problem 2. How wany combwatovial fypes of trapical
quadratic Cunves are teve 7 ae, tropicaliations

of
0= ax?tbx vC¢ O\\J texy +{3z

for a,.,%f ¢ e



Avstract Tropicalization

Frowm ecevuse | 1 the prablum Sesvion, you §aw Hrat
a wrve can hove dillevent embedded topicaliyatuons
depmdcng on We um‘ocddma:

;oo y

Theovewm [C)l\am-ﬁ*wmfels] Every eliphie cuvve with
voly\i) €0 has on embedding such tat Hue

empedded tropitalration K a hovgy combo.

Questiovi. How do we assotuate an ‘mlrnsic' tropicap
o‘bjeu to a cuvve?



Avstract Tropicaliration

A cuvve over Cit}) cam be Haoc.yH #as a fa,mlla of
covves cpevdivig on a porameter t.

N

nformally we can Mk of fus pavamgter as 9omj ko
7 w/ld when £=0, we dbserve Sone possibly singulow

'
behowiot.

Notation .
W A=%fek |voa(f)20}

Tws s a locod Vg with Lige haximal toleol
M = {feklval () >0 .

$peL\\7~3 s a lopological Spac®  with 2 points’

o

A
m (o)



Medels of Cuvves

Move fwvwolbj, we naed models of curves,
et K be complete wrt Vale (e Hue complakion of (14
Suppose C 18 @ smooth and proper’ corve over K.

Defmitton. A moded € of Cover F s a proper
ond flat sthewe over R whate fiber
(gwe'“‘ Q‘b”’) 15 lsomovphiC to C.

€ §

o/

€ s caled semistable &t floer over
(speciod glb”{) ls vedvced, has at wovst ool

smjulanhes, and every vahioviod compoviant has
of least Z ?maulauf ponls.



Remoaxk. By the
we ove odwads %Uwamtevw\ et @ gewnistable

wodel go, C X ISES.

The Semstable vedvckon teovem 2vamntees Haat

we cam put cwvves mto a
fovim.

You com fawk of s 05 a “goed” aymbeddivig frem
e pexspeu've of troplod geometry. g

Congider  y* = x34 x* (4 over CHREYY

sm°°“" — A yt= (xx\)x*
e\'\\qt\t
v Ve



Puol Graphs

Let C pe a wrve over K, and wt € be a gemstable

model -
The okstvack tvapircod 3

TVWV] with-
o Veviiees e rredvciv\L COVV\P°V\0-V\\'S oe Ihe Spe?a(;eey
{

o {d%p e nodas of e W@Maﬂ ‘@W

o vortex werghnts ke—> gews o€ HAL compovant

o -Cda/ umgths e~ defovwiodien pavownetev
ot eatn wode

local\y ° - . vyl
[locatey = 1y=£ tor €eR- vely(E0, )

atton r' of € s a matvic




minimal Skeletens

A tuple (GvE) w, &) 18 called a tvapical corve.

Twe ?wus of a tvopical curve 1S ZwLV) P|€|'|\/|*|
veV

we SOAJ two lrapical curves (6w, b) amt somorphic of
e com ve ovtumwed dowm Hu ctver by

. %Yafh owtowmorphsms

+ contrackg weight 0 Leorts

o"wa,qma; valene 7 wo\ﬂ\n\ 0 vevrtiws
'CowtmehlA3 Um?kh 0 e.d?zs.

Remark . Different  sewudtoole wodls for a wvve C wil

have omovgme Hropical cuvves. (1€ “tropeal cwve
of C's well-defived ),

The followmz tvopical covves are i§omorphic




'PYOPOSI'HOY]. Evevy HOPICO-Q corve of ?CMU) >2 has a
minumal sleelelor, whith 18 & (6=WE), {,w) wih

o no verties of wﬂ?«w 0 wnd depree £2
°No e,dg,zs of (.mg&ln 0

Heve axve ol combinatoriod lypcs (ie,,
fN(}Ll n',) 0‘( l’VOPlGO-Q- wvvel 02 WS 2:

¢ o O 00— 00 00O

2 | ' [



y ‘eﬂends

A'aemm vwomahmcs
Geomstvy

How ave the friends veloted?
©)
Qz OAQ ‘s |ﬁ:

o e

%ocd oY emYedded trogical zatiens
of oov\JcmV\ ﬁ
(O

Remork. 'radwj | focwsed on curves... kvt thus
cam be dowe fov hghar dumennonal varieties!!






