
Introduction to Chow rings of matroids

Chris Eur (TA : Lukas Kiihne
,
Connor Simpson, Mariel Supina)

§1Matroids-
g
ground set
abases

Defy A matroid M - CE
,
S3) of rank r on E= so, I, - - - in} is a

collection of r- subsets BE (E) suck that :

✓ Bi
,
Ba C- Be and IE BilBa

g
7- je Balbi st 13,15230 Ej} C-B

.

E.ge ① G graph with edges E→ MCG) - CEB) with
Be spanning forests

*
Linear = maximal acyclic subsets of edges
matroid② {to

,
- - - in } spanning k-veat.sp.LV of dim -_runs MCL)=CE,B) with

nut v
{Ii, -→ Ir} E Ba Iff

k → L

I
{ hi , - -, basis of E

.

[↳ kn" m> hyperplane arr. phE={VEBLI few)=o}
.

( PLCs Pln ) =pLA (ith coord. hyperplane oflpn)

,
G W - k's MCG)= MCL)

Eg. 2%0-0. f! ! ! -I] BE { 012
,
013
,
0233

.

{Plz}, C PL Gp3 rk=3 ⑧ 123 -2

" l) Xmas
• 123

rk⇒ ① 01 ①02 ①03 ② 123 5
"

f¥#
""

r,⇐ ,
1K¥ 83

,
-4845g-2

I 2 3 ⑦0 ⑦ I ④2 ④3 -4
→← of-154g-2)

PLF -_ {VEIPVI ⇒ FIEF}
.

rko ① of y

Deth rkm : 2E→ 2

rankfunct.io#byrkmlI)=maX/InB/.BEBrkmcyLIJ=dimkspa-nfilz.CI) .

FEE is a flat if rkmffue) > rkmlf) te c- ELF
.

Xmlq )characteristicpolynomial~XG.iq) chromatic polynomial = #(q - proper colorings)
when M- MCG) .



§2 . Wonderful compactification

wordplay. WL :=pI- Xan -_ permutohedral variety
Cr-n-dime "t €em→)pn [a. . . . . an] A lot : - - - ' En]-PLCs Ph

Wh = PL blown -up at PLF rkmlftr- I (pts )

then blown- up at (strict transf. of) PLF rkcfkr-2

slopes
,
Genet"Y÷

.

423 Type
I

{ thrup } e
'

23
--

.# ma-E.se#tegey - ETLYHD

# Itriansf
.

lol ko 263
- off Co2 " "

Eos (I] [Coz]
•
tuff!fe" of 1 ¥ 2624 , Kolka, XoXK3, - - -red part • 123

A = Kit Holt 2123¥'¥ PLS [h] = hot xoitxoztxoz
Is any hyperplane :

2
3 P'here

. ( line here) .
-

degliB)= deg@ ( KotKitKat X t ko, t Kost Kost 0423 - d ))
Itt -11+9 to tot o to -1=3

Chow ring of M

Deth A- (M) = lR[ xp 104FEE flat]
it M= MCL) H
X

A. (w,
SKFKF ' l FF' incomp>t{EkF - Eze,KF

' leg c- E ?

Thin Let a=¥fKF , f- Jeff, KF' - (IKF) - a C- A. CM )
.

(1) deg : A- 'CM) -7k via degli")=I=deg('Em Tray !.gg#sCdeg--degwd.
(2) We have ( deg (x"' ) , deg car-2ps ) , - - -

, deg (pm ))
= unsigned ceeff of XMof)Kq- it .

Exert Verity BE 2 , noting that

Fmcg) = Cq-1) Cq -2) = q2 - 3g -12 .



Baker: Hodge theory in combinatorics
Huh: Tropical geometry of matroids
Katz: Matroid theory for algebraic geometers

Fulton: Introduction to toric varieties (Ch. 5)
Oxley: Matroid Theory
Lazarsfeld: Positivity in AG (Ch. 1)
Maclagan-Sturmfels: Introduction to tropical geometry (Ch. 6)

Adiprasito-Huh-Katz ‘18
De Concini-Procesi ‘95
Feichtner-Yuzvisnky ‘04
Backman-Eur-Simpson ‘19
Proudfoot-Speyer ‘06
... many many more...

References
-

Surveys :

General :

Articles :

) wnd . apt .
) Exer 3.

) Exer2.Cc)
.


